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PREFACE 


HE present work is an attempt to provide an 

adequate text-book for a branch of Mathematics 
which, though recognized in several examinations, 
has hardly received the attention it deserves. The 
late Professor Todhunter’s small work on Mensuration 
is inadequate to present needs, chiefly because it 
treats the subject solely as a practical application of 
Arithmetic, whereas it is far better to regard it as 
mainly, indeed, dependent on Arithmetic, but largely 
also on Geometry and Trigonometry. 

I have kept steadily in view the requirements of 
present examinations, especially the Sandhurst Com- 
petitive and the Oxford Local. I have laid great 
stress on the formulicx, and made their application 
clear by illustrative cxamples worked right through. 
While I trust the work will be found useful for those 
preparing for examinations, I hope that it may also 
claim to be a full and worthy exposition of the 
subject. The requirements of space have compelled 
me to pass lightly over a few points, such as the 
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prismoid, wedge, and solid ring, also the proof of 
some of the formulz used in Book II. With these 
exceptions I believe the subject is complete as far as 
it goes. I have spent much labour in endeavouring 
to ensure correctness in the answers. However, I 
cannot expect to have entirely avoided mistakes, 
which I shall be glad to have pointed out to me. 
F. G. B. 


11, Museum Vitias, OxForD, 
October, 1887. 
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INTRODUCTORY 


1. MENSURATION Is the art of measuring. It is one of 
the practical applications of Mathematics, being the carrying 
out in detail of pringiples established by Arithmetic, Geo- 
metry, and Trigonometry. ‘These principles are applied to 
the solution of three classes of problems; namely, the 
determination from certain data of: 


(1) The Lengths of lines. 
(2) The Areas of surfaces, plane or otherwise. 
(3) The Volumes of solids. 


2. The data are (1) straight lines, (2) straight lines and 
angles. The student must be prepared for problems of the 
reverse order, in which the straight lines and angles them- 
selves have to be determined. The introduction of angles, 
and the results about them established by Trigonometry, 
adds greatly to the scope of Mensuration in determining 
lengths and arcas. 


3. Mensuration has two branches, plane and solid. Plane 
Mensuration determines the lengths of lines, and the areas 
of plane figures; Solid Mensuration determines the areas 
of surfaces, and the volumes of solid figures. The plane 
figures treated of in the first part are (1) rectilinear figures, 
which are called ¢riangles, guadrilatcrals, or polygons (regular 
or irregular), according as they have three, four, or more 
LA B 
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sides; (2) the circle. Every chapter ts divided into two 
sections, the first treating of lengths, the second of areas. 
The solid figures treated of in the second part are only 
the simpler forms; i.e. the parallelepiped, the prism, the 
pyramid, the cylinder, the cone, and the sphere. Each 
chapter is divided into two sections, the first treating of 
surfaces, the second of volumes. 


4. The student should carefully bear in mind that Men- 
guration is a practical application of rules. These rules are 
conveniently stated as Formule, and are placed prominently 
at the head of every section. Many of these formule 
should be learnt by heart, and their ready application is the 
great object to be aimed at. 


Besides a knowledge of Arithmetic, Euclid, and Trigono- 
metry, some knowledge of Algebra is required to solve 
certain examples ; while several more assume a knowledge 
of loganthms. 


5. This is the best place to say a word about the Zudles 
used. The ordinary Arithmetical tables are appended. 


(1) LENGTH (LINEAR MEASURE). 
12 inches make foot. 


3 feet f yard. 

54 yards . rod, pole, or perch. 
40 poles 1 furlong. 

8 furlongs _,, mile. 


(2) SURFACE (SQUARE MEASURE). 


144 sq. inches make 1 sq. foot. 
9 sq. feet » 1 sq. yard. 
30} sq. yards 9» I sq. pole or perch. 
40 poles » JF roo 
4  roods » 1 acre. 
640 acres » 4 sq. mile. 
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(3) Sotiprry (CuBic MEASURE). 


1728 cubic inches make 1 cubic foot. 
27 cubic feet »  ¥ cubic yard, 


* 


(1) is used in measuring lines, the unit being the inch, 


(2) is used in measuring areas of surfaces, whether plane 
or otherwise. The unit is the square inch; ie. a plane 
figure which is an inch long and an inch broad. 


(3) is used in measuring solids. The unit is the cubic 
inch; Le. a solid figure which is an inch either way, in 
breadth, length, and thickness. 


The area of a field is usually given in acres, roods, and 
perches (ar. and p.). If an area ts found in square yards, 
it may be reduced to acres, roods, and perches, or, since 
there are 4840 square yards In an acre, it may be expressed 
in acres and yards. In practice the /mear measurements of 
fields are taken by a chain 22 yards in length, and divided 
into 100 links. The square measurements are taken by the 
syuare chain, 484 square yards in area, and divided into 
10,000 square links. The student will observe that 10 
square chains make an acre. Thus we may add to the 
linear measurements : 


100 links make 1 chain. 
1 chain = 22 yards. 


And to the square measurements : 


10,000 sq. links make 1 sy. chain, 
1 sq. chain = 484 sq. yards, 
10 sq. chains make 1 acre. 


6. The practical value of using the chain is obvious, 
since it substitutes for the cumbrous linear and square 
measures a new measure based on the number ro, thus 
lending itself to decimal notation. This principle has been 
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carried out to its fullest extent in the Afetric system estab- 
lished in France. The tables of linear, square, and solid 
measure employed are as follows : 


(1) LINEAR MEASURE. 


ro millimetres = 1 centimetre. 
lo centimeties = 1 decimetre. 

10 dectmetres = 1 metre. 

IO metres = J dekametre. 
10 dekaimetres = 1 hectometre. 
10 hectometres = 1 kilometre. 


The linear unit is the swetve, which = 39.37 inches. 


(2) SQUARE MEASURE, 
100 Centiares = I are. 
1OO ares =: | hectare. 


‘The square unit is the az, which ~ 119.6 square yards. 
The are is a square cach side of which is 10 metres. 


(3) SOLID M¥FASURE, 
10 decisteres ~ 1 stere. 
IO steres = 1 dekastere. 
The solid unit is the stere, which -- 61,027 cubic inches. 
The stere 1s a cube every dimension of which is 1 metre. 


It will be observed that the Latin prefixes «ect, 
mitity-, are always used for the divisions of the unit, and the 
Greek prefixes deka-, Aecto-, kilo-, for the multiples of the unit. 


Book I. 


CHAPTER L—TRIANGLES 


Sec. I.—Solution of Triangles 
[ForMUL#: 
A, B, C are the angles; a, 4, ¢ the sides opposite to 
them; s the semi-perimeter. 
(1) «f+ B+ C= 180. 
(2) sin -f_ sin A sin C 
a : 


b ( 
(3) a? = bP +0? — 2he cos of. 
B = C b =e af 
tan ae cot. 
(4) 2 +e 2 


: 2 a JP OEO), a | 7 (ya), 
(5) sin a ‘ ; COS _ - \ Ie. 8 


eat ft Oe) 
2 NM s(s-a) 
(6) If Cbea right angle, «7 - a? + 6°.) 


7. The first problem in Mensuration is the determination 
of the lengths of the sides of triangles from piven data. 
This is so fully treated of in Trigonometry, under the head 
‘Solution of Triangles,” that it is sufficient to recapitulate 
the main results. It is shown that if three of the six 
elements of a triangle are given, the remaining three can 
be determined, except in the case where the three angles 
are given, when only the ratios of the sides can be deter- 
mined. Setting this aside, there are four cases to consider. 
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Case I.— When two angles and a side are given (eg. A,, 
8, and a). 
C=180°-A-Z. (Formula 1.) 
a B ,; 
ba” 4? and cao pe (Formula 2.) 


Hence #, ¢, C are determined. 


Case Il.—Ilhen two sides and the tnduded angle are 
given (e.g. 6, ¢, and A). 


If the third side ov/y is to be determined, we can use 
the formula (3): 92 $242 2be cos A. 


N.B.—This formula is not adapted to logarithmic com- 
putation. 


If the other anglcs are to be found, we have: 
B-C_b-e A 


tan : ap ee ; . (Formula 4.) 
and FC 29074 _.. (Formula 1.) 


When # and C are known, @ can be determined by 
Formula 2. 


Case IL— When tio sides and the opposite angle are 
given (e.g. a,b, and 4. Ambiguous case). 


If the third side only is to be determined, 
@sh+e—abecos A. (Formula 3.) 


This gives a quadratic for determining ¢ If both the 
roots are real and positive, two triangles can be formed 
from the given parts. If one is positive and the other 
negative, there is only one triangle. 


If the other angles are to be determined, we have: 
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Corresponding to one value of sin #4, there are two 
values of 3, one acute and the other obtuse. The latter 
will only be applicable if 4 > a, for otherwise & will not be 
the greatest angle in the triangle. 


Case 1V.— When the three sides are given (i.e. a, 6, 0). 


sin A = fy ce Cos A, ml —a) : 
2 be 2 be 


_ oO) J, (Formula 5.) 


2 NM s(s—a) 


And similar formulz hold for the other angles. 


8. Three particular cases should be noticed. 
(a2) The right-angled triangle (C the right angle). 
Here a?+6=¢*, (Euclid i. 47.) 


Also the ratio of any one side to any other side is some 
trigonometrical ratio of both 4 and 4. Thus, if @ and 6 
are given, we have: 

tan A =cot B=, 
) 


b 
so that 4 and # are at once determined. 


By the help of this property, we may determine the 
altitude of any triangle ; 
Le. the perpendicular A 
AD from the vertex on 
the base. In the right- 
angled triangle ABD 
we have 4D=<c sin B, 
and in the right-angled 
triangle ACD we have 






h 





| 
| 
iD 


The altitude is usually denoted by the letter /. 
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(b) The isosceles triangle (b = C). 
If the two equal sides (0, c) and the included angle 4 


are given, then 
B=C, and B+ C=180°-A. 


Sy CS gor. 


ae sin A 
sin B 
Hence £&, C, a, are determined. 


Notice that in an isosceles triangle the perpendicular 
from the vertex bisects the base. 


(¢) The eguilateral triangle (a= b=. ¢). 

Since 4 = B= C, each angle - 60. 

Hence the triangle is completely determined by the length 
of the side. 


Examples.—The principal application of the above formule 
is to the measurement of heights and distances. Heights are 
usually measured in one of the two ways indicated in the first 
two exainples. 

(1) A lighthouse appears to a man in a boat to subtend an 
angle 8. After rowing a yards directly towards the lighthouse, 
,he finds it subtends 

ananglea. Find the 
height of the hght- 
house. 

Let AZ be the 
lighthouse, C and D 
the two points at 
which the angles 8 
and a were observed. 

> The angle CAD 
obviously = a-— 8, 





Now 4lB = AD sin a, 
g4? . oP : _ @sinp- 


sinf  sin({a-s) °° ~ sin (a-- 8)" 


: asin @ sin 
AL = B Answer. 


sin (a—- 8) © 


an 
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a a Oe ee ee een ttt 





Let e = 75°, B = 60°, a = 30 ft. 


*, height of lighthouse = 3°-Si9 60° sin 75° foeg, 


sin 15° 
30 3 341 
; loge, pl ae , , 
a 8 eae 16 03 (0347). 19-83 4) 
ae / =" . —- ry 
s3-1 3-1 36 
2 4/2 


/ > ,!/ 
= |S Nor? Noyes 15 (2 </3+ 3) feet. 


/ ‘ 
.3 = 1-732. Jo 2 8343 = 6-404 


'5 
32320 
C404 


go yO 





.. height of lighthouse = 97 feet (nearly). Answer. 


(In this example Case I. in the solution of triangles is used. 
The angles at C and J are called the anghs of elevation of the 
point 4. If they were observed from the top of the tower 4, the 
same angles would be called anyles of dipression of Cand J.) 


(2) A measured line is drawn from a point on a horizontal 
plane in a direction at right F 
angles to the line joining that ] 
point to the base of a tower 
standing on the plane. The A 
length of the line 1s /, and the 
angles of elevation of the tower 


from the two ends of it are 6 13 
and ¢ Find the height of the 
tower. 


Let ABZ be the tower, and CD 
the measured line; then ACD 
is a right angle. Let 4 stand f 
for AB. 
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ae rr ren 


From right-angled triangle ACB, 


CB =h cot 9, 
and from right-angled triangle ADB, 
DB =h cot ¢. 
But DEB - CB = CD* = /3, 
*, A? (cot? ¢-cot? 6) = 7, 
f 


= Jeot? cot? 6 Answer. 
(This example well illustrates the use of right-angled triangles. 


The student will notice that all the points are not in one plane; 
L, C, D being in the horizontal plane, and 4 above it.) 


(3) A string 170 feet is stretched from the 
top of a tower, and reaches the ground 8o ft. 
from its base. Find the height of the tower. 


In the right-angled triangle A/C, r70 
AB = AC*-CR. 
*, AB = 1707 - 80? feet. 
=z 4/250-90 = 10x § X 3. C B 
== 150 feet. Answer. 
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EXAMPLES ON THE SOLUTION OF TRIANGLES 
(a) Right-angled Triangle 


1. A ladder 8 ft. 4 In. long is set up against a wall, 
2 ft. 4 in. from it, and is then observed to reach to within 
2 ft. of the top. Required the height of the wall. 


2. A line stretched from the top of a tower to a station 
28 ft. from its base measures 100 ft. Find the height of 
the tower. 


3. A ladder 65 ft. long has its base planted in a strect, 
and reaches on one side to a height of 63 ft., and on the 
other to a height of 52 ft. Required the breadth of the 
street. 


4. A footpath runs from 4 to # round the right angle 
ACB. At what distance from Cin AC must a point /) be 
taken, so that a short cut from D to # may save 72 yds.? 
Given BC = 126 yds. 


5. A place 4 is 42 miles east of another place #, and 
40 miles north of a third place C. Find the distance 
between # and C. 


6. A person observes a tower to the north which he 
knows to be a feet high, at an elevation 6, and another to 
the east, 4 feet high, at an elevation ¢. Find the distance 
between the two towers. Example: 04 = 30%, @= 45", 
a=160 ft, 6=40 ft. 


7. A measured line is drawn from a point in a horizontal 
plane in a direction at right angles to the line joining that 
point to the base of a tower standing on the plane. The 
angles of elevation of the tower from the two ends of the 
measured line are 30° and 18°. Find the height of the tower 
in terms of 4, the length of the measured line. (Sandhurst.) 
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8. A lighthouse appears to a man in a boat 300 yds. 
from its base to subtend an angle of 6° 20’ 24.7". Find 
in feet the height of the lighthouse, having given Z tan 
6’ 20'= g.0452836. Diff. for 1°= .0011507, log 3= 
4771213. (Sandhurst.) 


g. Find the height of a tower which subtends an angle 
of 56’ 18’ at the distance of 100 ft. (Answer correct to 
four decimal places of a foot.) Given Z tan 56° 18’= 
10.1759281, log 14994 = 4.1759175, D= 289. 

10. Find the breadth of a river from the further bank of 
which a tower 140 ft. high subtends an angle of 71° 34’ 
Given log 2-.30103, log 7=.84510, Z cot 71° 34'= 
10.47716, log 42004 = 4.62329. 

11. Find to five decimal places of a foot the length of a 
wire stretched from the top of a flagstaff 75 ft. high, and 
making an angle 77° 43 with the ground. Given log 2= 
.3010300, log 3= .4771213, Z cosec 77° 43’ =: 10.0100577, 
log 76.757 1.8851180, = 57. 


(b) Any Triangle 


12. Find to three places of decimals of a foot the altitude 
of an Isosceles triangle whose sides are each 17 feet, and 
whose base is g ft. 6 In. 

13. Find the altitude of a tnangle whose sides are 
6 ft. 10 In. and 9g ft. 8 in., and whose base is 8 ft. 6 in. 


14. A tower was observed to subtend angles of 45° and 
30 at two points in the same horizontal straight line drawn 
through the base of the tower. If the distance between 
these two points Is 183 ft, find the height of the tower to 
the nearest foot. 


15. 4, #4, Care three points in a straight line on a level 
piece of ground, A vertical pole is erected at C; the angle 
of elevation of its top, as observed from 4, is 5° 30, and, 
as observed from /?, Is 10° 45, the distance from 4f to B 
being 100 yards. Find the distance B C, and the height of 
the pole. (Sandhurst.) 
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16. From the top of a tower, whose height is roo ft., the 
angles of depression of two small objects on the plain 
below, which are in the same vertical plane as the tower, 
are observed, and found to be 45° and 30% Find the dis- 
tance between them to two places of decimals. (Sundhurst.) 


17. The front of a house subtends an angle 45° from an 
opposite window. Given the height of the window from 
the ground (= ro ft.), and the breadth of the street (30 ft.), 
show how to find the height of the house. 


18. An object is observed from two points 4 and J#, 
both in the horizontal straight ling passing directly beneath 
itat C. The angle of elevation at 2 is double that at vf, 
Given AP ~ 50 ft., and PC= 14 ft, tind the height of object. 


19. If a tower stands at the foot of a hill whose tnclina- 
tion to the horizon is 9°, and if from a point too ft, up the 
hill the tower subtends an angle of 54°, find its height. 
( Sandhurst.) 


20. Three points, 4, 7, Cy are known by an observer to 
be in a straight line. Has distance from A ts roo ft, and 
from B50 ft. If 4A subtends at his cye an angle of 60, 
and Can angle of 15, show that his distance from Cis 


10OV2 5 
V3+1 


21. Find the distance between two buoys, which are } 
mile and mile distant respectively from a point on the 
shore, at which point they subtend an angle 4g’ 27° 30’, 
whose cosine Is given as .65. 


22. A flagstaff 30 ft. long leans at an angle of 60°; a 
cord 27 ft. long is stretched from the top so as to exactly 
reach the ground. At what distance from the flagstaff can 
it do this? Show that there are two solutions. 


23. Two straight railroads are inclined at an angle of 
20° 16. At the same instant, from their point of inter- 
section, an engine starts along each line. One travels at 
the rate of 20 miles an hour. At what rate must the other 
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travel so that after 3 hours the engines shall be at a distance 
from each other of 30 miles? Show that the question 
admits of two solutions. (Sandhurst.) 


24. A straight pine-tree leans due N.E. At @ yds. dis- 
tance due N.E. it subtends the angle a; at @ yds. distance 
due S.W. the angle £. Show that the height of the pine- 
tree is: 


Say oe PD ee ee ees Ins 
What does this value become if « and @ are complementary? 


25. An observer is situated in a boat vertically beneath 
the centre of the roadway of a suspension bridge. He 
finds that its length subtends at his eye an angle a. Ata 
measured distance y down stream, at a point immediately 
opposite the centre of the roadway, he finds it subtends an 
angle £2. Supposing the surface of the river horizontal, 
find an expression for the length of the roadway, and its 
altitude above the river, (Sandhurst) 


26, Measured from the ground, the elevation of a steeple 
is a; at a distance a vertically above the first place of 
observation the angular elevation is 8. Find the height of 
the steeple, and its distance from the place of observation. 
Example: Let a= 45 @=30°, then the height will be 
: (3 +3), and the distance : (3+ V3). 

27. A mountain at 400 yds. distance from its base was 
seen at an elevation of 44° On advancing to the base 
along level ground, its elevation was 57°. Find the height 
of the mountain in feet. Given log 12 = 1.0791812, Z sin 
13° = 9.3520880, LZ sin 44° = 9.8417713, LZ sin 57°= 
9.9235914, log 31078 = 4.4924531, D=140. 


28. A person wanting to calculate the perpendicular 
height of a cliff, takes its angular altitude, 12° 30’, and then 
measures 950 yds. in a direct line towards the base, when 
he is stopped by a river; he then takes a second altitude, 
and finds it 69° 30°. Find the height of the cliff Given 
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log 5 =.6989700, ZL sin 12° 30'= 9.3353368, log 19 = 
1.2787536, Z cos 33°=9.9235914, log 2296 = 3.3610566, 
£ cos 20° 30°= 9.9715876. (Sanmdhurst.) 

29. Derwentwater Lake is 238 ft. above the sea-level. 
From a boat on the lake the elevation of Skiddaw is ob- 
served to be 7%. After rowing a mile straight towards the 
mountain, the elevation is observed to be 9° 4’ 30”. Find 
the height in feet of the highest point of Skiddaw visible 
from the lake. Given log 528 = 2.72263, Z sin 7°= 9.08589, 
£ sin 9° 4° 30°=9.19791, Z sin 2° 4° 30": 8.55880, log 
28031 = 4.44763. 

30. The elevation of an object, when viewed from a 
point 4 to the south of it, is 6; when viewed from a point 
B&B to the north of it, itis @. Given i =a, find the height 
of the object. Example: Let 6.-52°, 34°, w= 100 ft. 
Given Z sin 52°= 9.8965321, Z sin 34°=9.7475017, Z sin 
86° = 9.9989408, log 44.172- 1.6451471, Y= 9S. 
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Sec. I.—Area of Triangles 


[lormMuUL# for area of triangle (.S): 


(1) S=4 base x altitude. 
e salt zs A 


(3) S$ Vs (s- a) (s-b) (s—c).] 
, ee ee a telstra fr t., vo ate ecsemeswenmenen mons oes “5, 1 





£ /? 


9. To prove the formula for the area of a triangle. 
(1) Area of triangle =} base x altitude. 


To determine the area of any triangle AAC, through A 


draw HAF (or AFA) parallel to the base, and draw CF; 
BE, parallel to 47), the altitude. 


Then ZBCF is a parallelogram on the same base as 
ABC, and between the same parallels #7, BC, 


“. area of 4£C=4 EACF. (Euclid, 1. 41.) 
=4 kA. BC. (See chap. i.) 
= RC. AD. 
=} base x altitude. QED. 
Or the result may be obtained thus : 
ABD:.4 ED, and ACD=}3 AC. 
*, whole or difference ABC = 4 whole or difference ZBCF. 


N.B.—In a triangle any side may be taken for base, and 


the perpendicular let fall from the opposite angle is the 
altitude. 
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It is to be observed that we can only prove the expression 
for the area of a triangle by assuming that for the area of a 
rectangle. This will be fully elucidated in the next chapter. 


(2) Since area of triangle = $ a x altitude, and altitude = 
¢ sin J, 
* area Sin Q.E.D. 
2 
This expression will be found equivalent to 
ar sin Cond — An 


(3) Again, area = anf 
2 


= Oe. sin A . cos A 
2 2 


Substituting the values given in sec. i., we have: 


Reet 9 C29, gf 
bc 
= V/s (s—a) a8) (s—c). QED. 


10. Particular cases. 
(t) Ina right-angled triangle (C = right angle), 


ab 
Area= -. 
2 


(2) In an eguilateral triangle (side = a), 
VS 30? 
4 


a2. 
Area = -- sin 60° = 
2 


Examples.—{1) Find the area of a triangular field whose 
sides are 124 yds. 2 ft., 238 yds. 1 ft., and 341 yds. respectively ; 
and its rent at £1 fos. per acre. 

Here we use formula (3). 

a= 374 ft, 6=715 ft, and ¢ = 1023 ft. 

*, Sah x 2112 = 1056 ft. 
Cc 
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Area = 1056 (1056 — 374) (1056-715) (1056 — 1023). 
= Vii ER 
22 3403 


I 


11x 3x 31x22x4 sq. ft 


2 
s 4X3 X 31x BR XA XG sq. poles. 
Ox Az 
3 
a2 : NO 330% sq. poles. 


= 2a. Or. 104 p. Answer. 
Rent forza, = £3. 


2 3 
105 x 3° ge SRX 3A, 
“ 4x 4O ar 


I 


Rent for 10% p. 


= 25. 
Rent = £3 25. Answer. 
(Notice here how the labour of multiplication and extracting 


the square root 1s avoided by considering each factor of the 
square root separately.) 


tl 


(2) The sides of a triangular field are 20 and 30 chains, anc 
included anple 15 72°15’. Find the area. 

Here we use formula (2). Since sin 72° 15’ must be founc 
from the tables, we shall work most conveniently by logarithms. 
The logarithms we require are log 3 = -4771213, Z sin 72° 15°= 
9°9788175. : 
bee fc sin A 

i 


5 
a a . sq. chains. 
aed _ 3° sin 72° 15’= 300 sin 72° 15%. 
.. log S = log 3+2+Z sin 72° 15’- 10. 
2+4771213 
_9°9788175 
124559388 
10 


_2-4559388 
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From the tables we find: 


Jog 285-71 = 254559254, dim. = 152. 
oe US2I 134 5517-88. 
S = 285-7158 sq. chains, 
28-57188 acres. 
= 28a 2rn rk p. Answer, 


i 


(3) The area of an equilateral triangle is 25 sq. in. Find its 
perimeter. 


Let a be the side of the triangle; then we have to find the 
a) 
value of 3a, given that * 3 = 25. 


100 : 
Py oe = / Sq. in. 
v3 


Goo ? ° 
gat= 7) = 3004/3 sq. in. 
“ 


Substituting for 4/3, and extracting the square root, we shall 
find : 3 = 22-8 in. very nearly. 


(N.B.— 8/3 can usually be taken as 1°7 32.5 
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EXAMPLES ON THE AREA OF TRIANGLES 


1. The base of a triangle is 32 yds. 1 ft. 5 in., and the 
altitude is 19 yds, 2 ft. ro in. Find the area. 


2. The area of a triangle is 1 a. 2 1r., and the altitude is 
3 chains. Find the base. 


3. Two sides of a triangle are 4 ft. and 6 ft., and the 
included angle is 60° Find the area of the triangle. 
(Sandhurst.) 


4. Two sides of a triangle which contains 1008 sq. ft. are 
to one another as 4 to 7, and the included angle is 30°. 
Find the two sides. 


5. The sides of a triangle are 10 in., 17 in., and 21 in. 
Find the area. 


6. Find the area in acres of a triangle whose sides are 
25, 20, 15 chains. (Sandhurst) 


7. Find the area of the triangle whose sides are 13, 14, 
15. (Sandhurst.) 


8. Find the area of the triangle whose sides are 21, 20, 
29. (Sundhurst.) 


g. The sides of a triangle are 6 in., 7 1n., and g in. Find 
the area correct to three decimal places of a square inch. 


10. The two angles of a triangle are 45° and 75°, and the 
side opposite the third angle is 1 ft. Find the area to two 
decimal places of a square inch. 


11. The two sides of a right-angled triangle are to each 
other as 5 to 12, and the area is ro sq. ft. 30 in. Find the 
hypotenuse. 
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12. The area of a nght-angled triangle is 1 sq. ft. 66 in., 
and the hypotenuse is 2 ft. 5 in. Find the sides. 


13. Find to three places of decimals the hypotenuse of 
a right-angled isosceles triangle equal in area to the equi- 
lateral triangle whose side is 4 in. 


14. In an isosceles triangle one of the equal sides is to 
the third side as 5 to 6. The perimeter being So ft, find 
the area. 


15. Find the area of an equilateral triangle whose side is 
10 in.; and if the area be 75 sy. in. find its side to two 
decimal places. 


16, The sides of a triangle are 34 ft., 65 ft., and 93 ft. 
Deduce from the area the value of the perpendicular 
dropped on to the longest side from the opposite angle. 


17. Find the area of a triangular field, one side of which 
is 1 fur. 20 po., if the perpendicular dropped on it from the 
opposite angle is 148 yds. 2 ft. 


18. The sides of a triangular field are respectively 10 
chains, 8 chains, and 12 chains. ‘The chain being 22 yds., 
find the acreage of the field, and the perpendicular distance 
of the longest side from the opposite corner. (Saadhurst.) 


19. The area of a triangular field is 6a. 21. 8p. and 
the perpendicular from one angle on the base is 524 links. 
Find the length of the base in chains. (Sandhurst.) 


zo. In a triangular field straight lines are drawn from the 
angular points to a point in the field, dividing it into three 
parts. Given that the sides of the field are 39, 42, and 45 
feet respectively, and that the parts into which it is divided 
are in the proportion 39 : 20: 113 respectively, find the 
sum of the perpendiculars from that point. 


21. Two sides of a triangular field containing an obtuse | 
angle are 110 and 220 yds, Find the length of the third 
side, that the field may contain exactly an acre. (SandAurst.) 
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22. The sides of a triangular field are 350, 440, and 750 
yds. The field is let for £31 10s. per year; what is the 
price per acre? (Sandhurst.) 


23. Which pays the most rent of two adjacent triangular 
fields, which have one side in common (length = 200 yds.), 
if the angles adjacent to the common side are in one field 
30° and 45°, and in the other 15° and 45°? The first 
field is let for #1 10s. 3¢. per acre, and the second for 
#2 125. 114d. per acre. 


24. Cost of running a fence round a right-angled tri- 
angular enclosure whose area 1s 33 a. 150 sq. yds., and 
whose sides are as 5 : 12, at 1oc/. per yd. 


25. The sides of a triangular field are 115 yds., 181 yds., 
and 204 yds. Find the rent at #1 2s. per acre. 


26. The rent of a triangular field at “1 105. 3a. per 
acre is 12 guineas. If one of the sides be 240 yds., find 
the perpendicular on it from the opposite angle. 


27. The sides of a triangular field are to each other as 
13: 14:15, and the cost of running wire netting round it 
at 44a. per yd. is #4 145. 6@. Find the area. 


28. The sides of a triangular field are 60 yds. 1 ft, 
86 yds. 1 ft., and 100 yds. If the rent is ros. 9§¢, what 
is that per acre? 


29. How many sq. yds. are there tn a triangular field in 
which two adjacent sides are 480 yds. and 225 yds., and 
the included angle is 4a° 34’? Given log 2 =..3010300, 
log 3=.4771213, Z sin 42° 34 =9.8302342, log 3.6528 = 
.§626259, log 3.6529 = .5626378. 


30. Find in sq. yds. to two decimal places the area of a 
triangular enclosure, one side of which is 270 yds., the 
adjacent angles being 60° and 37° 20, and reduce the 
answer to acres, &c. Given log 2 =.3010300, log 3 = 
-4771213, £ sin 82° 40° = 9.9964330, Z sin 37° 20 = 
9.7827958, log 19301 = 4.2855798, D= 226. 


CHAPTER IIT.—QUADRILATERALS 


Sec. 1L—Lengths 


rr. The following classification of four-sided figures will 
be found useful. 


I. If oth pairs of opposite sides are parallel, the figure 
is a parallelogram. 

There are three particular cases of parallelograms. 

(1) A syuare has all its angles right angles, and all its 
sides equal. 


(2) A rectangle has all its angles right angles, but not all 
its sides equal. 


(3) A rhombus has all its sides equal, but its angles are 
not right angles. 


Other parallelograms, which are neither rectangular nor 
equilateral, are called by Euchid rAombotds; but the term is 
of no practical use, as the class-name parallelograms is 
always used instead. 


II. If ome patr of opposite sides only are parallel, the 
figure is a frapesium or trapezoid. 


(1) A trapezium when both parallel sides are at right 
angles to a third side. 


(2) A ¢rapezoid® when they are not at right angles to 
either of the other sides. 

ITI. All other four-sided figures are simply called by the 
class-name guadrilaterals. 


* See note on page 28. 
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Practically quadrilaterals will be treated under the fol- 
lowing heads, and in the following order: The rectangle— 
the square—the oblique-angled parallelogram—the rhombus 
—the trapezium—the trapezoid—other quadrilaterals. 


12. The diagonal of a quadrilateral is the straight line 
joining two opposite corners. Every quadrilateral has 
obviously two diagonals. 


The altitude of a quadrilateral is the perpendicular drawn 
to the base from one of the opposite angular points. Any 
side may be taken for base, as in the triangle. 


The problems to be solved in the present section are 
mainly connected with the determination of the diagonal 
and altitude in terms of the sides, and of one another. 
Since every quadrilateral is divided by its diagonal into 
two triangles, all these problems resolve themselves into 
problems on triangles ; so that no new formule are required. 


13. If @ and J be the length and breadth of a rectangle, 
either diagonal will = J/a?+2%. For the diagonal is the 
hypotenuse of a right-angled triangle, of which a and 6 are 
the sides. It follows that if @ be the side of a aquare, 
either diagonal = aV2. 


14. In a parallelogram, the angles 4 and # are sup- 
plementary. 





BD=AB*+AD*-2AB. AD cos A. 
ACt= A Bt+ BC*—24B. BC cos (180°— 4). 
= AB? + BC*#+24AB. BC cos A. 


QUADRILATERALS 25 


a 
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Thus the diagonals of a parallelogram are: 
Jat EB 2ab cos A and Ju? + 62+ aah cos Td. 
The altitude if @ be taken for base = 4 sin _/. 
= if 3 a a‘ =a sin A. 


15. The rhombus may be regarded as a paculas case of 
the parallelogram, where a= 4. 
As, however, the rhombus is an 
interesting figure, and scarcely 
treated of by Euclid, it will be 
worth while to examine its pro- 
perties more in detail. 

Its character will be best seen 
when it is situated as in the figure A¢..-----~--- 
annexed, which reveals the well- 
known diamona-shape. 

Euclid defines a rhombus as 
a four-sided figure which has all 
its sides equal, but its angles are 
not right angles. 

We have already assumed that 
a rhombus is a parallelogram, and we can prove it readily 
from Euclid’s definition. 

For join AC, then the triangles BCA, DAC, have their 
sides equal, each to each; .°. angle BCH =angle CAD, 
and SC is parallel to 4D. Similarly 24 is also parallel 
to CD. 

*. ABCD is a parallelogram, so that its opposite angles 
are equal, and its adjacent angles supplementary. If the 
adjacent angles also were equal, the rhombus would become 
a Square; it is the essence of a rhombus that they should 
not be equal. 

In the triangles BCA, DCA, the sides BC, CA =the 
sides DC, CA each to each, and the bases 44, DA are 
equal. .. C4 bisects the angle at C, also the angle at 1. 
Similarly BD bisects the angles at B and D. 


.. the diagonals of a rhombus bisect the angles. 
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Again, if the diagonals intersect at #, in the triangles 
BCE, DCE the sides BC, CE =the sides DC, CZ, and 
the angle BCE = angle DCE. 


.. base BL = base DE, and the angle CZ Z = the angle 
CED. 


’. each is a right angle. 
Similarly BD bisects CA at right angles. 
». the diagonals of a rhombus bisect each other at right angles. 


BD=2BE=2BA sin BALE = 2a sin = 


A 
CA=2FA::2BRA cos BAE = 2a cos 2 


; . A A 
*. the diavonals of a rhombus are 2a sin —, 2a cos —. 
2 2 


The altitude = a@ sin A, whatever side be taken for base. 


16. In the trapezium, if AB and AD are known, the 


A 
D 


diagonal /D can be found as in the rectangle. 


In the ¢rapesoid, if AB, AD, and the angle 4 are known, 
the diagonal AD can be found as in the parallelogram. 


In the trapezoid, the altitude is always the perpendicular 
distance between the two parallel sides. Thus altitude 
BE = AB sin A as before. . 


Examples.—(1) The diagonal of a square field is ak he 
Find how many yards of wire netting will be requ to 
surround it. 
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Side of the field = = x 250 yds. 
u 2 


oe 4 - 
.. Perimeter = ~~ 250 = 500 a/2 yds. 


= 707-1 yds, 
(Taking s/2 = 1-4142.) 
(2) The longer altitude of a parallelogram is 12 ft.; the sides 


pare 13 ft. and r1 ft. Find the longer 
diagonal. 


Since AF = 12 ft., 
BE = 9/137- 124 = 6 ft. 
Now 
BLY =Al+ AlPr+2AR. Al cos Bf. 





» J," 
A ‘ and cos 2 = ae = i. 
2 4 ¢ Af 
J BP w 1374+ 1420793. 00. 4% = 1694 121+ Fo. 


== 400. 
’, BP =20ft. Answer. 


(3) If d, @’ be the diagonals of 
a rhombus, find the side, and the 
altitude. 

Side AB = JAEt+ BEA 

= 4A ti+d, 

From 4 draw AF perpendicular 
to FC, and denote it by 4. Then, 
since the angle #-1C = the angle 
BCA, the nght-angled triangles 
AFC, ABE are similar. 

fA LAC LA DA. 

Ard: sa. " 
2 
= dd’ = - ad’ 
2a dt +d 

(The problem can be solved without assuming the propertics 

of similar triangles, but not so neatly.) 
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(4) A trapezoid has two sides parallel and two sides equal. 
If the parallel sides 
are a and 4, 4 being 
the longer, and the 
other sides each = 
c, find the altitude. 


> Drawthe alae 


~ 





al a 7 ° diculars AF 
Then, since DF =AE, and AB = DC, .", also BE = re 
Now 
Answer. 


NOTE ON THE TERMS ‘TRAPEZIUM’ AND ‘ TRAPEZOID.’— 
Euclid, after defining other kinds of quadrilaterals, adds, “All 
other four-sided figures are called trapeziums.” This practically 
means: All four-sided figures not parallelograms are called 
trapeziums. Some writers have followed Euclid; others have 
restricted ‘trapezium’ to the case in which two sides are 
parallel ; while others have substituted the word ‘trapezoid’ 
for this case, and called quadrilaterals trapeziums when no two 
sides are parallel. 1 have ventured to introduce a further dis- 
tinction. The word ‘quadrilateral’ is quite definite enough for 
the case in which no two sides are parallel; and in practice 
‘trapezium’ is not used in this sense, but the class-name is 
substituted, just as in the case of the terms ‘rhomboid ’ and 
‘scalene triangle’ we practically say merely ‘parallelogram’ 
and ‘triangle.’ Thinking the word ‘trapezium’ too good to be 
lost, I have proposed the distinction drawn in the text, which I 
think is useful, and suggests itself. 
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EXAMPLES ON THE LENGTHS OF 
QUADRILATERAIS 


1, Find the diagonal of a square whose side is 2 fur. 
10 po. 3 yds. 

2. A path is made from corner to corner of a rectangular 
piece of ground 1 mile 220 yds. long, and 825 yds. broad. 
Find its length. 

3. A road 2} miles long runs straight from corner to 
corner of a square enclosure. Determine the cost of run- 
ning a fence all round the enclosure, and also on cach side 
of the road, at 5¢. per foot, the breadth of the road not 
being taken into calculation. 


4. Find the shorter diagonal of a parallelogram whose 


sides are 40 ft. and 35 ft, and included angle 33° 24. 
Given cos 33° 24° =.8348479. 


5. Find the diagonal of a rectangular room 16 ft. x 12 ft. 


6. Given the diagonal of a square 1 mile 480 yds., find 
the side in yds., &c., correct to an inch. 


7. Find the diagonal of a rectangle whose sides are 
5 yds. 1 ft. and 1o yds. 


8. The diagonal of a rectangle 1s 79 yds. 1 ft., and the 
sides are to each other as 8:15. Find the perimeter. 


9. Find both the diagonals of a parallelogram whose 
sides are 4 ft. 8 in. and 5 {t. 4 1n., and whose smaller 
angle ts 60”. 


to. The sides of a parallelogram are 8 ft. and 4 ft. Find 
both the altitudes, if the smaller angle is 15°. 


11. The diagonals of a parallelogram are 3 in. andV73 
in., and the shorter altitude is 3 in. Find the sides. 
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12. The two sides of a parallelogram are ro in. and 
1 ft. 9 in., and the shorter altitude is 8 in. Find the 
shorter diagonal. 


13. What are the diagonals of a rhombus, one of whose 
angles is 30°, and whose side is /2? 


14. In a rhombus, if the diagonals are 6 ft. and 8 ft., 
find the side and altitude. 


15. If the side of a rhombus is a, and the altitude 4, 
then the diagonals are Va (a+ 4) +Va (a—A). 


16, If the side of a rhombus be 4 in.,, and the altitude 
2/3 in., find the diagonals. 


17. Also if the side be 13 in., and the altitude 9,%, in. 


18. If the side of a rhombus be 1 ft. 2} in., and the 
longer diagonal be 1 ft. 9 in., find the shorter diagonal and 
altitude. 


19. Given the altitude of a rhombus = 1 ft. 2,4 in., and 
longer diagonal = 2 ft. 6 in., find side and other diagonal. 


20. Given the diagonals of a rhombus, show how to find 
the angles. If the diagonals are 9 in. and 4 In., find the 
angles. Given log 2--.3010300, log 3=.4771213, Z tan 
66° 2' = 10.3520972, diff. for 1° = 3403. 


21. Given three sides of a trapezium, show how to find 
the fourth. If the two parallel sides are @ and 4, and the 
side at right angles to them 1s ¢, then the fourth side= 
V2+(a—6)", Example: Let @=13 ft, 6=14 ft 7 in, 
c= 15 ft. 

22. Ina trapezoid, if the two parallel sides are @ and 4, 
and the third side ¢ makes an obtuse angle @ with them, 
then the fourth side = /(a— 4)? + 2 (a— 6) ¢ cos 


23. Find both the diagonals of a trapezium whose parallel 
sides are 9 in, and 4 in., and whose longest remaining side 
is 13 in. 
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24. In a trapezoid, if the two non-parallel sides are equal 
(each = a), and are inclined at an angle @ to the third side 
(c), then the fourth side -¢-—2za@ cos 6. Example: Let 
c= 32 yds.,a@=27 yds., and @=: 60". 


as. A trapezoid has two sides parallel and two sides equal; 
one of the equal sides is 25 ft., and the shorter of the 
parallel sides is 31 ft. Find the other parallel side, if the 
altitude is 24 ft. 


26. A trapezoid has two sides parallel and two sides equal ; 
the two parallel sides are 6 in. and 3 ft. 10 in., and the 
other sides are each 2 ft. 5 in. Find the altitude. 


27. In a trapezoid, the two parallel sides are 11 in. and 
2 ft. gin., and the other two sides are 2 ft. 1 in. and 2 ft. 2 in. 
Find the altitude, and also the shortest diagonal. 


28. Two opposite angles of a quadrilateral are right 
angles. The sides adjacent to one of them are a and 34, 
and a third side is ¢ Find the fourth side. Example: Let 
a=1ft 4in, 6=5 ft. 3 in, ¢= 2 ft. 1 in. 


29. In a quadrilateral, given three sides and two included 
angles, show how to find the fourth side. Given the sides 
64 ft., 128 ft., and 64 V2 ft, and the included angles 60° 
and 45°, find the fourth side. 


30. If a, d,¢, d are the sides of a quadrilateral given in 
order, and the angles between the first two and the last two 
sides are supplementary, show that the diagonal joining the 


If the 


(ac + bd) (ad + be) 
sides are g, 10, 11, and 12 feet, find this diagonal correct 


two other angular points is 
8 Po ab + cd 
to an.inch, 
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Section II. 
[FoRMULZ. 
(1) Area of rectangle =\ength x breadth. 
(2) 4 square =(side)’. 


(3) 5, parallelogram = base x altitude. 

(4) 4, rhombus =% product of diagonals. 

(s) 4, trapezium =% sum of parallel sides x third side. 
(6) 4, érapezoid =} sum of parallel sides x altitude.] 


17. The rectangle (area = ab). 


Suppose the unit of linear measure to be 1 inch, then the 
unit of square measure will be 1 square inch; 1e, a square 
which is 1 inch both in length and breadth. 


Let the length 4B of the rectangle be @ inches, and the 
breadth AD 6 inches. 
Divide 4F into a equal 
parts, and AD into 6 
equal parts; each of 
these parts will be one 

; inch. Draw through 
these points parallel 

straight lines, as in the figure, dividing the rectangle into 
parts, each of which is exactly one square inch. Now the 
lines drawn across the rectangle divide it into 4 rows, and 
each row contains @ square inches. Therefore altogether in 
the figure there are @ x 6 square inches. 


. area of rectangle = ad; i.e. length x breadth. Q.£.D. 


The reasoning in the above proof should be carefully 
observed, for it is the foundation of all theorems regarding 
the areas of plane figures. For instance, the area of a 
triangle depends on it, and consequently it was necessary 
to assume it in the last chapter. 
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It is obvious that the character of the reasoning is not 
altered, whatever untt be taken. Thus, rf the length were 
8 yds., and the breadth 6 yds., the area would be 8.6 48 
sy. yards. Or, if the length were } of a mile, and the 
breadth 4 of a mile, the area would be $% 4 4 of asqy. mile. 


iain The rectangle is a figure which meets us very 
often in ‘practical questions, such as carpeting: fleors, papery 
walls, paving courtyards, Ac. 

(1) Find the expense of carpeting, at ge G4 per sa. vd. a 
room rs ft. lonz, and 12 ft. gan. broad, leavin a marin of 18 
inches all round for staiminy. 

Since 8 in, has to be taken away on both sides, len.th of 
carpet -- 18 ft.--3 ft. 15 ft, and bieadth = 12 ft. g in. ~ 3 ft. 
= 9} ft aoe 
‘area of carpet 15 «gf sq. ft. de a5 Yt 
Costof carpet g's dere vos 
~ >) 

Ya: 
a 
£3 138 04 Answer. 


fay) Find the cost of papermen the walls of a room ry ft § in. 
long, ©2 ft 7 in. bread, and s ft. Zan. high, with paper 27 an. 
wide, and egsvinn yf per yard, 

(Uf the walls of a room were placed side by side in a straight 
line, they would form a rectangle of which the Aves of the 
room is the breadth, and the fer fmecter of the room the length. 
Hence we obtain the most convenient formula for practice. 

Area of walls perimeter « height. 
The perimeter is obviously twice the Jength added to twice the 


breadth.) fe. is 
Here lenzth ©. ry 5 

breadth 12 7 

22) 30 


perimeter = G4 0 


1G 
.. area of walls = 8} «64 = . x64 sq. ft. 


Vt 


=: 33% 1G me sq. yds. 


4u 3 


34 MENSURATION 


When the paper is of a given width, we must divide the area 
of the walls by it, and the result will be the number of linear 
yards (or feet) of paper. 


Here width of paper = 27 in. = } yd. 
*, No. of yds. of paper = 14% x 4. 
176 4% = ear A 
3 3 3 
= 195. 62a. Answer. 


Cost of paper = 


(In practical examples doors and windows have to be allowed 
for, their area being subtracted from the whole area of the walls.) 


(3) How many tiles, each 9 x 6 in., will be required to pave a 
courtyard 30 ft. x 25 ft.? 
Area of courtyard = 30 25 sq. ft. — 30 * 25 x Id4 sq. in. 
y 5 Sq 3 > I 


Area of each tile = y x 6 sq. in. 


“number of tiles = Of “29 443 ~ 2000 tiles. 
xb 


(4) Duotectutal Multipliation.—The labour of multiplying 
length by breadth, where both are expressed in feet and inches, 
is often shortened as in the following example. 


Find the area of a floor 12 ft. 7 in. xy ft. 10 in, 


ft. ttt 
12 oy 
4 10 
Il 3 3 
TO 5 1O 


123) 8) to 


RULE.-- Place the two dimensions under each other. Multiply 
the top line by the number of feet ; then multiply by the naniber 
of inches: beginning one place nearer the right; then add the 
two lines together.  /# every case carry at 72. 


The first number in the result is yot by multiplying feet by 
fect, and therefore represents square fect. 
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The second is got by multiplying feet by inches; therefore 
every unit here represénts 12 square inches. These are usually 
called primes (or superficial primes). 

The third is got by multiplying inches by inches, and there- 
fore represents square inches. 


Thus the above result = 123 sq. ft. 8 fréwes 10 sy. in, = 123 
sq. ft. 8x 124+ 10$q. in. = 123 sq. ft. 106 syoin. Answer, 


18. Zhe sguare (area = a*). 


The square is a particular case of the rectangle, where 
“the lenuth and breadth are equal, so that 4. «a Hence 
area = a"; or, to adopt the explanation ot the last paragraph, 
if the side contain @ inches, there will be a@ rows, each con- 
taining a2 square inches ; so that there are a? square inches 
in the whole figure. 


Exvamples.—(1) Find the area of a square field, the side of 
which is 8 chains 25 links. 


8 chains 2§ links = 8-25 chains. 
»y 
25 


te 


10) 63-0625 sq. chains, 


6:800625 acres. 
4 
22500 
yo 
000 Answer Ga. 39. 9 p. 


(2) Find the cost of running a fence round a square piece of 
ground to acres in extent at 54. per yd. 
io acres = 4 mile. 
side of square = } mile. 
perimeter __,, = } mile = 880 yards. 
.. cost = 880 x §d. = 44002. 
= £18 6s. 8%. Answer, 
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19. Zhe parallelosram (oblique ). 
me G 





Area ah. ) 


= al sin A.} 


~ ww ewe wwe en ey 





Let FE be the altitude of the parallelogram ACD. 
Draw -1/, DG parallel to LF to meet LC. 


area of ACD - rectangle F1DG. (Euclid, 1. 35.) * 


_AD. AL 
=D. BE. 
ce er CT): 


Since 2A LTA sin LLY, 
wea «Gb Snel «- x. a & 4B); 


We might deduce these results from the expressions for 
the area of a tangle Obtained in the last chapter. For 


ah 


area of the tangle A217) -- 4 a6 sin «1; and the paral- 
2 


lelogram «fC ts double of the trangle 72/2), since it is 
bisected by the diagonal. 
It seems best, however, to deduce the area of the paral- 


lelogram from that of the rectangle, on which both proofs 
ultimately depend. 


frvample.—The sides of a parallelogram are as 3! 4, and the 
included angle is 30°. Find the sides, if the area = 1734 5q. yds. 


Let jr and gv be the sides. 
J. 3Uxgusin 30° = 1734. 


Be ae es es 
a - = 1734- 
a* = 289. 
aT, 


re the sides are 51 yds. and 68 yds. 
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20. The rhombus (area - ah =ar sin of ). 
Since the rhombus ts a parallelo- 
gram, its area=ah . » (1). Coss Se 
But A a sin A. 
area-a? sind . . (2). 


But there is another far more; 
convenient form in which the area 
can be expressed. 





The diagonal .fC divides the 
rhombus into two triangles, -fC'7? 


' 


ED. we ‘s 


Now area of IC 2:-) LE. CA, 
» ACD.4 ED. CA. 
areaof rhombus. } (A+ A /?) C1, 
AAD. CA 
} product of diagonals... (3). GED. 


ht 


If the diagonals are @, of, then area 

The same result could be obtained by drawing parallels 
to the diagonals through the angular points 1, 7, C, 2. 
For the rectangle G//A'Z 1s obviously double the rhombus, 
since the sides of the rhombus bisect the rectangles GL, 
EK, HE, EL respectively. 


area =} rectangle GA =} 1C x BD (as before). 
It is clear that this method of proof will apply whenever 
the diagonals are at right angles. 


“. generally, if the diagonals of a quadrilateral intersect 
at night angles, the area = half their product. 
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Examples.—(1) The diagonals of a hatchment are 9g ft. 8 in. 
and 7 ft. Find the cost of emblazoning it at £2 14s. per 


sq. yd. 
Area of hatchment = } x 9% x7 sq. ft. 


= 1x4! fs sq yds. 

Cost = xb 2947 .. 
a 2 3 9 

= 2035. = f1o 35. Answer. 


(2) The side of a rhombus is 2 ft. 5 in., and the shorter 
diagonal is 3 ft. gin. Find the area. 
7 ia ee 


- be 


A reference to the last figure will show that 
J. C2 = qa? - d? sz 4x 247 - 407. 

18x g8 = 36 4g. 

‘a =6x7 = 42 In. 

dt 42% 40 _ 


, 
ra 
+ 7” 
- - 


Area = 20 x 42 sq. in. 


= &4o sy. in. = § sy. ft. t20 sq. in. Answer. 


(3) ALCD is a field such that the straight lines joining oppo- 
A site corners, Al, C;, 
and /, 7), meet at 
light angles at F; 
Fal, FB, FC, FD 
; measuring 83, 97, 
125, and 238 yards 
respectively. Find 
the area of the field 
in acres, roods, &c. 
(Sandhurst) 


Since the diago- 
oe nals are at right 
angles, the area is found by the same rules as in the rhombus. 





Diagonal 4C — $3+125 = 208 yds. 
n 8D = 97+238 = 335 yds. 
sq. yds. sy yds, 
*, area = J x 208 x 335 = 104 x 335 = 34540. 
Reduced to acres, roods, &c., the area becomes : 
74 31 p. 22} sq. yds. Answer, 
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21. (i) The trapezium (area = <* ie ¢). 


A 





Let a, & be the two 
parallel sides, and ¢ the 
third to which they are 
at right angles. 


Join BD, and draw oa 
the perpendicular DE. tL 


i 7. C 
*. area of triangle 2PDC .4 DE. BC =k be. 
: ALBD=R AP  AD=has 


“. area of trapezium ~ 4 (a+). 6, 


(ii) Zhe frapesotd (area - sits an h). 


Let a,’ be the 
two parallel sides, 
: and / the altitude. 


Jom AC, and 
,. draw the perpen- 
diculars AZ, CF, 





both of which will = 4. 
', area of triangle ACD=4. 4D. CK 3 at, 
’ ABC=}4. BC .AE 4 6h, 
‘, area of trapezoid= 4 (@+4)4 . © . (1). 


If the angle 4 is known, then 4 = 4A/) sin B. 
=4Asin A csin 4. 
. area=}(a+d)esina . sie a. CB) 
The trapezoid may be considered to bear the same rela- 


tion to the trapezium that the parallelogram (oblique) bears 
to the rectangle. 
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Examples.—(1) A rect- 4 E37 
angular field is 200 yds. 
long, and 132 yds. broad. 
A road is made, passing 
through a corner, and cut- 
ting off 37 yds. from the 
length. Find the area of 
the remaining part. 


We have to find the area 
of the trapezium «ICE. Lh 20 C 


Area = 1(HE£+ BC). AR, 
and AF = AD- Dk = 200 ~ 37 -- 103 yds. 
*, areca = | (163+ 200), 132 = 363 «660 sq. yds. 


fs@ 


3 
303 x H6x 4 
12] 
= ga. 3r. 32 p. Answer. 


sy. poles = 792 sq. poles, 


(2) A field is in shape a trapezoid, whose parallel sides are 
6 chains 75 links, and g chains 25 Inks. If the area be 2 a. 
3r.8p., find the shortest way across the field in yards. 


The shortest way will be the perpendicular distance between 
the parallel sides ; Le. the altsfude of the trapezoid. 
chains, 
Now area of trapezoid = } (6-75 + 9-25) » altitude. 
.. & chains x altitude = 2a. 37r. 8p. 


", if we reduce the area to sq. chains, and divide by 8, the 
result will be the altitude in chains. 


jo) 8-0 
4°32 
2-8 acres. 
10 


8) 28 sq. chains. 


3-5 = altitude in chains. 


77 «yds. Answer 77 yds. 
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22. In any guadrifatral we can readily determine the 
area by dividing it into two 
triangles. 

For instance, if the di- 
agonal -fC is given, and the 
perpendiculars on it FEZ, 
DI, then 

Area of quadniateral 
SPR ACL ED. AC 

=k (BA + ID) IC. 

Hence, if only the diagonal and Ae sum of the perpen- 
diculars on the diagonal be given, we can determine the area. 





qt wm meme meee 






4 
4 
' 


dD 


For another instance, suppose the four sides and one 
angle .4 are given. U 
Draw the diagonal /*7), the 
value of which can be deter- 7 
mined. Then the quadrilateral 
is the sum of two triangles, in 
one of which we know two sides al !? 
and the included angle, and in the other the three sides. 
Hence its area can be determined. 


Evamples.—(Q) The longer diagonal of a quadrilateral is 
146 yds, and the sum of the perpendiculars on it from the 
other two angles 1s 93 yds. Find the area in acres, &c. 

Area = 4. 146 93 sq. yds. = 73 «93 sy. yds. == 6749 sq. yds. 

This reduces to 1a. Ir. 24 p. 13 5q. yds. Answer. 

(2) The sides of a quadrilateral 272C/), with a right angle at 
A,areHh = 3ft, PO 4ft. 8in, OY. g ft. gin, DA = 4 fe 
Find the area. 

BD = J3¢+ 42 = 5 ft. 


Area of triangle BCL), in which we know the sides 
= 9/7 (7~ 5) 7-45) 7-4 = 8722045. 4 sq. ft 
= *F oq. ft. = gh sq. ft. 





And area of right-angled triangle LAD = 3 ; 4 26 oq. ft. 


area of quadrilateral = 15} sq. ft. 


ee 
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EXAMPLES ON THE AREA OF QUADRILATERALS 
(a) Square 

1. Find the area of a square field whose side is a quarter 
of a mile. 

2. A road, 1 mile 6 fur. long, leads straight from corner 
to corner of a square enclosed common. Find the area of 
the common. 

3. The perimeter of a square field is 7 furlongs. Find 
its area. 

4. Find the side of a square field containing 19 a. 21. 16p. 

5. If the cost of surrounding a square field with wire 
netting, at 547. per ft. was £39 65. 6:7, find the area. 

6. Cost of running a fence round a square field of go 
acres, at 54d. per yd. 

7. Cost of carpeting a square floor, whose side is 18 ft. 4 in., 
with linoleum at 25. go. per sq. yd. 

8. Cost of levelling a path 4 ft. wide to surround a square 
piece of turf containing 754 sy. yds., at 3s. for 8 sq. yds. 

g. The outside part of a field containing 4 a. 2 r. 23 p. 
244 sy. yds. is taken up by a path 1} yds. wide. By how 
much will the path lessen the area of the field? 

10. How many chains are there in the side of a square 
field of ga.2r4p.? 


(b) Rectangle 
tr. Find the area in sq. yds. of a rectangular floor 
12 ft. g in. by 2r ft 4 in. 
12. Find the area of a rectangular field ,), of a mile in 
length, and 147 yds. 1 ft. in breadth. 


13. Find the side of a square equal in area to a rectangle 
whose sides are 50 ft. 5 in. and 33 ft. g in. 
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14. In a rectangulcr field the area is 4a. or. Sp, and 
one side is double the other. Find the sides. 


15. Find the number of bricks 13 in. by 6 in. in a rect: 
angular wall 1521 ft. long and 8 ft. high. 


16. Required the breadth of a rectangle whose length is 
four times the breadth, and whose area is 746,496 sq. yas 


17. The frame of a picture is 3 in. broad, and its outside 
dimensions are r5in. by roin. Find area of picture and frame. 

18. A room is 17 ft. 6 in. long, 16 ft. 3 in. broad, and 
ro ft. Sain. high. Find the cost of papering the walls with 
paper 27 in. wide, which cost q§d. per yd. 

1g. Find the cost of painting the walls of a room rg ft. 
rolin. by 16 tt. afin. and ro ft. 3in. high, at gd.2 the sq. yd. 


20. Find the cost of carpeting a room 1S ft. gm. long, 
by 12 tt. 6 in. broad with carpet fo yd. wide at 3. gu per ya. 


21. Find the eapense of whitewashing the walls and 
ceiling of a roum 17 ft. 4 in. dong, 13 ft. 6 an. broad, and 
10 ft. gi in, high, at 34c/. per sq. yd. 

22. If the expense of carpeting a room with carpet 27 In, 
wide, at qs. GA per yd. is A145 6+ 3.4, and the expense of 
papering the wally with paper oS om wide, at 5 jy per yad., 
is £4 ros. roped, and the breadth is f4 of the length, tind 
the height. 

23. The length and breadth of a room are 27 ft. g in. 
and 20 ft. 33n,, and the height is 9 ft gan. Find the cost 
of papering the walls with paper 27 1n. wide at Gp per yd., 
allowing for two windows, each 4 ft. 2 in. by 3 ft. 6 m., and 
a duor 6 ft. 3 in. by 4 ft. 4 in. 

24. A carpet g ft. by 74 ft. 1s placed in the centre of a 
room, and surrounded by matuny 4 yd. wide at rs. Gf per 
yd. Phe carpet being 35. per yd., ind the cost of carpet 
and matting together. 

25. The area of the floor of a square room 1s 25 sy. yds., 
and the height of the walls is 1o ft. Find the cost of 
papering the walls with paper 27 in. wide at 25 Gif. per 
piece of 12 yds. 
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26. The cost of painting the walls of a room at 64d. per 
sq. ft. amounts to /,21 125. o}d@. and the perimeter is 23 
yds. 1 ft. 6 in. Find the height. 


27. In a room 22 ft. long by 18 ft. wide there is a carpet 
16 ft. square. Find the cost of covering the rest of the 
room with felt 2 ft. wide at 55. per yd. 


28, Find the cost of papering a room 17 ft. 7 in. long 
by 11 ft. 5 in. wide, and so ft. high, with paper 2 ft. 8 in. 
wide at 8d@. per yd. (SundAurst.) 


2g. The sum of £9 os. rod. is allowed for papering a 
room 27.7 ft. long, 19.55 ft. wide, and 12.4 ft. high. How 
much per yd. must be given for a paper 2.7 ft. wide? 
(Sumshurst.) 


30. ‘The length of a hall is three times the breadth; the 
cost of whitewashing the cetling at 54 per sq. yd. is 
£4 t2. 7-id., and the cost of papering the four walls at 
1s. gd. per sq. yd. ts 4.35. Find the height of the hall. 
(Sandhurst) 


31. The walls of a library 32 ft. 8 in. long, 20 ft. 5 in. 
broad, and 17 ft. 5 in. high, are divided by bookshelves into 
compartments 4 ft. rain. long, and or ft. 7 in. high. Tt each 
compartment contains 21 books, valued at 25. each, what is 
the value of the hbrary ? 


32. Find the number of paving-stones 2 ft. square re- 
quired to pave both sides of a street $ mile long with a 
pavement 6 ft. broad. Find also the cost at 39. 6d per sq. yd. 


33. A quadrangular court is 104 ft. by 86 ft.; a pathway 
4 ft. wide runs round it, and the rest is turfed. Find the 
area of the turf. 


34. Find the rent, at £2 65. 82 per acre, of a rect- 
angular field 1 fur. 5 po. long by 1 fur. 23 po. broad. 


35. If the rent of a rectangular field, at #1 135. per 
acre, be £2 15. 3, and the cost of running a fence round 
it, at 87. per yd., is £11, find the length and breadth. 
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36. A rectangular field is Go yds. long by 40 yds. wide; 
it is surrounded by a road of uniform width, the whole area 
of which is equal to the area of the held. Find the width 
of the road. (Sandhurst) 


37. Find the rent, at “2 §s. an acry, of a rectangular 
park $ mile long, and } mile wide. (SusmdAvrst.) 


38. A rectangular garden contains 1200 sq. yds, and the 
length is to the breadth as 4 to 3.0 What will the fencing 
cost at 35. 6d. the yd?  (Samfhurst.) 


39. Arectangular court is 20 yds. longer than it is broad, 
and its area Is 4524 sq. yds. Find its length and breadth. 
( Sandhurst.) 


40. If 3 yds. be taken from one side of a rectangle whose 
perimeter is 14 yds., and added to the other side, its area 
will be doubled. Find the lengths of the sides. (Susadcharst.) 


(c) Parallelogram (Oblique-angled) 


4t. Given the base of a parallelogram — 23 yds. 1 ft. g in, 
and the altitude 14 yds. 2 ft. 5 1n., find the area. 


42. If the two sides ofa parallelogram are 3 ft. 2.1m. and 
1 ft. 5 in., and the included angle is 60, find the area cor- 
rect to nearest sq. in, 

43. If the area of a parallelogram ts 36 sq. yds. 5 sq. ft 
132 sq. in., and the altitude Is g ft. 3 un, find the base. 


44. If the area of a parallelogratn ts g5 sq. yds. 1 ft. g6 in,, 
and the base is 28 yds. 1 ft. 8 in., find the alutude. 


45. AVCYP isa parallelogram 3 a. 27. 25 p. in area. If 
the perpendiculars from C on 1/7 and AD are 824 yds. 
and 494 yds. respectively, find the two sides. 

46. Ina parallelogram whose area is § sq. ft. 108 sq. in., 
find the two sides, if the perpendicular on the base is 9 in., 
and the smaller angle is 30°. 

47. The sides of a parallelogram are in the ratio 3: 2, 
and the included angle is 45°. If the area is 264 sq. in, 
find the two sides correct to , jz Of a sq. in. 
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48. A field is in shape a parallelogram, two adjacent 
sides being 147 yds. and 343 yds., and the included angle 
being 15° 33. Find the area in acres and sq. yds. Given 
log 3=.4771213, log 7==.8450980, Z sin 15° 33 = 
9.4282631, log 13516 = 4.1308482, D=321. 


(d) Rhombus 


49. Find the area of a rhombus whose diagonals are 
3 ft. 4.in. and 5 ft. 3 in. 

50. Tind the area of a rhombus whose side -- 2 yds., and 
one of whose angles is 75°. 

51. Find the area of a rhombus whose side is 110 yds., 
and whose altitude is 77 yds. 


52. ‘The area of a rhombus is 4 a. rr. 20 p., and one of 
the diagonals 1s 385 yds. Find the other. 

53. Each side of a rhombus ts 120 yds., and two of its 
opposite angles are each 60° Find the area of the rhombus 
in acres to two decimal places. (Sudhurst.) 


54. A rectangular lawn 60 ft. by 40 ft. has four rect- 
angular beds 20 ft. by 6 ft. cut out of it, and a diamond- 
shaped bed in the centre, whose diagonals are 15 ft. and 
8 ft. Find the area of grass remaining. 


55. Five diamond-shaped beds are cut out of a rect- 
angular Jawn, in the shape of the five of diamonds. If 
«lCBLPD be the central diamond, and its diagonals BOA, 
MOC produced meet the edge of the lawn at £ and # 
respectively, find what proportion of the lawn is occupied 
by the five beds. Given dO=} AZ, and OC=43 CF. 

56. A playing-card (the ten of diamonds) is 38 in. by 
at in. If the diagonals of every diamond on the card are 
£ in. and + in., find how much of the surface of the card 
is uncoloured. 

57. The surface of a playing-card contains 9,'s sq. in., 
and the diagonals of the diamonds on it are § in. and 4% in. 
If the diamonds take up 3% of the whole surface, how many 
diamonds are there on the card? 
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58. A lattice window with diamond panes is 4 ft. 6 in. by 
2 ft., and has eleven bars crossing from right to left, and 
eleven from left to nght, all at equal distances and the same 
angle. Find the number of panes (counting in half-panes 
at the side) into which the window is divided, and the area 
of each. 


(e) Trapezium and Trapezoid 


59. Find the area of a trapezium, if the lengths of the 
two parallel sides are 54 yds. and 67 yds., and the length of 
the side at right angles to them is 4o yds. 


60. Find the area of a trapezoid, if the lengths of the 
two parallel sides are 7 ft. 5 in. and 8 ft. 7 1., and the 
perpendicular distance between them is 6 ft. 3 In. 


61. In the trapezoid ACY the sides A, DC are 
parallel. Given the length of AC (— 18 1n.), and the per- 
pendiculars on it from «f and J) (g in. and 14 in.), find 
the area. 


62. A field is in the form of a trapezoid. Its parallel 
sides are respectively 10 chains 30 links and 7 chains 70 
links ; the distance between them ts 7 chains 50 links. bind 
the acreage. (Sandhurst) 

63. ALCP is a quadrilateral field, in which the angles 
C, Y are right angles, and the angle +f is halfa right angle. 
Find the area of the field in acres, &c., having given that 
BC=91 yds. and 4D=151 yds. (Saadhurst.) 

64. Two of the sides of a trapezoid are parallel, and two 
are equal, If the parallel sides are @ and 4, and the equal 


‘ até é , 
sides each = ¢, show that the area = VJ 4c? — (a — b)°. 


The front side of the roof of a house 1s in shape a trapezoid 
with two equal sides. The top edge is 14 ft., the bottom 
edge 24 ft., and each of the side edges 13 ft. Find the 
area of the whole side. 

65. If £4 45. 6d. be paid in rent fora field, in shape a 
trapezoid, the sum of whose parallel sides is 8 chains 45 
links, and whose altitude is 6 chains, find the rent per acre. 


48 MENSURATION 


66, The rent of a field, in shape a trapezoid, is £6 145. 2d. 
at £2 os. 4i. per acre, and the sum of the two parallel 
sides is 230 yds. Find the shortest distance across the field. 


67. A straight belt of wood, 200 acres in extent, has two 
parallel sides, one of 3 miles in length, the other 3} miles ; 
the other two sides completing the trapezoid. Find the 
length of the shortest path which can be cut through the wood. 


68. Ina trapezoid, if the two parallel sides are 3 in. and 
5 In, and the third side (4 In.) be inclined at an angle 26° 
to the parallel sides, find the area. Given log 2 .3010300, 
£ sin 26" - 9.6418420, log 70139 = 4.8459596, D = 62. 


(f) Quadrilateral (General) 


69. In a quadrilateral field one diagonal is 8 chains, and 
the perpendiculars on it from the other angular points are 
2 chains 50 links and t chain 75 links. Find the area. 


vo, Ina quadiiateral the sum of the perpendiculars on 
a diagonal 3 ft. 6 In. in length ts 2 ft. rin. Find the length 
of the other diagonal, the sum of the perpendiculars on it 
being 2 ft. 6 in. 

71. Kind the area of a quadrilateral field -17°CD, in 
which the angle at ./ is a mght angle, and the sides are 
AB. goyds, PC: 143 yds, CD=154 yds., Del - 132 yds. 


72. ‘The shorter diagonal #2 of a quadrilateral field 
APCD is 72 yds.; the sides adjacent to 4 are 127 yds. 
1 ft. 6 in. and 136 yds. 1 ft. 6 in.; and the perpendicular 
fiom Con #2 is 75 yds. 2 ft. Find the area. 


73. Show that the area of any quadrilateral is half the 
parallelogram formed by lines equal and parallel to its 
diagonals. 

The diagonals of a quadrilateral are 10 in. and 10V3 in., 
and meet at an angle of 60% Find the area. 


74. The sides of a quadrilateral ABCD are AB=1 ft. 
8 in.,, BC=2 ft. 10 in, CD= 3 ft 3 in., D4 =3 ft. 9 in; 
the diagonal -1C = 3 tt. 6 in. Find the area, 
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75. If two opposite angles 4 and C of a quadrilateral 
ABCD are right angles, and 4A=s5 ft. 4 in, P- ar ft, 
PC = 8 ft 4 .1n., find the area. 


76. AF is the diameter of a circle, C and /) two points 
on the circumference on opposite sides. If .4/7?. 25 ft., 
AC=7 ft, BY=15 ft, find the area of quadnilateral -7CHD, 


77. A quadrilateral field -177C/) has its sides as follows : 
A =3chains, BC - 1 chain, C/)) = 2chains, /).1 4 chains, 
and the angle -4#C-: 120°. Find the area correct to a 
sg. pole. (423 4.796.) 


78. On opposite sides of a base, which is 120 yds. long, 
two isosceles triangles are constructed. The altitude of one 
triangle is double the altitude of the other, and the triangle 
that has the least altitude has a right angle for its angle 
oppusite the base. Find in sq. yds. the area of the four- 
sided figure thus formed, and express the result also in 
acres, roods, &c.  (Saudhurst.) 


CHAPTER II] —IRREGULAR POLYGONS 





23. A polygon is d regular when it has all its sides 
equal, and all its angle$ equal. When it does not comply 
with both these conditions it is called trregular. 


24. A straight line joining two angular points not adja- 
cent is called a dgenal. No special rules need be laid 
down for the determination of diagonals beyond what has 
been said in the last chapter. 


25. Any irregular polygon can be divided, by drawing 
diagonals, into triangles, whose number is always two less 
than the number of sides in the polygon. The areas of 
these triangles can be found if sufficient data be given, and 
the area of the polygon is their sum, Sometimes it will be 
found more convenient to divide them into parts, some of 
which are rectangles or trapeziums. An example or two 
will sufficiently illustrate the various cases. 


Lwvamples.—(1) ABCDE is a pentagonal field, of which 
AFGH/) js the long- 
est diagonal, £\ G, Af 
beiny the feet of the 
perpendiculars A'/, 
£G, CH, Given that 
AF=1 chain 75 44 
links, #7/=4 chains (ae G ee: 
gsolinks, AY) = ichain Form nmr EG 
so links; and also 
BF = i chain Solinks, 
£G= 2 chains, CH= 
2 chains 50 links, 
find the area of the 
field. 
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Here the pentagon is divided into four measurable parts: the 
right-angled triangles 4 BF, CHV, the trapezium 4//, and the 
triangle AED. Peres 


Area of right-angled triangle 4F B=} (1-50 x 1-75). 
== +8125 sq. chains. 


) ” CHD =} (2-50 x 1-50). 
= 1-875 sq. chains. 


Area of trapezium 2//=} (1-504 2-50) x 4°50. 
= Sq. chains. 


re triangle 4£D=1} (2x 7-75.) 
=7-75 sq. chains. 


.. area of pentagon = 19:4375 sy. Chains. 
= 194375 acres, 
4 


3°77500 
4o 


31-000 


e. arca=1 a. Z4r. 31 p. Answer. 


(2) The three alternate angles of a hexagon ASLCDES— 
namely 4, C, and £— 
are 60°, 90”, and 120° 
respectively. The sides 
are AB=AF=p50 ft, 
£C=CD=DE=10 ft, 
and Ee =30 ft. Find 
the area. 


Draw the diagonals 
FB,BD, DF. Then the 
hexagon is divided into 
four triangles. In each 
of the triangles ARF, 
BCD, DEF two sides 
and the included angle 
are known; thus their 
areas can be found. And in the triangle BDF we can find the 
value of each of the sides, and so find the area of the triangle. 
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me ow 


ABF is evidently an equilateral triangle, and BCD is right- 
angled. 


- 
.". area of triangle ABF= 50: 3-625 V3 sq.ft... (1). 


+ BCD=19%=50sq. ft. 1. . . (2). 
In ly 
a DEF=}. 10. 30. ie 


=75/3s8q. ft. 2... . . (3) 
Sum of these three triangles = 700 »/3 + $0 sq. ft. 


We have now only to find the area of DF. 
Since AF is equilateral, M&F = 50 ft. 
» LCD isa right angle, BD=104/2 ft. 


.. area of PDF 
=*1(so4 10/2 + 100/13) (50+ 100/2— 104/13) 
(50-10 4/2 + 104/13) (- 50+ 10 4/2 + 104/73). 
ie EEE 5 a Oa i eee 
= 190 (15 +2 6/26-25) (25-15 +2 4/26). 
25 Me n/26 - 10) (2 4/26 + 10). 
. =25s/104-100=Sosy.ft.. . . 6 . . . (4) 
“. area of hexagon =700 4/3 + 100 sy. ft. 
If a! 3 == 1°732, 7O08/3=173:2 x 7= 1212-4. 
*, area = 1312-4. 


Thus area to the nearest sq. yd.=1312. Answer. 


* In determining the area of a triangle when the sides are surds, it 
is more convenient to take the area of a triangle in the form: 


ne oe on ae tenn eh eect ec ne Ne ere rn gaint nny 


which is identical with Vs (s-a@) (s~4) (s—c), but does not employ 
the abbreviation s. 

By a reference to the figure it will be seen that the angle EDC is of 
the kind called reentrant. It is clear that polygons with re-entrant 
angles can be measured in exactly the same way as other polygons. 
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eee 





(3) Sometimes a polygon is formed by cutting off a corner 
or corners of a known triangle or 
quadrilateral. The following ex- 
ample will sufficiently illustrate 
this case. 


The side of an equilateral triangle 
is i ft. Each of the sides is divided 
into four equal parts, and the nearest 
points of division joined, Find the 
area of the hexayon so formed. 


We have to subtract from the 
original equilateral triangle the sum 
of three equilateral triangles, each of whose sides = } ft. = 3 in. 





122, 4/ 


.. area of triangle ABC= ; ae 36 <'3 sq. in. 
ie 
” 9 - % 3 
“ ADK = oo 
*, area of hexagon= 36 /z- ae a3. 
ERS sq. in. 
4 


This reduces to 50-66 sq. in. Answer. 


(4) Use of the Fretd-book.—I\n practice a polygonal field is 
usually measured by the segments into which the longest 
diavonal is divided by the perpendiculars from the other angular 
points, and the lengths al these perpendiculars, which divide 
the field into trapeziums and right-anyled triangles. The 
diagonal is called the dase-Line, 

and the perpendiculars are con- Nie ees 


sidered as artes from it. The Vards. 
method in which these are entered re 
in the Field-book will appear from 
the following example. To B. 
Find the area of a hexagonal 46000! 
field from the annexed measure- 340 50 F 
ments in the Field-book. F166. “s6a. 2 
Here AB is the base-line, and 7) 1,55! gig | 
the lengths of the off-sets to the = | 
other angular points, with their 70 100 C 
directions, are given at the sides, From A. . 


the middle figures yiving the dis- 





ie 
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tances from 4 at which the off-sets are measured. Hence the 
field may be represented by the following diagram. 


Ad= 110 yds. Ac= 70 yds. 
Dd=120 ,, Cc=100 ,, 

Af=340 ,, 
Aer If= 50 5, 
£e=160 ,, AB=460 ,, 





On both sides of the base-line there are two triangles and a 
trapezium to sum. 


., area to right of base-line 

= } (70 x 100) + § (340 - 70) (100 + 50) + 4 (460 — 340) 50 sq. yds. 
= 3500 + 20,250 + 3000 = 26,750 sq. yds. 

And area to left of base-line 

sz 4 (110 x 120) + 4 (200 — 110) (120+ 160) +4 (460-200) 160. 
= 6600 + 12,600 + 20,800 = 40,000 sq. yds. 

*, total area of field 
= 66,750 sq. yds. = 13 a. 3830 sq. yds. Answer. 
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EXAMPLES ON IRREGULAR POLYGONS 


1. ABCDE isan irregular pentagon. 40 and CE inter- 
sect at right angles at O, and A“, AC are respectively 
parallel to EC, AD. Given O.1 76 yds., OC = 35 yds., 
OD = 30 yds., OZ = 40 yds., find the area of the pentagon. 


2. AD (=160 yds.) is the longest diagonal of a pent- 
agonal field -2CDE. The feet of the perpendiculars on 
it from 4, Z, and C meet it at *, G, //, dividing It into 
four equal parts. Given BF=56 yds. LG = 36 yds, CH 
= 34 yds., find the area. 


3. ABCDE is a pentagon. The diavonal BE: & chains, 
and the perpendiculars on it from «1 and C are 3 and 5 
chains respectively ; also the diagonal C/?- 9 chains, and 
the perpendicular on it from /) is 2 chains. Vind the area 
in acres, &c. 


4. Ina six-sided figure four of the sides in order are 20, 
24, 15, and 18 ft. respectively. ‘The perpendiculars on 
them from the intersection of the other two sides are in the 
same order 6, 26, 32, and 4 ft. Find the area. 


5. Foursides, 44, BC,CY), DF, ofahexagon ABCDE F 
subtend equal angles at the angular point 4; and the dis- 
tances (A, FB, FC, FD, FE are 30 ft., 36 ft., 27 ft., 20ft, 
and 16 ft. respectively. kind the area, the angle at ¥ 
being 120° 

6. In a hexagon ABCDEF, given the six sides 42 = 
93 ft, BC=65 ft, CD=45 ft, DE--39 ft, BF-- 16 ft, 
fA = 12 ft., and also given the diagonals AC ~ 34 ft, CL = 
42 ft., £A = 20 ft., find the area. 


7. In a hexagonal figure, given the diagonals AC = 32 
yds, CE =24 yds, £A=4o yds, and the perpendicular 
from & on AC 17 yds., from Y on CF 15 yds., and from 
Fon EA 13 yds., find the area. 
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8. In the heptagonal field 4 BCDEFG, BC (= 12 poles) 
and AG (=. 17 poles) are both perpendicular to 44. Given 
the perpendiculars from J, &, F on AB to be 18, 20, and 
24 poles respectively, and the segments into which they 
divide 4# to be 10, 9, 11, and 5 poles in order from 4 to 
#, find the area in acres, roods, and perches. 


g. In a six-sided figure ABCDEF, AD cuts both FA 
and £C at right angles at G and A. Show that the area 
of the hexagon 1s the arithmetic mean between the rect- 
angles contained by 773, .1//, and ZC, GD. 

Find the area of a field of this shape, if A= 110 yds, 
EC= 99 yds. A4G=12 yds., GH 43 yds., /7D = 45 yds. 


10. In a hexagon, given the six sides and three alternate 
angles, find the area. 

If ABCDEF be the hexagon, let 4B = 5 in., 2?@ = 15 in, 
CD=10 in, DE = 4 in, LF-.8 in, FA =12 In, 1 -- go’, 
C:-120°, £=135° (The following results may be used to 
help the work : 19 = 4350/5 + 2/2 - 2.798, log 22.9935 
= 1.36161, log 1.1985 » .07864, log 11.8015 = 1.07194, log 
57-011 = 1.75596, log 9.9935 = -99972.) 

11, If, in the pentagon 2 CDE, the angles at 4 and D 
are right angles, and the five sides in order are 4/)— g2 ft, 
BC- 204 tt, CD= 180 ft, DE =19 ft, LA = 69 ft, find 
the area. 

12. The longer diagonal .fD of a hexagonal field 
ABCDEF is 119 yds.; and it is divided by the perpen- 
diculars let fall from #4; 4, 4, C (which meet it in this 
order) into segments which have the ratio to each other of 
2:3:7:1:4. The perpendiculars from 4, 8, /, C are 
15, 35, 32, and 30 yds. respectively. Find the area. 

13. Ina pentagon 42CDE, A = go", C= 120°, A = 135°; 
Ab=5 ft, PC=10 ft, CD-—10 ft, l= 5 ft. Find the 
area to nearest sq. ft 

14. Ina hexagon 4BCDEF, the angles at 4, C, and £ 
are right angles; and the sides have the following lengths : 
AB=1 ft, BC=3 ft, CD=4 ft, DE=2 ft, FF=3 ft, 
ff =1 ft. Show that the area is exactly 10 sq. ft. 
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15. In a pentagon 4SCDE, the angles at .4 and C are 
respectively 90° and 120°; and the five sides are J = 4 in, 
BC=5in, CD=1 in, DA=3 in, Ll=2 in. Find the 
area correct to one-thousandth part of a sq. in. 


16. Ina pentagon ACDE, the angles at +f and C are 
respectively go? and 120°; and the five sides in order are 
ABe=t ft, BC=1 ft, CD: 3 ft, DE 5 ft, Luda a ft 
Find the area to nearest sq. in. 


17. In the hexagonal feld 4BCDEF, +1 90°, C- 60°, 
E£=120. Given AL HF=6 chains, 2C - De 2 chains, 
CD=8 chains, and #-1=4 chains, find the area to the 
nearest sq. pole. 


18. In the pentagon A77CDE, if the diagonals 12, AC 
be drawn, AZ D, ADC, and ACA are nght angles. If 
A&=12 ft, DE =16 ft, DC=15 ft, C= 60 ft, find the 
area. Also find AV. 


19. In the pentagon ABCDE, the angles at -f and D 
are right angles, and if £/ be drawn, A/C 1s also a right 
angle. If 4B=g in, LC 1 ft. Sin, ZY. 7 in, and 

find the area. 


20. A field ALCDE, whose area ts 9750 sq. yds., is in 
shape a rectangle with the corner cut off by the side DL. 
If the field were a complete rectangle, the area would be 
250 sq. yds. more. Given 4/=150 yds., and CY) 40 
yds., find how much AZ’ and CY must severally be pro- 
duced to complete the rectangle. 


21. A rectangular room has a corner cut off by the 
fireplace. If the two sides opposite to the fireplace are 
22 tt. 10 in. and 15 ft. 3 in., and the two adjacent ones are 
1g ft. 6 in. and 12 ft. g in., find the area of the floor. 


22. A square whose arca = 45 sq. in. has its sides tri- 
sected, and the nearest points of trisection joined, so as to 
cut off its corners. Find the area of the resulting octagon. 


23. In an equilateral triangle -{2C, whose side is a, the 
points D, & are taken in 44, so that FL=AD=!AB; 
f, G in BC, so that BF= CG: J AC; and 4, A in AC, 
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so that HC=KA=1AC. Find the area of the hexagon 
DEFGHK. 


24. An octagonal room is in shape a square with its four 
corners cut off evenly, so as to leave in each case half the 
side of the original square. The perimeter of the room is 
6o ft. Find its area to a sq. ft. 


25. ABCD is a rectangle whose side 48=6 in., and 

~ rin. From O, the middle point of 4/77, OZ and 
OF are drawn, meeting AD and /C at angles of 30° and 
45° respectively. Find the area of the pentagon OPFCDE 
to three decimal places of a sq. in. 


26. Find in acres and sq. yds. the area ofa field ACE BFD 
from the following measurements in a field-book ; 


Yards. 


To #2. 
300 
Ir 6o 250 
200 80 E 
f) too 120 
6o 75 C 
From A. | 





27. Draw a plan of a field from the following measure- 
ments, and find its area in acres, roods, and poles. 
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28. Plan a field from the following notes, and find its 
area in acres, roods, and cease (Oxford Local.) 


Yards vents | 
To B. TOR | 
E 120 a 30 F 
C 160 | 120 160 D 
From A. | 





29. Tind the area of a field in acres, roods, and poles 
from the following notes : 


Chains. 


To &#. | 
16 | 
12-45 | 76£ 
D 6-35 8-5 | 
3°75 
From 1. 


30. Find the area from the following notes : 


Chains. 


To B&B. 
12-74 
G 3-68 10-22 
8-96 4:38 F 
55 £ 
D 3°54 


C 2-75 
From A. 


CHAPTER IV.—REGULAR POLYGONS 


Section L 
[FoRMULz: 

In a regular polygon #=number of sides, a= the length 
of a side, x=radius of inscribed circle, A =radius of cir- 
cumscribed circle. 

a a 
a % ae ey ee 2. (2). 
180° oe + 180’ (2) 
2 tan 2 sin ; 
ry a 

Also, if r be the radius of a circle, 

Side of inscribed polygon =: 2” sin ae ee (3). 
N 
180° 


il 


Side of circumscribed polygon = 27 tan - + (4).J 

26. Regular figures, as defined in the last chapter, are 
such as have all their sides equal and all their angles 
equal. 


The regular figures of three and four sides (i.e. the equi- 
lateral triangle and the square) have been already discussed ; 
it remains to discuss regular fo/yeous, when the number of 
sides is greater than four. When, however, we talk of the 
“vecular polygon of n stdes,” the equilateral triangle and the 
square are necessarily included, as particular cases in which 
n= 3 and n= 4. 


27. Regular polygons all have this important property : 
that a circle can be inscribed in any regular polygon, and 
another circle can be described about it. These circles are 
known as the saserided and circumscribed circles. They are 
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concentric, their common centre being the point at which 
the bisectors of the angles of the polygon meet. ‘These 
properties are proved by Fuclid only in the simpler cases 
of the square and regular pentagon ; but his results may 
be easily extended to any regular polygon. 


{? 





Fig. 2. 


For let C4, AL, BD be three adjacent sides of any 
regular polygon. Let the bisectors of the angles at 4 and 
8 meet in O, and join CO, DO. Then it may be proved, 
as in Euclid, iv. 13, that CO, DO bisect the angles at C 
and J, and that in consequence any straight line drawn 
from O to an angular point bisects the angle at it Hence 
all the bisectors of the angles meet at O. 
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Next we can prove, as in Euclid, iv. 13 (fig. 1), that the 
perpendiculars from O on the sides O/, OQ are all equal. 
so that OF, OQ, &c., are radii of a circle which will touch 
all the sides ; and, as in EBuchid, iv. 14 (fig. 2), that the lines 
OA, OF, OC, &c., are all equal, so that they are radii of a 
circle which will pass through all the angular points. 


23. Zo find R, rv, the radtt of the ctreunserthe!l amd in 
stribed ctreles. 


Since the sides 17, 21, .1/2 ... . . are all equal, the 
arcs ALB, AC, A). . are also equal. 


. also the angles subtended at the centre by these arcs, 
Le AOR, AOC ©. are all equal. 
360° 
no 


Now the triangles 0-4 P and OP are equal in all respects. 
having two angles equal in each, and a side common. 


AOP pa ad APs ee 


Z AOP xv part of two nght angles = 


2 
- 7 d 
J. (fig. 4 =OLP. ~- we 
a aed tan LOL 150 (1) 
2 tan - 
N 
: 1P a 
Gy. 2) R--Ovl= .* shee Seti sk : 
Bie 2) a sin 41 OP :... ESO (2) 
2 Sin - - 


29. The angle of the regular polygon can be easily 
determined, for 


CA - twice O.1P. 
=twice the complement of .4 OF. 


. rat =a 
= 2 (9° =a < } = 4 . 180° (3). 


NW n 


It should be noticed that the ancle of the regular polygon 
depends only on the auander of sides. 


REGULAR POLYGONS 63 


This angle may be used for determining some of the 
diagonals of the figure. In the case of a polygon with an 
even number of sides, the diameter of the circumscribed 
circle is the longest diagonal. But the determination of 
y and A are really the only problems of importance 
connected with the measurement of the lines of regular 
polygons. 


Formulz (1) and (2) may also be regarded from another 
standpoint. Suppose 7 the radius of a circle, 


.. side of inscribed polygon = 2” sin ae c. (a): 


side of circumscribed polygon =. 27 tan ae ad) 


30. The three most important regular polygons are those 
with five, six, and eight sides respectively ; Le. the pentavon, 
the Aexavon, and the octagon. Before proceeding to the case 
of examples, we will see what forms the formulz for # and 
x take in these cases. 

z d 
1) In the pentagon, R= —- 2, ro - : 

() ee 2tan 36° = 2. sin 36° 

By calculating the sine and tangent of 36, we obtain 
that r=ax.688191, =a» .850651. 

ad ) a 


(2) In the Aexayon, r=. — 4 N=. P 
2 tan 30 2 SiN 30” 


Here r= v3 es Rea; i.e. the radius of the circum- 


scribed circle = side of the hexagon, as Euclid proves (iv. 15). 


1 a 
In the vctavun, r=—-- “© .~ +. R= ..- 
(3) sO F tan 22° 20° 2 sin 22° 30° 
Here r= a\veny) ; while by calculating sin 22 30°, we 
2 


shall obtain R =a x 1.306563. 
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reremene streams 


. Examples.—(1) Find the radius of the circle inscribed in a 
regular hexagon whose side =6 in. 


: [> I, - 
From the last section r= + ene 34/3 in. 
= 3X 1-732=5-196 inches. Answer. 
(2) Find side of a regular pentagon inscribed in a circle 
whose diameter = 4 ft. 2 in. 
a=2r sin 36?=50 sin 36°. 
If we calculate sin 36°, we shall find it=-587785. 
*, a=50 x 587784 = 29- 38925 inches. 
(It is not usually needful to calculate to so many decimal 
places. If the above answer were to be correct to an inch, sin 
36° might be taken as +59. It must be noticed, as a gencral rule 


in all approximations, that the last figure has to have 1 added 
on if the figure following be greater than 5.) 


(3) The perimeter of a regular octagon inscribed in a circle 
is 20in. Find the perimeter of an equilateral triangle circum- 
scribed to the same circle correct to two decimal places of an inch. 


Side of octagon = +2 = § in. 
Radius of circumscribed circle = § x 1-306563. (See Art. 30.) 
Side of circumscribed equilateral triangle 
=2. § x 1-306563 tan Go°=5 4/3 x 1-306563. 
.. perimeter of triangle=15 n!3 x 16306563. 


If we take .’3=1-732, and take the other decimal to four 
places, we shall obtain perimeter = 33-945468 in. 


*, correct to two decimal places, answer = 33-95 in. 
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EXAMPLES ON THRE LENGTHS OF REGULAR 
POLYGONS 


t. If each angle of a regular polyvon is 162’, find the 
number of sides. 


2. If each angle of a regular polygon is 165’, tind the 
number of sides. 


3. The angles in one regular polygon are twice as many 
as the angles in another regular polygon, and an angle of 
the former is to an angle of the latter as 3: 2. Find the 
number of sides.  (Sas/hurst.) 


4. The angle of a regular polyyon ts 3 of that of another 
regular polygon with three mes the number of sides. Find 
the number of sides in first polygon. 

5. The side of an equilateral triangle is 20 ft. Find the 
numerical value of the radius of the circle circumscribing 
the triangle. (Sandhurst) 


6. Find the side ofa regular pentagon which is described 
about a circle of 2 ft. radius. Answer to ,', of a foot. 


7. Find the perimeter of a regular hexagon which is 
inscribed in a circle whose diameter is 3 ft. 


8. The side of a regular dodecagon is 8 ft. Find the 
diameters of the inscribed and circumscribed circles. 


9. Find to five decimal places the side of a regular hept- 
agon inscribed in a circle of radius 50 In., given that sin 
25° 42 ~ .4336591, sin 25° 43° - 4339212. 

ro. The radii of the inscribed and circumscribed circles 
of a regular octagon are to each other as \/2 + J2 22. 

11, The diameter of a circle is 12 ft. Find the side of 


the inscribed decagon to three places of decimals. 
F 
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12. Show that the length of the side of an equilateral 
triangle inscribed in a circle is to that of a side of the 


square inscribed in the same circle as /3 : /2. (Sandhurst.) 


13. An equilateral triangle and a square have the same 
erimeter. Find the ratio of the diameters of the circles 
inscribed in them. 


14. Compare the perimeters of the inscribed regular 
hexagon, and the circumscribed equilateral triangle, of a 
given circle. 


15. Compare the radius of the inscribed circle of a 
regular hexagon with that of the circumscribed circle of a 
regular pentagon, the side of the hexagon being to that of 


the pentagon as /3 : V2. 


16. Find the longest diagonal of a regular octagon whose 
side is equal to the diagonal of a square roo ft. in area. 
Calculate the answer to two decimal places of a foot. 


17, In a regular pentagon, whose side is a, find the 
length of the straight lines joining any two angular points 
not adjacent. Example: Let @=2 ft. 


18. In a regular pentagon, the radius of whose inscribed 
circle 18 15 in, find correct to three decimal places the 
number of inches in the perpendicular Ict fall from any 
ungular point on the opposite side. 


19. In a regular pentagon the angular points are joined 
by straight lines, which form by their intersection another 
pentagon. Compare the perimeter of this pentagon with 
the former. 


20. Find in feet and inches, correct to ,j, inch, the 
length of the straight line joining the middle points of two 
opposite sides of a regular hexagon whose side ts 1 ft. 


21. The perimeter of a regular hexagon is to that of a 
repular octagon as 2:3. Find the ratio of the radius of 
the circle inscribed in the hexagon to that of the circle 
described about the octagon (to two decimal places). 
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22. Sixty-one coins of equal area are placed, touching 
one another, so that the outside presents the appearance of 
a regular hexagon. Find the number of coins in the out- 
side edge. 


23. A circle of known radius has a square circumscribing 
it, and a regular pentagon inseribed in it. Compare the 
radius of the circle described about the square with that of 
the circle inscribed in the pentagon. 


24. Prove that the square on the side of an inscribed 
pentagon is equal to the sum of the squares of the sides 
of a hexagon and decagon inscribed in the same circle. 
(Sandhurst) 


25. The angle of a regular octagon is the arithmetical 
mean between the angles of the regular hexagon and the 
regular dodecagon. 


26. In a circle of known radius there is inseribed a 
regular hexagon, in this heaagon a second circle is in- 
scribed ; and in the second circle a second hexagon, Find 
the value of the radius of a circle inseribed in the second 
hexagon. 


27. An equilateral tnangle has a circle described about 
it, and another circle inscribed in it. A hexagon is de- 
scribed about the first circle, and another hexagon is 
inscribed in the second circle. Show that the side of the 


first hexagon is to the side of the second as 4: /3. 
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Section IL— Areas 
[FormMuL”é : 


Area of regular polyyon of n sites, 


na? 180" 

(1) In terms of the side @ =~ cot... 
4 N 

150 


(2) In terms of the radius r-~ #7 tan 


(3) In terms of the radius A = u 


nN 


ao 60° 
A sin $0°'7 


Hi 


31. Let 4/ be the side of a regular polygon of 2 sides. 


(? 
rena 





60" 


and containing equal angles (each = 3” 
n 


the polygon into 7 equal triangles. 


‘lake O, the centre 
of the inscribed 
and circumsenbed 
circles. ‘Then OP, 
the radius of the 
inscribed circle, is 
perpendicular to 
AX. (uc. ut. 18.) 
The radi 0.1, OB, 
Xc., beingallequal, 


), evidently divide 


". area of polygon = 2 times triangle -lOZ. 


2 2 
est 
But r= — a. bs ss cot 80" 
ae 180° 2 tt 
n 
, nae 180° 
.. area of polygon = ‘ cot. -- 


uM 


(1). 
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. » 180° 
Again, a? = 47° tan? 

a 
Substituting, we obtain the area in terms of »#, the radius 


of the inscribed circle. 


n ; » 18o° 1S0” 
Area 2g tan? cot, 
4 Nn n 
; 180° 
> ne tan --- (2). 
Ht 
. a ‘ , ISO 
Again, A’ tee J. at gA™ sin a 
~ 180’ HN 
Rw 
n 


Substituting again in (1), we obtain the aret in terms of 
#, the radius of the circumsenbed circle. 


WW fee EO LSo0” 
Area =. 4A" sin? °° cot °~, 
4 nN nN 
R 8 oe. FSO" Iso” 
. fA- sin COs 
n HN 
ey aceeremer (ro : 
2 sin job as ee (3). 


32. All three of these results could be readily deduced 
from the figure without employing the formule for the two 
radii. For instance, let us deduce (3) directly. 


Area of triangle AO = 3-10. OB sin AON, 
R? «360° 

sin? 
2 H 


f ly F ct . Dao 
area of polygon: “> sin 
If y be the radius of any circle, it follows from formule 
(2) and (3) that: 
nr? . 360° 
sin 
nt 


: 4 180° 
Area of circumscribed polygon of 2 sides nr? tan ‘°°, 
7 


Area of inscribed polygon of sides -- 
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33. We will now see what these formule become in the 
case of the three more important figures. 


(1) In the pentagon. 
2 
Area in terms of side a - cot 36”. 


This is found by calculation to be: 
Area = @? x 1.720477. 
Thus the area of a regular pentagon is found by multi- 
plying the square of its side by 1.720477. 
Area in terms of radius of inscribed circle 
= $¢* tan 36°=7" x 3.632713. 
Area in terms of radius of circumscribed circle 
> §R* sin 72° = KR? x 2.377641. 
(2) In the hexagon. 
Area in terms of the side a (or radius of circumscribed 
circle, which 1s equal to it) 


aa 6a* 


— Cot 30°- 3V 3472, 
4 2 


Area in terms of radius of inscribed circle 
- Gr? tan 30° 273. 77 


(3) In the ectagen. 
8a? 
Area in terms of side a= cot 22° 30%. 
4 


= 207 (/2+1). 
Area in terms of r= 8° tan 22° 30 =8 (/2—1) #7. 
‘ R=4R? sin 45°= 272. #4 
Examples.—(1) Find to the nearest square inch the area of 
a regular pentagon, the diameter of whose inscribed circle is 
3 ft. 4 in. 
Area of pentagon = r? x 3-632713 (see above), and here = 20in. 
e. area = 400 x 3-632713 Sq. in. 
= 1453-0552 sq. in.=10 sq. ft. r3 in. Answer, 
(The answer would have the required correctness if the 
area of the pentagon were taken as r*x 3-633. For the 
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difference between this and the real value is less than 


x= x +0003 == 400 x ‘0003 Sy. IN. = +12 sq. in.) 
(2) Find to the nearest half-inch the radius of a circle such 


that the area of the regular hexapon inscribed in it is So sq. ft. 
Jess than that of the equilateral triangle described about it. 


Let »=the radius. - 
Area of equilateral triangle = 304/307" 


* . 


‘\ a 
»  tevular hexayon ’ ; at 
3 eS » AY 
3 al3rt~ 383 So sq. ft. 
2 
rs 
3.8 3772 160, 


~ 


”4 i 
Qn ~= 160 x3 


yr ' 

16 = 1TO*S 3 ~ 17°32. 
, 

3”. AO ft. 

a 


r=554ft.- 5 ft. Glin. Answer. 
(3 The perimeter of a regular octagonal room is 76 ft. Find 
the cost of linoleum for the tloor at 2s. of per sq. yd. 
Side of octagon = 4! = 1! ft- 


61 ~ 
area of tloor= 2. se tale e141) sq. ft 


= 90) (2-414) = 361 x 1 207. 
P = 435-727 sq. ft. 
Cost = 4) 435-727 = Al x 435-727. 


= 1597-600d, = L6 135. 18¢. Answer. 
(4) The longest diayonal of a courtyard, which is in shapea 
reyular dodecayon, is 18 yds. Find the side of a square court- 


yard of equal area. 
The longest diagonal is the diameter of the circumscribed circle, 
2fre 
”, area of courtyard =! he sin 30’, where A=y yds. 


- area = 12.81, 4 = 243 sy. yds. 


Side of square he es area is 243 sq. yds. 
= 9/243=9 4/3 =9 (1-732). 
=15 yds. 1 ft.gin. Answer, 
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EXAMPLES ON THE AREA OF REGULAR 
POLYGONS 


1. Find the number of sq. inches in a regular pentagon 
whose side is 10 in. 


2. Find correct to 4, of an inch the area of a regular 
hexagon, inscribed in a circle whose radius is 8 yds. 


3. Find the area of a regular octagon, the radius of 
whose inscribed circle is 25 in. 

4. Find the area of a regular pentagon, the diameter of 
whose inscribed circle is 4 ft. 2 in., to nearest sq. in. 


5. Find to a sy. in. the area of a regular decagon, the 
diameter of whose inscribed circle is 3 ft. 10 in. 


6. Find the area of a regular dodecagon, the diameter of 
whose inscribed circle 1s 1 ft. Answer to three decimal 
places of a sq. in. 


7. Find the difference in area between a heptagon whose 
side is ro in., and the regular pentagon, the radius of whose 
inscribed circle is 1o in. 


8. The ratio of the inscribed to the circumscribed do- 
decagon of any circle is 2+ /3 : 4. 


g. If the area of the inscribed quindecagon of a circle be 
roo sq. ft, find the area of the circumscribed dodecagon, 
correct to a sq.- ft 


10. The perimeters of a decagon and dodecagon are as 
15:12. Compare their areas. 


11. Show that the area of a dodecagon inscribed in a 
circle is three-quarters the area of the square described 
about the same circle. 


12. Find in square links the area included between the 
inscribed regular decagon and the circumscribed regular 
pentagon of a circle whose diameter is 80 links. Given 
sin 36°=.55778, and tan 36°=.72654. 
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13. The area of the dodecagon inscribed in a given circle 
is 240 sy. in. Find to the nearest sq. in. the area of the 
inscribed pentagon. 


14. Given sin 30 ~.0087265, find to four places of 
decimals the ratio of the area of a regular polygon of 720 
sides to the square of the radius of the circle described 
about it. 


15. The area of the circumscribed regular polygon of 2 
sides 1s a harmonic mean between the areas of the iseribed 
regular polygon of # sides, and of the regular polygon of 
half the number of sides described about the same circle, 
(Sandhurst.) 


16. The alternate angular points of a regular hexagon 
(side @) are Joined so as to form another regular hexagon. 
Compare its area with that of the former. 


17. A field is in shape a regular hexagon. If the rent, 
at £2 ros. per acre, 1s £16 48. gd., tind in chains the 
length of the hedge surrounding It. 


18. Find the cost of paving with stone, at 3). g/ per 
sq. yd., the floor of an octagonal church-tower of regular 
sorin, 1f the internal perimeter of the tower be So ft. 


19. If the cost of running a fence round a uniform hex- 
agonal field be “11, at 8 per yd., find the rent, at 
Ve 135. 4. per acre, to the nearest farthing. 


20. Cost of paving with tiles, at gs. 7 per sq. yd, a 
regular hexagonal courtyard whose greatest breadth is 24 ft. 


21. A uniform octagonal table is 32 in. at its widest part. 
Find the areca of the surface correct to a square inch, and 
find the perimeter of a square table of equal area. 


22, A square flower-bed, whose area is 128 sq. ft., is 
changed in shape into a regular octagon, four of whose 
angular points are the same as before, and the other four 
equidistant from them. Find to the nearest sq. ft. by how 
much the bed is increased in area, 
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23. The base of a stone pillar is a regular hexagon, the 
side of which is 2 ft. 6 in. Compare the area on which it 
stands with (1) that of a square base, (il) that of an oct- 
agonal base, both having the same perimeter. 


24. Cost of hurdles, 6 ft. long each, at 9¢. a hurdle, to 
surround a field which is in shape a regular dodecagon, the 
area being 5 a. 3r. 5 p. 9 sq. yds. 


25. A rose-window consists of 7 panes, all equal and 
regular hexagons, one being in the centre, and the other six 
ranged round it with their sides continuous. If the extreme 
height of the window is 74 ft., find its area. 


26. Find the area of a regular heptagon described about 
a circle whose radius is 70 ft. Given log 7 =.8450980, 
£ tan 25° 42° 513” = 9.6826636, log 16518 - 4.2179575. 


27. A farmer has 180 hurdles, each 2 yds. long, which 
he wishes to arrange so as to surround as large an area as 
possible. In what shape had he best arrange them? and 
what will be the number of sq. yds. in the enclosed area ? 
Given Z cot 1°=11.7580785, lox 2-.3010300, log 3 = 
.4771213, log 10312 = 4.0133429, D=42t. 


28. A circular cricket-ground is roped round by posts at 
regular intervals. ‘The amount of rope used is 480 yds., 
and the number of posts 120. Find approximately, in 
acres and yards, the area of the ground enclosed. Given 
£ cot 1° 30) «11.58193, log 2.30103, log 3=.47712, 
log 18330 = 4.26316. 


29. A circular space, 12,100 sq. yds. in extent, is to be 
surrounded by posts and chains. If the number of the 
posts be 100, find what length of chain will be required. 
Given log 2=.30103, log r1= 1.04139, Z tan 1°? 48 = 
8.49729, log 39 = 1.59106. 


CHAPTER V.—THE CIRCLE 
Sec. I.—Circumference and Chords 


[FORMULA (radius = 7): 
(1) Circumference of circle =. 27r 
(2) Are of circle -: 6] 


34. The consideration of the regular polygon naturally 
leads on to that of the circle. In the last chapter we were 
led to the properties of the regular polygon by the help of 
the inscribed and circumscribed circles. In the present 
chapter we shall arrive at the properties of the circle by the 
help of the inscribed and circumscribed polygons. 

We must assume that, if we inscribe in or describe about 
a circle a regular polygon of # sides, then by increasing 
the number of sides we can make the perimeter of either 
polygon differ by as small a quantity as we please from the 
circumference of the circle; so that, when the number of 
sides is increased indefinitely (that is, without limit), the 
perimeter of either polygon may be considered identical 
with the circumference of the circle. 


35. The circumferences of circles are proportional to their radi. 
Take two circles, whose radii are vr, and 7, Let APB 
and A’ (a, and a,) be 
the sides of regular poly- 
gons of the same number 
of sides inscribed in each. 
Take O, O’, the centres, 
and join OA, O%, O'A, 
O'R. 
Then, since the angle A B 
AOB=angle AOS (for each = ), and 


AQO:0B::A40: O08 (for AO=O8 and A O= O07), 
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., the triangles 4OA, A’O'R’, are similar (Euclid, vi. 6), 
and OA: OA :: AB: ASB. 
1.¢, fo 8 Gi, SS ay, 
:1 Ady i nd. 
Thus the radii of the circles are proportional to the 
perimeters of the inscribed polygons. 


Now let # be increased without limit, and the perimeters 
of the polygons will become ultimately identical with the 
circumferences of the circles. 


the radi of the circles are proportional to their cir- 
cumferences.  O.E.D. 


Thus the ratio of the circumference of a circle to its 
radius, and consequently to its diameter, is constant. The 
ratio of the circumference to the diameter is denoted by =. 
Thus, if x be the radius, 


Circumference of circle= 277... (1). 


The value of 7 cannot be exactly determined, but it may 
be calculated to any degree of approximation required. Its 
value to seven places of decimals is 3.1415927; but for 
purposes of ordinary problems 37 1s a sufficient approxima- 
tion, If greater accuracy be required, + may be taken 
as 3.14106. 


36. Length of an are of a crete. 


Let the arc subtend an angle @ at the centre. Then (by 
Fuclid, vi. 33) the arc has the same ratio to the circum- 
ference that the angle @ has to four right angles. 


If then @ be the circular measure of the angle, 
arc : circumference :: 6: 27. 


. CMe ob. gs a. ih. . @ AY 
27 


arc - 
lf the number of degrees in the angle be given (.4°), 


*, arc= a x TY, 
- 180° . 
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37. Chord of a ctrele. 


Let AZ be any chord (=a), and HODC the diameter 
drawn at right angles to it. 


Then C/ is called the 
heisht (h) of theare AR, 

AC 1s called the chord 
of half the arc (’), 

Since #C, .477 meet in 
acircle at 2) (Euce. il, 35), 
AD, DR -CD. DE. 

A/C). DEL. 





Oh (ar—h). 
. a@=gh(ar-hy, . . . (3). 
Also &° a +h? h(2ar—h)+ h*. 
CORBI Os is ke ae 4 aa): 


Thus both the chord of an arc, and the chord of half an 
arc, can be expressed in terms of the height. 


These formule need not be remembered, as they are 
readily deduced from the above property of the circle. 


Examples.—(1} The diameter of a circle is 2 ft. gin. Find 

the circumference. 
", circumference = 27x = 7 x 28 inches. 

If we take r=", we obtain circumference ~ “* « 24. 

= 88 in.=7 ft. 4 in. 

(This is exact enough for ordinary calculations. But the 
student must observe carefully that (he exactiess of the answer 
ts delusive. lf we take w=:3-1416, we shall obtain circum- 
ference = 87-9648 in. Thus the former answer is too gieat by 
about -0352 1n., though correct to jy of an inch.) 


(2) A coach-wheel is § ft. 3 in. in diameter. Find how often 
it turns round in a journey of 5 miles. 
Circumference of wheel = # x 63 in. 
= af x 63= 198 in. 
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Number of inches in 5 miles=5 x 1760 x 3x 12.+ 





160 2 
.. number of times whecl turns round =5*4708 ¢ Feats 
J 
== 1600 times. 18 


(3) At what time between 2 and 3 o’clock are the hands of a 
witch at an angle of 100°? 

The two hands at an anzle of 100° will enclose between them 
an arc = A490: °. of the whole circumference. 


*, the hands are ,, of 60=16% minutes apart. 


Let r=numbcr of minute-divisions passed through by the 
minute-hand before reaching the stated position. 


r ao 
cae number of minute-divisions passed by hour-hand, and 
” 


the minute-hand passes to + 163 = 263 more than the hour-hand, 
oe ae = a = 205, 
12 : 


12.0 2 -= 320. 
*, +—35!'=29,), minutes past 2. Answer. 


(4) The chord of an arc E 
of a circle=-2 ft. 8 in.; the 
chord of half the arc=1 ft. 
Sin. Find the radius. 
Here A =2 ft. 8 in. 
, DA=1 ft. gin. = 16 in. 
C= 20 In. 
NC = s/202- 162= 32 in. 
£1), DC= DI". 


eps =U in. 
ara EC=%h+ 12. 
= Aga in, «fl B 

., r= i P= 168 in. Answer. C 

N.B.—lIt is important to understand how far the approxima- 
tion w= 4A will give correct results. No eract general rule can 
be given, but usually ¢he frst fhoce fieures of an answer so 
obtained will be correct, and the error will commence in the 
fourth figure. 
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EXAMPLES ON TH CIRCUMFERENCE, Evc., 
OF A CIRCLE 


[N.D.—m-- 77, except where otherwise stated.) 


(a) Circumference 


1. Find the circumference of a circle whose diameter is 
13 ft. 5 in., and the diameter of a circle whose encum- 
ference 1s 15 ft. S38 in. 

2. kind the circumference of a circle whose diameter is 
3 fur. 37 po, and the radius if the circumference 1s 100 tt. 
(w= 3.1416.) 

3. How much error, as far as five places of decimals, is 
involved im taking 7 - 47 csxactly? | What will this: error 
amount to if the diameter of the circle is roo miles P 


4. Show that if the radius of one circle is to the diameter 
of another as 5:12, and the circuinferencee of the second 
is to the diameter of a third as 1325.49, then the radu of 
the three circles are in anthmetical progression, assuming 
Tia ae, 

5. The diameter of the earth may be considered 7925.6 
miles. Show that the distance round the equator is barely 
1 mie short of 24.goo miles, and that a depzree at the 
equator contains rather more than hy miles. (7 3148S.) 


6. How often docs a couach-wheel 3 ft. gin. in diameter 
turn round in a journey of 50 miles? 

7. The large wheel of a bicycle is 50 in. in diameter, and 
the small wheel g in. How many times will the small 
wheel turn round more than the big wheel in poing a 
journey of ro miles ? 

8. How yreat a distance has been travelled by a coach, 
a wheel of which has turned round 7812 times, the length 
of cach spuke of the wheel being 20 In? 
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9. What is the height of a wheel which turns round 
12,960 times In 3 hours, when the carriage is running at the 
rate of 1 mile per 8 minutes ? 


_ to. The total breadth of a gold ring is .8 in., and its 
Inner circumference = 2.387616 in. Find the thickness of 
the gold. (7 = 3.1416.) 


11, Show that the perimeter of a regular hexagon is to 
the circumference of its circumscribed circle as 3: 7. 


12. Show that the circumference of a circle lies between 
the perimeters of the inscribed and circumscribed regular 
polygons of 24 sides. 


13. The perimeters of a regular octagon and a regular 
decagon are to cach other as 4:5. If the circumference 
of the circle inscribed in the octagon be 1o.g$ in, find that 
of the circle described about the decagon. 


rg. A circular pathway surrounds a circular grass-plot. 
The inner circumference is 1og yds. 2 ft. 2 in, and the 
outer 125 yds. 2 ft. Find the breadth of the pathway. 
(7  3.1.410.) 


15. Hind the cost of a fringe bordering a circular table 
Whose diameter is rg in, at 5s. 34 a yard. 


16, Find the cost of building a stone rim round a circular 
pond whose greatest breadth is 50 ft, at 4s. gd per yd. 


17 If the cost of running palings round a circular piece 
of ground be 4.20 6s. Sf, at 1s. ga per yd., find its 
greatest breadth, 


18. The diameter of a running-ground is 476 ft. How 
many times will a bicycle-wheel 4 ft. 8 in. in diameter turn 
round in gome 5 times round it? 


(b) Arc 


19. Find the length of that part of a circular ratlway- 
curve which subtends an angle of 224$° to a radius of a 
mile. (Sandhurst) 
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20. Find the distance in miles between any two places 
on the equator which differ in longitude by 6 18, assuming 
the earth’s equatorial diameter to be 7925.6 miles, (+ 
3.1416.)  (Samsfhurst.) 


21. A pendulum 4 in long swings through an are of 10”, 
Find the length of the portion of a circumference it traces 
out, and the distance between the two furthest points 
reached by the pendulum. (7 3.1416, sin 5° .o872.) 


22. The hands of a clock form an angle g2 30, the 
minute-hand being nearest to the tiyure 12. Tt the minute- 
hand has an are of 30 to pass through before reaching the 
hour, what is the time ? 


23. At what times between 6 and 7 o'clock are the hands 
of a clock at an angle of jo’? 


24. ‘Two places on the equator are so miles apart, 
What is their ditterence in longitude 2? (Diameter of earth 
Is 7425.6 miles, 7 - 3.14159.) 


(c) Chord 


25. The chord of an ate is 8 ft, and the height of the 
arc 2 ft. What is the radius of the circle? (Sumdhurst) 


26. Given the chord = 3 In., and the radius 24 an, tind 
heizht of are. 


27. Given chord of are 4.8 in., and chord of half the are 
2.6 1n., find the rachus. 


28. Given height of are '7 in., and chord of half the arc 
3% in, find the radius. 


29. Given chord of half the arc -- 2 ft. r11m., and circum 
ference of circle 15 ft. 34 in., find the height. 

30. Given height of are 4 in., and circumference of circle 
404% in., find the chord. 


31. Show that the formule in Art. 37 are directly de- 
ducible from Euclid vi 8. 
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Section IlL— Area 
[FORMULE: 


(1) Area of circle = mr? ° 
“0 
4 


(3) » segment. 7 (#—sin 6).J 


Cod 


38. To find the area of a ctrele whose radius ts r. 
Let «17 be the side of a cir- 
cumscribed polyzon of 7 sides. 
“. area of triangle -f O2 = 
Ah « OP - AB xr. 
Area of polygon 
n.APB 
: io 


+» 
cad 


r. 


= § perimeter x 7 


Now if the number of sides 
(less se, be indefinitely increased, the 
p perimeter ultimately becomes 
the circumference of the circle, and the area of the polygon 
ulumately becomes the area of the circle. 
area of circle = 4 circumference x »*. 
=. 277 Nr. 


39. Zo prad the area of the sector of a circle. 
Let @ De the circular measure of the angle of the sector. 
.. Sector : area of circle :: 6: 27. 
sectors" 2S" 
2m 2 
Since arc +0, we may say that: 
Area of sector= 4 arc x radius. 
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yo. Zo find the ared of the serment of a ctrele. 
Let r and @ mean the same 
as before. 
.. seement ACA 
sector O.AC/ — triangle OP, 
ret or? sin @ 


Thus the area of a segment is 
most naturally expressed in terms 
of the angle its chord subtends 
at the centre. If the chord of the segment be given and 
the radius, or the chord and height of segment, the formula 
becomes too cumbrous to be of much use. 





41. The circular rine. 

The space included between two concentric circles ts 
called a circular ring. 
If 7, 7, are the radu of 
the two circles, area 
of ring: 7 (7,°—-7,°). 
The ming may be re- 
garded as a rectangle 
bent round. Qn_ this 
view .{/) is called the 
breadth of the ring, and 
thecircumferenceCAH/A, 
half-way between the 
outer and inner circum- 
ferences, is called its 
tenth. 


Also area of ring length « breadth, 
rrr, 





For length = 27. OC = 27. ~@(r,+7,), 


2 
and breadth: OF - O4 4,-7 

.. length x breadth 
= (7, +7;) (75-1) = 7 (r2—-7,7)- area of ring. 
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Examples.—(1) A farmer wishes to lay out {10 in enclosing 
with a fence as large a piece of ground as possible. If fencing 
cost 7¢@. per yd., what is the largest area he can enclose? 


A circle is the figure which encloses most space with a given 
perimeter ; so that the enclosure will be a circle. 
Circumference of circle = 742" yds. 
20 x 2300, "pe BADD x f= 000 yds. 
*, areas mr? = Fe (F902 og. yds. 
= 720009 9351 sq. yds. (omitting fractions). 

Reducing the square yards to acres, &c., we obtain: 

Area = 1a. 34r. 29 p. 3? sq. yds. 
Since we took 7 = #4, the number of sq. yds, which depends 


on the fourth fiure of the answer, is not reliable. But we may 
say that the area to the nearest pole 


=Lajr.2yp. Answer. 


(By taking w=3 1416 we could, of course, find the exact 
number of sq. yds.) 


(2) Three circles, each of radius 1 ft., touch each other ex- 
ternally. Find the area of the curvilinear figure included 
between them. (rm -- 351410) GO alhurst.) 
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Let 4, 2, C be the centres of the three equal circles, and J, 
E, F the points of contact. Join AA, LC, C4, which will pass 
through 2), £, F respectively. (Euchd, ini. 12.) 

Curvilinear figure DAF 

=triangle 4 #C - 3 equal sectors -1DE, BEF, CDF. 
Triangle AC is equilateral, and its side = 2 ft. 


/ 
", area of ABC= ‘ .4= 3 sq. ft. 


. _ 2¢ 
Sector -1DE a Fe i sq. ft (for r= 1 ft, and 0-= : ). 


. wT 
“. area required — 9/3 -- sq. ft. 


=- 173205 — 15708. 
=-16125 sq. ft. Answer. 
(3) A circular grass-plot is surrounded by a ring of gravel 
6 feet wide. If the radius of 
the circle, including the ring, 
be a feet, find the relation 
between a and @, so that the 
areas of grass and gravel B 
may be equal. (Sumdhurst.) 


Ol;-za ft. ) 
Ah=d ft. ig 


Area of grass 
= (a - A; Sq. ft. 
Area of gravel 
=m jat-(a~ oy} sq. ft 
Non me fg? (a— bi}, 
peat, 
a-~bj=a, 
Since a —- 4 is positive, the upper sign must be taken. 
Jaa- s2b=a. 
a ( 2 - 1) = a 26. 
fs 


",@:63: 34142: 1. Answer, 
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EXAMPLES ON THE AREA OF THE CIRCLE, Etc. 
(N.B.—a = 77, cacept where otherwise stated. ] 


(a) Area of Circle 


1. Find the area of a circle whose radius is 17 ft. 7 in. 
Kstimate also the answer correct to a sq. in., by taking 


2. Find the area of a circle whose circumference is 
3 ft. § In. 


3. Find the radius in chains and links when the area is 
4a 2735p. (T= 3.1416.) 

4. Find the diameter, if the area is 7 sq. yds. 5 sq. ft. 
64 sq. In. 


5. Find the circumference when the area is 3850 sq. links. 


6. If the radius of one circle be to the circumference of 
a second as 7 to 110, and the circumference of a second to 
the diameter of a third as 44 to 35, show that the area of 
the second circle is a mean proportional between the areas 
of the first and third, assuming that 7 2" exactly. 


7. ‘The area of a regular hexagon tp» halt that of a regular 
octagon. Compare the areas of their circumscribed circles. 


8. If the area of the inseribed circle of an equilateral 
triangle be to the area of the circumscribed circle of a 
regular hexagon as 4:9, compare the perimeters of the 
triangle and of the hexagon. 


g. The perimeters of a regular octagon and a regular 
hexagon are equal. Compare the areas of their inscribed 
circles. 


10. Find the area included between a circle whose radius 
is 10 in. and its inscribed regular octagon. (7 = 3.1416.) 
Answer correct to two decimal places. 
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11. An equilateral triangle and a regular hexagon have 
the same perimeter. Show that the areas of their insenbed 
circles are as 4:9. (Samdthurst.) 


12. Write down the expressions for (1) the circumference, 
(z) the area of acircle. (Radius ».) 

The hypotenuse of a nghtangled triangle is ro ft., and 
one of the sides is 8 ft. Semicireles are desernibed on the 
three sides of the tnangle. Find the radius of the semi 
circle whose circumference is equal to the circumferences of 
the three semicircles described ; and show that the area of 
the semicircle described on the hypotenuse is equal to the 
areas of the semicircles described on the two sides of the 
triangle. (Sandhurst.) 


13. The perimeters of a circle, a square, and an equi- 
lateral triangle are each of them oi ft. Find the area of 
each of these figures to the nearest hundredth of a sq. in. 
(Sandhurst) 

14. Find the area of a great circle of the earth, if the 
diameter be 7925 miles. (7 3. 1.416.) 


15. The rent of a circular plot of ground is /,ty gs. gd. 
at #2 5s. per acre. Find how many palisades, at 2 ft. 
interval, will be required to surround it. 


16. The area of a circular table is .S05 sq. in. Find 
how many nails, each 2 in. apart, will be required to nal 
on a border. 


17. A circular field is surrounded by 726 yds. of fencing. 
How much greater is its area than that of a square field 
with the same perimeter? Find the rentofeachat Sr 25. 6d, 
per acre. 


18. A circular path surrounds a circular field. If the 
breadth of the path is 6 ft, and the circumference of the 
outer ring is 500 yds., find the area of the path. 


19. Accircular path surrounds a grass-plot 4100 sq. ft. in 
area. If the breadth of the path ts 44 ft., find the expense 
of gravelling it at 14¢. the sq. yd. 
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20. A circular path surrounds a circular flower-bed. If 
the outer circumference of the path is go ft., and the breadth 
of the path is 3 ft. 4 in, find to the nearest sq. yd. the 
number of sq. yds. in the flower-bed. 


21. Find the area of a circular ring whose inner and 
outer radii are 8 in. and 6 in. What is the length of the ring ? 


22. Find the area of a circular ring, if the length is 
5 ft. 4 in., and the breadth 84 in. 


23. A circular picture, whose diameter 1s 10 in., is set in 
a circular frame whose diameter is 15 in. Find the area of 
the space between the picture and its frame. 


24. Find the length of a circular running-path, if the area 
of its inner circle is 26,026 sq. yds., and its breadth is 14 ft. 


25. A cow is fastened by a rope 18 ft. long to a stake in 
the ground. What area has the cow to graze upon? 


26. What is the greatest area which can be enclosed by a 
perimeter of rooo yds.? 


27. Vind the cost of planting, at rir. a sq. rod, a circular 
field whose circumference is 200 yds. (Oxford Local.) 


28. A circular court has a radius of 4o ft. If a pathway 
be cut off from it all round the inside, and the rest turfed, 
find the expense of turfng it at 34d@. per sq. yd., given that 
the total area of the path is 244 sy. yds. 4 sq. ft. 


29. Show how to find the radii of the # concentric circles 
which divide the area of a given circle into 7+ 1 equal parts, 

If the radius of the given circle is 1 ft., find to the nearest 
hundredth of an inch the radn of the two concentric circles 
which divide its area into 3 equal parts. (Saad¢hurst.) 


30. A circle of 60 in. radius is divided by 4 concentric 
circles into 5 parts of equal area. What are the values of 
the several radii? 


31. How many coins, each 14 in. in diameter, can be 
arranged upon a circular table 20 in. in diameter, in the 
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form of a regular hexagon? Find the area of that portion 
of the table not covered by the coins,* and compare the 
length of a string which just passes round all the coins with 
the circumference of the table. (Suwd/Aurst.) 


32. Find the area of all the coins, the diameter of eacn 
being ? in., which can be arranged in the shape of an cqui- 
lateral triangle, the outer side of which contains 13 coins. 
Find also the area of all the unoccupied spaces between 
the coins, (7 = 3.1416.) 


33. The cross-section of a tunnel is a rectangle sur- 
mounted by a semicircle. Find its area, given extreme 
height = 324 ft., and breadth — 25 ft. 


34. A rectangular building terminates in a semicircular 
apse one way. Given length (exclusive of apse) - 86 ft, 
and breadth = 35 ft., find the area of the ground it stands on. 


35. The area of a window, which is in shape a square 
surmounted by a semicircle, 1s 24 sq. ft. Find its perimeter 
approximately. (7 = 3.1416.) 


36. One hundred yds. of palisading surround a space in 
the shape of a rectangle with semicircular ends, and con- 
taining 546 sq. yds. Find the width and extreme length of 


> 


the enclosure, assuming 7 - 74. (Sasdfhurst.) 


37. A regular hexagon whose side is 1 ft. is divided, by 
drawing its diagonals, into six equilateral triangles. In each 
of these a circle is inseribed. Find how much of the area 
“of the hexagon is not taken up by the circles. (7 - 3.1416.) 


38. A square is inscribed in a circle of known radius, a 
second circle in the square, a second square in the second 
circle, and so on. Find a series to express the areas in- 
cluded between each circle and the square next inscribed 
in it; and find the sum of all the areas which can be so 
formed. What does this sum become when the radius of 
the first circle is 1 ft.? (7 -- 3.1416.) 


* This seems to mean area of table minus area of coins, 
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39. In a given circle a regular hexagon is inscribed, and 
in the hexagon another circle, and then hexagons and 
circles alternately ad sufinttum. Find a series to express 
the spaces included between each circle and its next In- 
scribed hexagon, and show that the sum of all these spaces 


is (47 —6 V3) 2, x being the radius of the first circle. 


40. In a given regular hexagon a circle is inscribed, in 
the circle another hexagon, and then circles and hexagons 
alternately ad infinitum. Find a series to express the spaces 
included between each hexagon and its next inscribed circle, 
and show that the sum of all these spaces is (6 V3 — 37) a’, 
a being the side of the hexagon. 


4oa, In Sandhurst (July, 1884) the following question 
was set, Which combines the last two. 


In a given circle a regular hexagon 1s inscribed, and in 
the hexagon another circle, and then hexagons and circles 
alternately ad infinitum. Y ind a series to express the spaces 
included between cach circle and hexagon, and show that 
It approximates to the area of the original circle. 


(b) Areas of Sector and Segment 


4t. The angle of a sector of a circle is 37° 40, and the 
radius is 7 ft. Sin. Find the area of the sector. (7 = 3.1416.) 


42. A sector of a circle whose radius is 6 ft. is equal to 
2g sq. ft. roS in. Find the length of its arc. 


43. In acircle whose radius ts 2 ft. find the areas of the 
two scgments into which the circle 1s cut by a chord which 
subtends at the centre an angle of 45°. (7- 3.1416.) 


44. It is required to cut out of the circle whose radius ts 
g in. a sector which shall be equal to 75 sq. in. Find the 
number of degrees in the required sector. 


45. The angle of a sector is 49° 20’, and the area of the 
sector is 37 Sy. in. Find the area of the whole circle. 
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46. The length of the arc of a sector of a given circle is 
16 ft., and the angle of the sector at the centre of the circle 
is } of a nght angle. Find the area of the sector; and 
determine also the length of the arc subtending the same 
angle in a circle whose radius ts four times that of the given 
circle. (Sandhurst.) 


47. The arc of a sector ts 31.275 In., and the radius of 
the circle is 32 in. Find the area of the sector. 


48. Given the area of a sector - 36 sq. ft, and the angle 
of the sector. 40’, find the are to the nearest inch. 


49. Find the area of the segment of a cirele which sub- 
tends an angle 15 at the centre of a circle whose radius 1s 
4 ft (m= 


50. Find in a circle whose radius is 6 in. the area con- 
tained between two parallel chords, which are both the 
same side of the centre, and subtend at it angles of 60 and 
45° respectively, (7 -- 3.1416) 


5t. If in acircle a segment 9.06 sy. in. in area subtends 
at the centre an angle of 60, tind the radius of the circle. 


(7 = 3.1410.) 


52. ‘Two chords, whose lengths are 2 ft. and 7 tn. te- 
spectively, are drawn at nght angles from a point on the 
circumference of a circle. Determine the area of the circle, 


53. Find the area included between a circle and two 
tangents which intersect at an angle of 120. Radius of 
circle= 1 ft. (7 3.1416.) 


54. Two tangents drawn to a circle intersect at right 
angles. Show that.the area included between them and the 


* ‘ — TT ‘ 
circle is 4 of the area of the circle. 


4r 

55. Two equal circles, the centre of each of which ts on 
the circumference of the other, intersect. Find the area 
of the space common to both of them, the radius of each 
being 61n. (7 = 3.1416.) 
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56. Two equal circles (radius of each = 2 in.) touch one 
another, and a common tangent is drawn. Find the space 
included between the two circles and their common tangent. 


57. Two circles, whose radii are ro and 30 in., touch 
each other externally. Find the area of the space included 
between the two circles and a line which touches both 
circles, but does not pass through the point of contact of 
the circles. (7 - 3.1416.) (Oxford Local.) 


58. If three equal circles, whose radii are each 7 in., 
touch each other, find the area included between them to 
three places of decimals. (7- 3.1416.) (Sandhurst) 


59. A window-opening consists of a rectangle surmounted 
by a pointed arch. ‘The chords of the two arcs form, with 
the base of the arch, an equilateral triangle, and the centre 
of each arc is at the opposite point of the triangle. Find 
the height and area of the window, correct to a sq. in., if 
the height of the rectangle is 14 ft., and the breadth of the 
rectangle is 6 ft. (7 3.1416.) 


60, A circular disc of cardboard 1 ft. in diameter ts 
divided into 6 equal sectors by pencil-lines drawn through 
the centre. In cach sector there is described a circle 
touching the two bounding radu of the sector, and also the 
arc joining their ends at its middle point. If the circles 
are cut out from the 6 sectors, find the area of the card- 
board remaining, (Suadhurst.) 


CHAPTER VI—SIMILAR FIGURES 


Section I.—-Lengths 


42, Similar figures are detined by Euclid as those “which 
have their angles equal, and their sides about their equal 
angles proportionals.”” In less exact language, we may say 
that similar figures have the same sAa/e, but are not usually 
of the same svze. 


43. In the definition given by Fuclid, it should) be 
noticed that there are fee conditions of similarity to be 


fulnlled: (jy) ‘That the angés should be ei? 
(un) That the sates should be proportional, 

Now it is proved in Fuchd. vi. 4-7, that a tnangle which 
has one of these two conditions has the other of necessity. 
If, therefore, two triingles have two angles of the one equal 
to two angles of the other, their third angles are equal, and 
consequently the triangles are similar, 


But it does not follow that in avy figure, because the 
angles are equal, that the sides are proportional. ‘Take, 
for instance, two rectangles as, Pp pe 
in the figure. “Phe rectangles 
ARCD, ALE, have ther 
angles equal. But they have 
not their sides about the equal Gi 
angles proportionals ; for A % e 
isnot to 1) as #-1 1s to w1/, for then 4/7 would have to 
be equal to .44; which ts absurd. 


Neither does it follow that, if the sides of two figures are 
proportional, their angles are equal. For example, take any 
square and any rhombus. They are not equiangular, but 
their sides are proportional. 
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All regular polygons of the same number of sides are 
similar figures. It follows that all circles must be regarded 
as similar figures. 


44. The sides of similar figures are proportional. 


This is the important fact to observe. If the sides of 
one figure are given, and ove of the saves of a figure similar 
to it, we can determine all the other sides by proportion. 
This principle we have employed once or twice already, for 
instance, In determining the circumference of a circle. 


45. We may present similarity of figure from another 
slightly different point of view. Two similar figures have 
the same shape, but they are wot on the same scale. The 
use of the last word suggests an important application of 
similar figures. All maps and plans of the same country 
and of the same object are necessarily of the same shape, 
but on different scales. If the scale is known, we can 
determine by proportion the lengths of one inap from the 
lengths of the other, or the real lengths of an object from 
those in a map or plan. 


FExamples.-—-Similar triangles give us some methods for mea- 
suring heihts when it is not convenient to measure angles. 
(See chap. I. sec. i. examples.) The first two examples will 
illustrate this, 


(1) A person wishing to find the height of a church-steeple, 
observes that a lamp-post (4 ft. ligh is 48 ft. g in. distant from 
its base, and that from a point on the ground 11 ft 3 in. beyond 
the lamp- post, in r 
the line joining their 
bases, the summits of 
thesteeple and lamp- 
post are in the same 
straight line. What 
is the height of the 
steeple ? 


Let A’ be the | 
steeple,Cthelamp- “7777, DOS Este” 
post, & the point on 
the ground at which C and 44 are in a straight line. 
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Then the tnangles EDC, 2A are sunilar. 
ABD BE TCD: DE. 
AB ssdtaurh orgiarh 
4 
Bp ae re 73 ft. Sin. Answer. 
Phy 45 03 


The height of an object can also haune vised hey ite chodoaw 
as in the following example. 


(2) Find the height of a tower which casts a shadow of too ft. 
at the same moment that an upright walking-stick 3° ft. longs 
casts a shadow of 3 ft. g in. 


By sinmnlar triangles, 


Height of tower ! shadow of tower [2 height of stick 
* shadow of stich. 


Heicht of tower > roo ft. 213 ft. 5 3) tt. 
* 4 3 ) U 
a height of towel Me SO tt. Answer. 
\ 


(3) The scale of a mapis jt, inv to a anil By what line on 
the map will a distance of 56 miles be represented sand how 
many nules are represented by a distance on the map of 2-375 mn? 


Inmule ! jt) ine 2) 56 nudes} §-6 in. 
Thus 56 miles are represented by 5:6 tn. 
Again, Yin? tmile [2 2-375 mm.) 23-75 miles. 
Thus 2-375 in. represent 23 miles 6 furlongs. 
(Observe that in questions on the scale of maps and plans it 


is not usually necessary to reduce all the data to the s.une 
dimensions.) 
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EXAMPLES ON THE LENGTHS OF SIMILAR 


FIGURES 
1. The top of a flr ul, known to be 32 ft. high, 1s seen 
to be in line with "2" top of a church-spire, the common 


angle of clevation being 30. If the church be 60 yds. 
from the flagstaff, what is the height of the spire from the 
ground P 


2. A person standing due south of a hyvhthouse observes 
that his shadow, cast by the hazht at the top. is 24 ft. long. 
On walking 100 yds. due east, he finds his shadow to be 
30 ft. Supposing hin to be 6 ft. hich, find the height of 
the Hight from the ground, (SavdAwrst.) 


3. A person at a known distance of roo ft from a tower 
finds that, if he sets up his walking stick in the ground 
1 ft. 10 in. nearer the tower, and in the same line, and then 
looks at it from the yround, the tops of the walking-stick 
and the tower are inaline. If the walking-stick is 2 ft. gin, 
find the height of the tower. 


4. A ladder 22 ft. rod im. lone leans so as to reach 18 ft. 
up a wall, Find the leneth of a ladder which, leaning at 
the same anzle, reaches 10 ft. up the wall. 


5. «f, 4, C, 7) are four points in a straight line on a 
horizontal plane. At. and C are flaustatis, which subtend 
anvles a and # respectavely at 4, and whose tops are in the 
same straizht line with 72, «ff being too ft, and C/) 
40 ft., find AOL (Oxferd Local.) 


6. If the shadow of a man 5 ft. ro# in. high be 6 ft. 6 in, 
what is the height of a tower whose shadow at the same 
time is 104 ft.? 


7. The shadow of a rod 3 ft. hizh is measured, and found 
to be 1 ft. ro in. What is the height of a flagstaff whose 
_Shadow at the same time Is 25 {t.? 
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8. The top of a mountain is observed to be in line with 
a steeple whose height is known to be 75 ft The Aertsonta/ 
distance of the mountain- top from te observer is known 
to be ry miles. If the tower is gg it from the observer, 
find the height of the mountain. 


9. DE is drawn parallel to AC, a side of the triangle 
ABC. tthe sides ofthe tnangle OF are. /) 2 {t. Gin, 
A&E~rvttgin,and MF yhin. andalsoif 7) 3 tte gin, 
find the sides of .1/7)¢ 

ACD is a trapezoid, the four sides of which are 
known. ‘The parallel sides are 32 ft. and 26 ft ‘The non- 
parallel sides 7? (6 tt) and MC (5 tte) meet produced 
in Z. bkind the distance of “2 from the anzular points 
Land C. 

rr. ARCD isa rectanele 12 ft. by 9 ft From # and 2) 
perpendiculars 27. J) are drawn to the drayonal «fC. 
Find the value of 777: 

12. A straight line, whose leneth is ri4 in, is drawn 
parallel to the base of a triangle, cutung one of the sides 
into the segments 4 ft. 3) m. and 2 ttl. of in. (the latter 
adjacent to the base). Find the base of the triangle. 


13. Two similar polygons have one side of the one to 
the corresponding side of the other as 5 tog. ‘The peri- 
meter of the first is 22 yds. 1 ft. rian. bind the perimeter 
of the second. 

14. The sides of a pentagon are 5.2 in., 6.4 in., 10.7 In, 
8.9 1n., and qg.rin. = kind the four sides of a similar pent: 
agon, whose side homologous to the first side of the other 
pentagon is 1 ft. 1 In. 


15. ACY) is a trapezoid, having LC and AD parallel. 
Given BC = 17 ft., 1/2 20 ft., and distance between them 
9g in, it AB and YC meet at “&, find the perpendicular 
distance of £Z from AJ), 

16. The distance between two places is 215 miles. Find 
the distance in a map in which the scale is 1 inch to 20 
miles ; and find also the scale of a mee in which the same 
distance will be represented by 43 

H 
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17. The distance between two places is 47 miles, and their 
distance in a map is 9}%in. On what scale is the map drawn? 
and what will a line of 6 in. represent on the same scale? 


18. In a map, of which the scale is 1 inch to a mile, the 
distance between two places is 9.85 in. Find the real 
distance; and find also how much the same line would 
represent if the scale were 1 in. to a furlong. 


19. In Bradshaw's railway map, in which the scale is 
about z!, in. to a mile, all the lines of a certain railway come 
toyether to 1 ft. 104 1n. Find the mileage of the railway. 


20. The distance between London and Edinburgh in a 
map of Europe is 1 in., ina map of the British Isles 5 in. 
The map of the British Isles is drawn on the scale of 14 in. 
to 100 miles. Find what fraction of an inch represents a 
mile in the map of Europe. 


21. Asia is roughly 5 times as large as Europe, and has 
33,000 miles of coast-line. If Europe has 2.57 times more 
coast-line than Asia in proportion to its size, find the scale 
of a map of Europe in which the coast-line is represented 
by a line of 4 ft. 3 m. 

22. The scale of a map of Asia is ,3;5 in. to a mile, 
that of a map of Hindostan 1 in. to 1874 miles. By what 
decimal of an inch will a line of 2.35 in. in the latter map be 
represented in the former? and what will be its real length ? 


23. Find the cost of travelling, at 1¢. the mile, from London 
to Windermere, if the line of railway be represented in Brad- 
shaw’s map (scale 3'; In. to a mile) by a line of 1 ft. of in. 

24. If a place 4 is on a map 6 in. due south of C, and 
another place #2 is 2$ in. due east of C, while the real 
distance between .-f and £ is 104 miles, find the scale on 
which the map is constructed. 

25. A country has a length of 600 miles, and its greatest 
breadth is 320 miles. Find the dimensions of the paper on 
which a map of the country might be drawn, the scale being 
+ in. to the linear mile. The road from London to Bath 
(108 miles) is marked in a map by a line of 12 in. in length. 
To what scale is the map drawn? (Sandhurst) 
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Section I.—Areas 


46. Zhe areas of similar figures are proportional to the 
squares of their corresponding sides. 

This important proposition is proved by Fuclid in vi. 19, 
20. Invi. 19 he proves that ‘similar tnangles are in the 
duplicate ratio of their homologous sides.” ‘This, translated 
into simpler language, means that similar tnangles are in 
the ratio of the squares of their sides which correspond. 


In vi. 20 Euclid extends this proposition to polygons, 
proving that similar polygons can be divided into the same 
number of similar triangles, and as a consequence that 
the polygons also are in the duplicate ratio of their 
homologous sides. 


47. In all cases the areas of similar figures are propor- 
tional to the squares of corresponding lengths other than 
the sides. For example, the areas of similar triangles are 
proportional to the squares of their altitudes, as the student 
can easily show. Again, sunilar regular polygons are pro- 
portional to the radu of their inscnbed and circumscribed 
circles. Finally, circles are proportional to the square of 
their radil, as it has been already shown. 


48. The most important application, as before, is when 
areas of figures have to be determined from those of similar 
figures in a map or plan, the scale of which 1s known. 


Examples.—(t) The sides of a triangle are 1 ft. 5 in., 2 ft. rin, 
and 2 ft. 4 in. A straight A 
line is drawn parallel to the 
longest side, and terminated 
by the other two sides. If 
the length of this straight 
line is 3 ft. 8 in, find the 
areas of the two parts into 
which it divides the triangle. 2 
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The area of the triangle A/C will be found = 210 sq. in. 
.. since the triangles ADE, AC are simdiar, 

Area of ADE: area of ABC 3: DE?! BC 

Areaof ADE: 210sq.in. 3: 20% : 28% 

30 
Area of ADEA ete Mn D5 109} sq. in. 
4 7 
*, area of DPC =210- 1091= 1008 sq. in. Answer. 


(2) The scale of one map is 3 in. to 20 miles, that of anothe 
is 2in. to 30 miles. What area in the second will correspond 
to an area of 6-75 sq. in. in the first? and how many sq. miles 
will it represent ? 

On the first map, 3 in. represent 20 miles. 

* 9 sq. in. $3 400 sy. miles. 
«$o Sq. in. ‘i I sq. mile. 

On the second map, 2 in. represent 30 miles. 

.. 4 Sq. In, 5s goo sy. miles. 


véa SG ing yy 1 sy. mile. 
Thus ,84 sq. in. in the first map corresponds to ,§5 sq. in. in 
the second. sq. in. 


age: pbo 22 6°75 2 answer. 


4 

‘ ie gy. a RPG. 
81 5 16 33 6) : ser 4. 
3. Answer 14 sq. in. 

sq. in. sq. miles. ag. in. 

Again, 9 : 400 }; 6) : number of sq. miles. 
400 x 27 _ 
eran: 


.. number of sq. miles represented = 300 


Answer 300 sq. miles. 


(3) What fraction of their natural size will areas be repre- 
sented on a map whose scale is 11 in. to the mile? 


It in. represent a mile. 


.. I21sqin oy, a sq. mile. 

TR : 
NN sq. mile represent a sq. mile. 
144 x9 x WHR x 640 1 P q 

4o 


Thus a sq. mile is represented by the above fraction of itself, 


which a 1. Answer. 
33,177,600 
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EXAMPLES ON THE AREAS OF SIMILAR 
FIGURES 


1, Prove that two similar triangles are to one another as 
the squares of their altitudes. 


2. Prove that two regular polygons of the same number 
of sides are to one another as the squares of the radii of 
their inscribed or circumscribed circles. 


3. The sides of a triangular field are 300, 400, and 500 
yds. Ifa belt 50 yds. wide is cut off the field, what are 
the sides of the interior triangle? and what is the area of 
the belt? (Sanudhurst.) 


4. The cross-section of a leaden pipe is a regular hex- 
agon, the side of which is 3 in. If the perimeter of the 
pipe is increased to 3 in., in what proportion will the area 
of the bore be increased ? 


5. The side of a square field is 5 times as long as that of 
asecond. If 16 bushels of potatoes are produced by the 
latter, how many bushels may the former be expected to 
produce under equal conditions ? 


6. The areas of two circular ponds are to one another as 
25 to 36. If it costs £17 45. 8d. to surround the former 
with a stone rim, what will it cost to surround the latter? 


7. Find the area of a field, in shape a right-angled tri- 
angle, given that the perpendicular from the nght angle on 
the base is to one of the seyments of the base as 5 to 2, 
and the side adjacent to the other segment of the base is 
15 chains. 

8. A corner of a triangular field is cut off by a straight 
line parallel to one side. If this line is 50 yds., and the 
field is divided into two parts which are as 1: 8, the part 
cut off being the smaller, determine the side of the field 
Opposite to the corner cut off, 
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9. The sides of a right-angled triangle are 15 in. and 
20 in. On the side equal to 15 in. a triangle is drawn 
whose other two sides are 13 in. and 14 in., and similar 
triangles on the other two sides of the right-angled triangle. 
Prove by calculation that the area of the triangle drawn on 
the hypotenuse =the sum of the areas of the other two 
triangles. 


1o. A rectangular field is 160 yds. long, and 7o yds. 
broad. A similar rectangular enclosure is built in one 
corner, the longer side of it being 30 ft. Find its area. 


11. In a known triangle, show how to find the distances 
from the vertex of the #—1 straight lines parallel to the 
base which divide the triangle into # equal parts. Example: 
The sides of a triangle are 10 in., 10 in., and t ft. Find 
how the equal sides are divided by lines parallel to the 
base, dividing the triangle into 3 equal parts. 


12. AC, the diagonal of a rectangle ABCD, is divided 
into 4 parts such that the perpendiculars dropped from 
each on to the sides 47, AD divide the rectangle into 4 
equal parts. Find the proportion in which the 4 segments 
of the diagonal are to one another. 


13. The sides of two similar quadrilateral fields are to 
each other as 3:4. The expense of enclosing the first is 
£28 175., and the rent is £6 135. 6¢. Find the cost of 
enclosure and rent of the second. 


14. A circle has its diameter equal to the circumference 
of a second circle. The area included between the first 
circle and its inscribed regular heptagon is 320 sq. in. Find 
to two places of decimals the area included between the 
second circle and its inscribed regular heptagon. 


15. The equal sides of an isosceles triangle, AB, AC, 
are each 5 in., and the base is 6 in. JD and & are points 
in the sides 47 and AC, such that 4D = 3 in. and 4Z = 
2in. From 2 and £, Df, £G are drawn perpendicular 
to the base. Find the area of the pentagon AD/GE. 
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16. The Ordnance Survey has a scale of 25 in. to the 
mile. What fraction of their natural size will objects be 
represented ? 


17. A ground-plan of a house is ,,] 55 of the size of the 
house. On what scale ts it drawn? and what will the real 
area of a room be whose length and breadth on the plan 
are 2.75 In. and 1.32 in.? 


18. A photograph is enlarged to 3 times its original size. 
The original breadth was 24 in. What ts the enlarged 
breadth? The enlarged length is 7 in. What was the 
original length ? 


19. Ina map of England, which is on a scale of 3 in. to 
100 miles, the area of a certain county 1s approximately 
1.08 sq. in. Find (1) its real area; (2) Its area on a map 
: I ; 
where objects are the -------  -—--- part of their 

1,200,000,000,000 


natural size. 


20. A microscope magnifies objects 250 times. If the 
apparent perimeter and area of an object under the micro- 
scope are 3 in. and 6 sq. in,, find its real perimeter and area. 


21. The dimensions of a quadrilateral field -177C/), 
which has a right angle at 4, are thus laid down tn a plan 
constructed ona scale of 1 in. to goo yds.: AA~.45 in, 
LC: .65 in, CD=.7 in, VA=.6 in. Find the area of 
the field in acres and yards. 


22. The lengths of the sides of a triangular field are 100 
yds., 170 yds., and 210 yds. What will be its area on an 
Ordnance Survey map of 25 in. to the mile? 


23. Find the area of the triangular field AC from the 
following measurements on the Ordnance Survey of 25 in, 
to the mile: 4C =4.1 in., perpendicular from 7 on AC: 
1.59 in. Calculate the same area from the three sides, 4# 
measuring 3.3 in., and #C 2 in. Express the mean of the 
two in acres. (Sandhurst.) 
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24. One map is constructed on a scale of 25 miles to 
an inch, another of 25 inches to a mile. If the os 
map 1s 5 times as large as the first, compare the area 
represented by them. By what area in each would an 
extent of 1000 acres be represented ? 


25. If on a map a square piece of ground 500 sq. miles 
in extent is represented by # sq. in., what is the length of. a 
river which is represented by a line ‘of 4.4 1n.? 


26. Find the area of a rectangular room, the length and 
breadth of which are 14 ft. 8 in. and 9g ft. 3 in. on a ground- 
plan whose scale is 1 in. to 8 ft. Answer to two places of 
decimals. 


27. The area of a quadrilateral field, whose diagonals 
intersect at right angles, is 3a. 3r. Ona plan of the estate 
of which the field 1s a part, the diagonals are represented 
by lines 8 in. and 63 in. in length. Find how many linear 
inches in the plan represent a mile. 


Two maps are of the same size. On the first a line 
8.56 in. in length represents 128.4 miles; on the second an 
area of 100 acres is represented by y}5 sq. in. Compare 
the areas represented by the two maps. 


29. The homologous sides of two similar triangles are to 
each other as 13: 29. Find to three places of decimals 
how many times the second is larger than the first. 


The areas of two regular polygons of the same num- 
S “oe sides are 155.48 sq. in. and 271.36 sq. in. If the 
radius of the circumscribed circle of the first be 2 ft. 6 in., 
find the radius of the circumscribed circle of the second, to 
three decimal places of an inch. 


Book II. 


CHAPTER I. 
PLANES, SOLID ANGLES AND FIGURES 


49. So far we have confined ourselves to plane figures. 
We now proceed to consider soéids or Seltd /ivures. 


DEFINITION 1.—‘“l solid ts (hat which has length, breadth, 
and thickness.” (Euchd, xi. def. 1.*) 


Plane figures have fo dimensions, length and breadth ; 
solid figures, ¢Avee, length, breadth, and thickness. 


DEFINITION 2.—“ Thal which bounds a solid ts a super- 
Jictes.” (teuchd, x1. def. 2.) 


That is, a surface. This surface is either curved or plane. 
A plane surface, or simply a f/ane, Is a surface ‘in which, 
any two points being taken, the straight line which joins 
them lies wholly in that surface.” (Ieuclid, i. def. 7.) 


The walls and ceiling of a room are planes or plane 
surfaces. In plane figures all the lines containing them lie 
in the same plane. In treating of plane figures we have not 
always supposed all the figures themselves to be in the 
same plane. For instance, we measured the walls of a 
room, which are rectangles in different planes ; and also in 
measuring heights and distances we had to do with triangles 
not always in one and the same plane. 


* The definitions in this part will be mainly drawn from Euclid, 
book xi. But no knowledge of that book is required for a student to 
understand thoroughly what follows, 
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To understand solid figures, we must consider a little the 
relations of planes to each other, and to lines which meet . 
them, not being in the same plane. 


50. Planes. 


(1) Through three points, not in the same straight line, 
one plane, and one only, can be drawn. 


Also through two straight lines which cut one another 
only one plane can be drawn. 


(2) If two planes cut one another, they, common section 
is a straight line. 


Thus the plane of a wall of a room meets the plane of 
the ceiling in a straight line. 


(3) DEFINITION 3.—“A straight line ts perpendicular, or 
at right angles to a plane, when it makes right angles with 
every straight line meeting tt in that plane.” 


For example, a pole fixed vertically upright will be at 
right angles to the plane of the ground, and consequently 
make right angles with any horizontal line. This result has 
been already assumed in the measurement of heights and 
distances. (See page 9, example 2.) 

If two straight lines are parallel, and one is perpendicular 
to a plane, the other will be also perpendicular to that 
plane; and conversely two perpendiculars to the same 
plane will be parallel. 


(4) Derinirion 4.—“A plane ts perpendicular lo a plane 
when the straisht lines drawn in one of the planes perpen- 
dicular to the common section of the planes are perpendicular 
to the other.” (Euchid, xi. def. 4.) 


The student will readily see that the side-wall of a room 
is perpendicular to the floor. 

(§) Dertnition 5.—"“ Paral planes are such as do not 
meet tf produced,” (Euclid, xi. def. 8.) 

Thus the floor of a room is parallel to the ceiling. 
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If two planes are parallel, a straight line perpendicular to 
one will be perpendicular to the other. 


(6) Also if two parallel planes are cut by a third plane, 
their sections are parallel. 


Let the two straight 
lines AL, AC be cut 
by two parallel planes. 
Then their sections 2C, 
DE are parallel. Hence 
AB: BD::AC:CE 
(Euclid, vi. 2), and also 





are similar. 
These results hold, whatever be the number of cutting 
parallel planes. 


5. Solid angles. 


DEFINITION 6.—44 soltd angle ts that which is made by 
more than tuo plane angles, which are not tn the same plane, 
meeting atone point.” 

A For instance, if the three 
angles A023, AOC, LOC, all 
in different planes, meet at 
the point O, they form a solid 
angle. At every corner of a 
room there is a solid angle, 
formed by three right angles 
meeting. 


52. Inclination of a straight line toa plane. 


The inclination of the 
straight line 44 to the 
plane DCZ 1s measured 
as follows: Take any 
point # in AS, and 
draw #C perpendicular 
to the plane. Join AC. 
Then BAC is called the inclination of 4Z to the plane. 


B 
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If two solid angles at 4 and Z are contained by equal 
angles, the solid angles themselves will be equal. Also the 





“inclination of 42 to the plane in which are AC and AD 
will be equal to the inclination of “to the plane in which 
are ZG and £H. This may be proved by superposition. 


The results of this section will not be required until the 
chapter on Similar Solids, 


53. LPolyhedra. 


The solid figures we are about to treat of may be divided 
into two classes: (1) Polyhedra. 


(2) Solids of revolution. 


DkFINITION 7.—A polyhedron is a solid figure bounded 
on all sides by planes. 

These planes intersect in straight lines, which are called 
the edges of the polyhedron; the plane figures they form are 
called the faces of the polyhedron; and at every point 
where more than two planes meet there is a su/td angle. 


Hence we may say that a polyhedron 1s a solid figure 
contained by plane figures. 


For example, in the 
accompanying diagram 
we have a_ polyhedron 
contained by seven plane 
faces, two pentagons and 
five quadnilaterals ; there 
are fifteen edges, and ten 
solid angles. 
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A polyhedron is reyu/ar when all its angles are equal, 
and all its faces equal and regular polygons of the same 
number of sides. 


The only polyhedra we shall treat of are: 


(i) The presm, with its particular cases, the parallelepiped 
ind the cube. 


(i) The pyramid, with its particular case, the A/rahedron, 


54. Solnts of revolution. 
Derinition 8.—+1 solid of revolution ts the freurc described 
by the revolution of a plane figure round a fired strateht line. 


The fixed straight line is called the avs. In the cases 
we shall treat of, the axis will be usually one of the sides of 
the revolving figure. 


For instance, Iet the side .{2 of the trapezium ABDC 
remain fixed, and the 
trapezium be made C 
to revolve round it. ae 
Then a solid figure 
Is traced out by other 
three sides revolving, 
to which we shall after-_p 
ward give the name 
Srustiom of a cone. 


The solids of revolution we shall treat of are: 
(1) The eydinder, 
(uu) The cone. 
(in) The sphere. 


55. A frustum of a solid 1s the part of it which is cut 
off by a plane; but as the planes will be differently drawn 
in different cases, the frusta will be specially defined for 
each figure. 


CHAPTER II.—THE PARALLELEPIPED 
Section I. 


56. DEFINITION 9.—A parallelepiped ts a solid figure 
contained by six parallelograms, of which every opposite two 
are equal and parallel. 


Tor instance, the annexed igure represents a parallele- 

, piped, contained by 
six parallelograms, 
of which every 
opposite two are 
equal; namely, 
ABCD, EFGH; 
ADHE, BCGF; 
ABFE, DCGH. 
These six parallelo- 
zrams are called 
the faces of the figure. Any one of them may be taken 
for dase, and the four adjacent to the base will be called the 
side faces. 

A parallelepiped has twelve edges, and eight solid angles. 
The edges divide themselves into three groups, each con- 
sisting of four equal and parallel edges. Thus in the figure 
AB, DC, EF, GH ase all equal; and 1D, BC, EH, FG 
are all equal; and 44, DH, CG, &F are all equal. Hence 
we talk of the “Aree adges of a parallelepiped. They are 
the same as the ¢éArce dimensions of a solid body, and may 
be considered its length, breadth, and thickness. Each of 
the solid angles is contained by three plane angles, and it 
will easily be seen that if the angles at one point are 
known, the angles at any other point can be at once deter- 
mined, since they are either equal or supplementary to the 
former. Thus the angles at C are BCD, DCG, and BCG ; 
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and of the angles at *, BFG= BCG, and EFG, EFB are 
supplementary to DCB and DCG respectively. Thus it 
is usual to talk of the fhree angles of a parallelepiped, 
meaning the three plane angles which unite to form the 
solid angle at any point. 


N.B.—It will be shown in the next chapter ‘hat the 
parallelepiped ts a@ particular case of the prism, and the 
student must carefully bear this fact In mind, and not be 
misled, because the former, in consequence of its preat 
practical importance, is discussed separately, 


57. A diagonal of a parallelepiped is a straight line joining 
two opposite corners. Every parallelepiped has therefore 
four diagonals; 1e. 4G, BAT, CH, and JF in the figure. 
All these diagonals meet at the same point A, and are 
bisected at it. 


The altitude of a parallelepiped is the perpendicular drawn 
to the base from any point of the opposite face. It must 
be remembered here that any side may be taken for base. 


§8. Rectangular Parallcepipat. Cube. 


Parallelepipeds are divided into rectangular and oblique- 
angled. If the six parallelograms are rectangles, the paral- 
lelepiped is called rectangular. This is the simplest and 
most familar shape a solid figure can take. A common 
brick, an ordinary square box or cistern, a regularly-built 
four-sided room, are all excellent examples of a rectangular 
parallelepiped. It is clear that each of the edges is at right 
angles to the two faces that meet it. Since all the angles 
are right angles, a rectangular parallelepiped is complctel 
determined when its three edges are known. ‘Thus a bric 
is completely determined when we know its (Aree dimensions, 
its length, breadth, and thickness. 


If the three edges are all equal, the figure is called a 
cube. Thus a cube .s a rectangular parallelepiped whose 
length, breadth, and thickness are the same. The faces of 
a cube are obviously six equal squares. Since all the edges 
are equal, it is usual to speak of the edge of a cube. 
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59. In a rectangular parallelepiped all the diagonals are 
equal, and may be E 
simply expressed. Ar 


Let a, 6, ¢ be the 
three dimensions. Join 
CE, CF. Then EFC 
will be a right angle ; 
for LF is at right 7? 
angles to the base. : 


CE? -: Crs IE?- CG*+ 
. diagonal. Ja? + d* + ¢%, 
In a cube a@= a 
.. diagonal of cube=V73. a. 


60. The exterior surface of a parallelepiped is the sum 
of six parallelograms. 

The exterior surface of a rectangular parallelepiped is 
the sum of six rectangles, which in the case of the cube 
are squares. 

Hence in the rectangular parallelepiped, if a, 4, and ¢ are 
the three dimensions, 

Exterior surface = 2 (ad + ac+ dc). 

And in the cube, if edge = a, 

Exterior surface = 62°. 


Exanfles.—(t) The diagonal of a cube is 2 ft. 4 in. Find 
the exterior surface of a second cube whose diagonal 1s equal to 
the edye of the tirst cube. 


Edge of first cube ay diagonal = 78 in. 


~3 ~ 3 
.. diagonal of second cube = -° : in. 
3 
Edge of second cube ats a 28 38 j in, 
3 3 


.. exterior surface of second cube 
=: 6 (Af)2=§ . 784=4 x x Jai 
= 3 sq. ft. 90§ sq. in. Answer. 
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ge) The dimensions of a rectangular parallelepiped are as 
> 16: 12, and the diagonal is 87 ft. Find the exterior surface. 


ee the three dimensions be 212, 16x, and 122. 
oon ggixt + 256224 14gr? = 87 ft. 


n/8.41.2°2 = 87, 
292 = 87. 
X= 3, 


- Again, exterior surface = 2 (21x x 16.r+21a™ 127+ 162 x 127), 
=1560r?=1560 x9 sy. ft. 
=15§60 sq. yds. Answer. 


(3) The three edycs a | reap ae which meet at a 
point 7? (sce figure, p. 110) are /1-7 = 10 ft., BC=8 ft, PA rg ft, 
and the angles are A/C =120, ALF =45’, CBF -2 yo". Find 
the exterior surface correct to two decimal ‘places of a sy. ft. 
Surface 
=2A8.2Csin ABC+2ALR. BF sin ABF+2RC. VF sin CBF, 
=2x 10x 8 sin 120°+2x 10x 14 sin 45°+2x8x 14 sin yo. 
/ 
=160. *34280,. | +224 sy. ft. 
2 0/2 
= $o 0/3 + 140 a/2 + 224. 
= 8o x 1:732+ 340 I-gig2+ 224 
= 138-56 + 197-988 + 22 
= 560-548. Answer 560:55 sq. ft. 


(4) Find the cost of varnishing the outside of a ‘plain deal 
box 2 ft. 6 in. long, 1 ft. Gin. broad, and 1 ft. 3 in. high, at he, 


per sq. ft. 
Exterior surface = 2 (24 x 14+ 24 x 1}411 x 1}) sq. ft. 
= 2 (AR + 28 4 15) = BS sq. ft. 
*, cost of varnishing = 43 x $d. =4}5.2,=65. 63d. Answer. 
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EXAMPLES ON THE PARALLELEPIPED 


(LENGTHS AND SURFACES) 


1. Find the diagonal of a cube whose edge is 42 ft. 7} in. 
correct to the nearest inch. 


2. The diagonal of a cube is 25 ft. 3 in. Find its edge 
correct to the nearest inch. 


3. Prove that the total exterior surface of a cube is twice 
the square on the diagonal. Find the total exterior surface 
of a cube whose diagonal is 4 yds. 1 ft. 10 in. 


4. The edge of a cube is Gin. Find the exterior surface 
of a cube, the edge of which is equal to the diagonal of 
the first cube. 


5. The surface of a cube is 120 sq. yds. 6 in. Find its 
cdge. 


6. Kind the diagonal of a rectangular parallelepiped 
whose dimensions are 45 ft., 54 ft, and 72 ft. 


7. The diagonal of a rectangular parallelepiped 1s 30 ft. ; 
the length and breadth of the base are each 20 ft. Find 
the height. 


8. Find the total surface of a rectangular parallelepiped 
whose dimensions are 23 ft. » 16 ft. x 1o ft. 6 in. 


yg. In any rectangular parallelepiped. if the sum of the 
three dimensions be 13 ft, and the diagonal be 9g ft., find 
the total exterior surface. If the sum of three dimensions 
be s, and diagonal @, then surface = 5? - d?. 


10. The dimensions of a rectangular parallelepiped are 
12 ft., 7 ft, and g ft. Find the edge of a cube having an 
equal exterior surface. 
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11. A rectangular parallelepiped, whose altitude ts to in., 
stands on a square base. Find the side of the base, so 
that the parallelepiped may have its surtace equal to that of 
the cube whose edye is 40 In. 


12, In a rectangular parallelepiped the three dimensions 
are to each other as 3: 4:7, and the total surface 1s 1oys 
sy. yds. Find the dimensions. 


13. It the dimensions of a rectangular parallelepiped are 
a, 6, ¢, prove that the area of the three plane sections drawn 
through two opposite edges are c/a + 67, aVb* + ¢7, and 
hb Sat # ct. 


14. If 31n,, gin, and 54 in. are the dimensions of a 
rectangular parallelepiped, tind the ede of a cube whose 
exterior surface is twice the sum of the three plane sections 
drawn through the opposite edges of the parallelepiped. 


15. -£/FCY) is the base of a rectangular parallelepiped ; 
LFGH beg the upper surtace.  “Vhrough /7/7) a plane is 
drawn at rpzht angles to the base, cutting the face LCGE 
at AZ. Supposing the part cut off by the plane is detached, 
find how much smaller the surtace of the resuluing: solid: will 
be than that of the parallelepiped. (“= 4 ft, AC g ft, 

d= 5 ft, and AA’.-6 ft) 


16. Inan oblique parallelepiped the three sides mecting 
ata point of are AB 6in, AC- Sin, AD- gin. The 
three angles at the same point are AIC - 135, C.1D~ 
120, Mul - Go. lind the exterior surface. 


17° ‘The interior length and breadth of a rectangular box 
are 3 ft. and O ft. If a stick 7 ft. in length rest cross-wise 
in the box, how far from the bottom of the box will the 
upper end be? 


18. How many square feet of metal will be required to 
construct a rectangular tank (open at the top) 12 ft. long, 
10 ft. broad, and 8 ft. deep? (Suadhurst.) 


19. How many square feet of metal will be required to 
make an open cubical tank, the height of which 1s 2 ft. 4 1n.? 
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20. An open square box g in. long, and 14 in. deep, is 
made out of a piece of cardboard 1 ft. sq. How much of 
the cardboard will be wasted? (Sandhurst) 


21. Find the cost of painting the outside of a rectangular 
box 1 ft. x 10 in. x 8in. at 1s. 104d. per sq. ft. 


22. A drawer is 2 ft. long, 1 ft. 3 in. wide, and 4 in. deep 
(interior dimensions). Find the cost of lining its whole 
inside surface with green baize 45 in. wide, at 15. 6¢. per yd. 


23. The expense of painting a cubical box was gs. 63d, 
at 847. per sq. ft. Find the length of its edge. 


24. Find the exterior surface of a cubical box which can 
just pass through a door 2 ft. 9 in. wide, leaving 4 in. to 
spare. 


25. A cube of marble, of which an edge is 1 ft., has all 
its corners evenly ground down so as to leave facets in the 
shape of equilateral triangles, while the faces of the original 
cube again become squares. Find approximately the total 
area of the body so formed, (Sandhurst.) 
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Section I.— Volumes 
[FoRMULE: 
(1) Volume of rectangular parallelepiped = abe. 
(2) - cube (edge a) = a’. 
(3) ‘ any parallelepiped = base x altitude. 
(4) 9 obligue-angled parallelepiped 
= right section x length.] 


61. It is not an integral part of the scheme of this work 
to prove the formulz in Solid Mensuration. Only such 
explanations and illustrations as will show the reasonableness 
of the formulz are given, together with those proofs which 
are of a simpler order, such as the one in the next section. 


62. Rectangular parallelepiped (volume = abc). 


We must first settle on a unit of volume. If the inch is 
the unit of linear measure, the cubic inch will be the unit 
of volume. A cubic inch is a cube whose edge = 1 inch; 
so that length, breadth, and height, all = 1 inch. 


Let the length be a inches, the breadth J inches, and 
height ¢ inches. Then 
area of base = length 
x breadth = ad square 
Inches. Divide the 
base into its square 
inches, and draw a 
plane parallel to the 
base, at a distance 
from it of 1 inch. 
This plane will cut off 
a slice of the paral- 
lelepiped containing 
ab cubic inches; and 
since there are ¢ inches 
in the height, the whole volume can be divided into ¢ such 
slices, each containing ad cubic inches. 
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Hence volume of parallelepiped 
=: abe cubic inches . . (1) QED. 

For instance, if a rectangular parallelepiped has for its 
dimensions 2 in., 3 in., and 5 in., its volume=2 x 3x 5= 
30 cubic inches. 

Since base = length x breadth, another way of expressing 
this formula is: Volume = base x height. 


The reasoning in the above proof should be carefully 
noticed, as it is the foundation of all theorems on the 
volumes of solids. The student will observe its analogy 
with the proof of the formula for the area of a rectangle in 
bk. i. chap. ii. The proof will obviously be unaffected, 
whatever unit of measurement be taken. 


Examples.— The rectangular parallelepiped has a greater 
variety of practical applications than any other figure. Of 
these only a few can be illustrated here. 

(1) How many superficial feet of inch plank can be sawn out 
of a log of timber 20 ft. 7 in. long, 1 ft. 10 in. wide, and 1 ft. 8 in. 
deep? (Saadhurst.) Sie fi, gate hs 

Volume of the timber = 247 x 22 x 20= 108,680. 

Now if the timber were sawn into planks of equal length r in. 
thick, and these placed side by side, the whole would form a 
rectanvular parallelepiped 1 in. thick, and 108,680 cub. in. 
in volume. <q. in. 

*. area of top surface = 108,680= 754 sq. ft. tog sq. in. Answer. 

(Note that the word ‘superficial’ must be understood from 
the context to refer only to the top surface of the wood, not to 
the whole surface.) 

(2) Find the number of bricks, 9 x 4} x 3 in. in dimensions, 
required to build a wall 96 yds. long, 7 ft. 6 in. high, and 9 in, 
thick ; and their cost at 2s. 1@ per 100. 

Volume of wall =96 x 3 x 12 x go x g cubic in. 


20 
dx 9OX 3% 12x 5QxH 
Ee ee ae 


., number of bricks require 
= 96 x 240 = 23,040. 


tea cee 
Cost of bricks = ae x RRORR = 57600. = £24. 
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(3) A rectangular reservoir is 110 ft. long by 64 ft. broad. At 
what rate of speed per hour must water flow into it, through a 
pipe whose cross-section 1s a square (side =2 in.), in order to 
make the water rise 2 ft. in 8 hours? Find also to the nearest 
gallon how many gallons are poured in per hour, if cach gallon 
contains 277} cubic inches. 


Amount of water poured into reservoir = 110 x 64 x 2 cubic ft. 


Amount poured in in one hour = 11° o * 2 cubic ft, 
ge = cubic ft. flow through the pipe per hour. 


And cross-section of pipe = (4)?= 2s sq. ft. 
, rate in feet that water flows through tube = “> 64 an 3: 


*, rate in miles that water flows through tube 
4 12 
an HID x bq x 8 x 3h 

Rx 3x Lz7OQ 

2 1G 


= 12 miles. 


Answer !2 miles per hour. 


Again, number of cubic fect poured in each hour 


“2 
we ttOxO$x2 ign gx, 


*. number of cubic inches poured in= 110 x 8 x 2 x 1728. 
_ttox8x2« 1728 


‘ allons ” 
) & 277} 


~ 1760 x 1728 x 4 
1109 


This result, when worked out, gives the answer 10,969 gallons 
(to the nearest gallon). 


(Several points in this problem are worth notice. First, since 
water always keeps a level surface, the water poured in will 
assume the shape of a parallelepiped, the third dimension being 
given by its depth. Secondly, the water while in the pipe is 
also in shape a rectangular parallelepiped, two of the dimensions 
being given by the cross-section, and the fhird by the rate the 
water flows, tor obviously water which flows through a pipe at 
the rate of ten miles an hour can be regarded as filling a pipe 
ten miles long.) 
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(4) Duodecimal Multiplication.—The labour of multiplyin 
three dimensions together, when each is expressed in feet an 
inches, may be shortened, as in the following example. 


Find the volume of a room whose dimensions are 14 ft. 2 in, 


1J ft. § in., and 7 ft. 8 in. , 
t. 


in. 


14 2 
Ir § 
155 10 
§ 10 Io 
161 8 Io 
7 8 





—! 


1132 I 10 
107 g 10 8 





: 1239 11 8 8 


oe ee ee me 
fon tes ee ee mre bere erhalten ip dun! © A 


The result of multiplying 14 ft. 2 in. by 11 ft. 5 in. may be 
read 161 sq. ft. 8 primes 10 sq. in. (See bk. i. pp. 34, 35.) It 
will be remembered that a superficial prime=12 sq. in. After 
this the work proceeds according to the following rule: Place 
the third dimension under the product of the other two; multiply 
first by the feet, then by the inches, beginning one place fiher 
to the right, and add up the two lines. /n every case carry at 12. 


Then the first number in the result is got by multiplying 
sq. ft. by feet, and therefore represents cubic feet. 


The second is got by multiplying feet by primes, or sq. ft. by 
inches. Thus every unit represents 144 cubic inches. These 
are usually called (cudrca/) primes. 

The third is got by multiplying sq. inches by feet, or primes 
by inches. Thus every unit represents 12 cubic inches. These 
are usually called (cudical) seconds. 


The last is got by multiplying sq. in. by inches, and thus re- 
presents cubic inches. 


Thus the above result = 1239 cubic feet 11 primes 8 seconds 
8 cubic inches. To reduce the primes and seconds to cubic 
inches, multiply twice by 12, adding in seconds and cubic 
inches as in ordinary reduction. Thus 11 primes 8 seconds= 
11*1248=140 seconds, and 140 seconds 8 cubic inches= 
140 x 12 + 8 == 1688 cubic inches. 


Therefore volume = 1239 cub. ft. 1688 cub. in. Answer. 
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63. Cube (volume = a°), 

The cube is a particular case of the rectangular paral- 
lelepiped, where all the three dimensions are equal. In the 
language of the last section, the base will contain a? sq. 
inches, so that the volume will consist of @ rows of a? 


cubic inches _ 48 cybicinches . . . (2). 


Examples.—(1) Find the weight of a cubical block of marble, 
whose edge is 2 ft. 7 in., if 1 cubic foot of marble weighs 2716 oz. 


Volume of marble = (2 ft. 7 in.)* = 31°= 29791 cub. in, 
2716 x 29791 


’, weight of marble = ‘oak 


OZ. 


This answer, if worked out to the nearest ounce, becomes 
46824 oz. = 26 cwt. 144 Ibs. Answer. 


(2) Find the inner edge of a cubical cistern that contains 
6 cwt. of water, if 1 cubic ft. of water weighs 1000 02. 


Weight of water in cistern =6 cwt. = 10752 02. 
*, volume of water in cistern =1 076% = 10-752 cub. ft. 


Extracting the cube root to two places of decimals we obtain: 
Edge of cube= 2-21 ft.=2 ft. 2} in. Answer. 


(3) The three dimensions of a rectangular parallelepiped are 
18 in., 15 in., and 13in. Find the edge of a cube equal in 
volume. 


Volume of parallelepiped = 18 x 15 x 13 cub. in. = 3510 cub. in, 


Extracting the cube root, we obtain edge of cube of equal 
volume= 15-197 in. Answer. 


64. Paralledepiped (oblique-angled ). 
Volume = BA (where # is the base, 4 the altitude) . . (3). 


This result rests on the proposition that an ob/tzue-angled 
parallelepiped is equal to a rectangular parallelepiped with the 
same base and altitude, a proposition in solid geometry 
answering to and depending on the proposition in plane 
geometry, that an oblique-angled parallelogram is equal to 
a rectangle with the same base and altitude. 
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It is to be noticed that in the particular case of the 
rectangular parallelepiped the altitude coincides with the 
third dimension. 


There is another way of expressing the volume of an ° 
oblique parallelepiped, which the following figure will 
illustrate. 


D oa mp 


A 
Np iw ON 


Cc Mf 


Volume of oblique-angled parallelepiped 
= right section xlength . . . (4). 


The right section is the section made by a plane which 
cuts at right angles any one of the three sets of four 
parallel edges, any one of the edges so cut being considered 
the length. 


Thus in the figure the right section AZAZN cuts the four 
edges AF, L/, CG, DA at right angles. Thus volume = 
area of AZASNx length CG. 


It is most natural that the right section should cut at 
right angles the longest dimension, as in the figure; but the 
result would be the same if the section were drawn at right 
angles to 427, DC, EF, HG, or to AD, BC, EA, FG. 


The result may be easily proved to be identical with the 
former ; for draw the perpendicular AP, 
*, volume =area of AZALN x CG. 
= NP x LM x CG. 
NFP x area of BCGF. 
altitude x base. 


Thus (3) and (4) are identical. 


iow 
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Examples.—(1) In an oblique-angled_ parallelepiped, given 
base, right section, and length, find the altitude. 

Since volume =altitude x base, and also volume=right sec- 
tion x length, 
right section x length. 


* altitude= 
base. 


For instance, required to find the vertical depth of a sloping 
mine-shaft, whose sides are parallel, if the area of the top 
surface be 300 sq. ft., the cross-section a rectangle, whose sides 
are 14 ft. and 12 ft., and the length §00 ft. 

Here right section = 14 x 12 sq. ft.; base = 300 su. ft. 

; . 14 X 12 x 500 Set fe aie 
. vertical depth = 300 = Ig x 20= 280 ft. 
Answer 280 ft. 

(Similarly the length may be determined if cross-section, base 

and altitude, are given.) 


(2) The volume of a parallelepiped is 1980 cubic ft., and the 
perpendicular distances between the three pairs of parallel 
planes are respectively 5 ft., 9 ft., 11 ft. Find the total exterior 
surface. 


Let 4, 2’, B” be the three faces of the parallelepiped, which 
meet at any angular point. Then, if each of these be taken for 
base in turn, its perpendicular distance from the opposite face 
will be the altitude. 


Thus we obtain three expressions for the volume : 
57 cubic ft., 92’ cubic ft., 114°" cubic ft. 
., B =Lvf0 = 396 sq. ft. 
J? =1s0 = 220 sq. ft. 
Br" = lps! = 180 sq. ft. 
*. surface=2 (f+ A’ + B’)=796x 2 3q. ft. 
=1§92=176 sq. yds.8 sq. ft. Answer. 
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EXAMPLES ON 
THE VOLUMES OF PARALLELEPIPEDS 


{N.B.—1 gallon of water contains 2773 cubic in. 
1 cubic ft. of water weighs 1000 02.] 


(a) Cube 
1. Find the volume of a cube whose edge is 3 ft. 5 in. 


2. Find the number of cubic ft. in a cube whose diagonal 
is 21 ft. 


3. Find the volume of a cube whose surface is 135 sq. ft. 
54 in. 

4. ‘The volume of a cube is 4,741,632 cubic yds. Find 
the edge. 


5. The volume of a cube is 10,648 cubic yds. Find the 
diagonal correct to a yard. 


6. The volume of a cube is 10 cubic yds. 15 ft. 559 in. 
Find the surface. 


7. The edge of one cube is 3 times the diagonal of a 
second ; and the sum of their surfaces 1s 672 sq. in. Find 
the volumes of each, 


8. The sides of three cubes have equal differences, and 
their sum is 15 in.; the solid content of the three is 495 
cubic in. Find their dimensions and volume. (Sandhurst.) 


g. Find the edge of the cube whose volume is equal to 
the volumes of three cubes whose edges are 1 ft, 1 ft. 4 in, 
1 ft. 8 in. 

10. Show that a cube whose volume is 1 cubic ft. is equal 
to the volumes of three cubes, of which the edge of the 
first is 6 in., the diagonal of the second 8/3 in., and the 
surface of the third 4% sq. ft. 
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11. Acubical cistern contains when full 2000 cubic ft. of 
water. Find the length of one of its sides to the nearest 
tenth of aninch. (Sandhurst.) 


12. Find the edge of a cubical vessel which will hold 
ton’s weight of water. 


13. Find how many gallons of water a cubical cistern 
will hold, the area of whose base is 2 sq. ft. 36 in. Answer 
correct to a gallon. 


14. Find the weight of water a cubical vessel will hold 
whose edge 1s 2 ft. 

15. Two cubical vessels are filled with water. The water 
in the first weighs 625 oz. less than half the water in the 
second, and the second contains 39!) more gallons than 
half the number of gallons in the first. Find the edge of 
each, assuming that a cubic ft. of water contains 6! gallons. 


16. In a cubical box the thickness of the wood is # in., 
and the edge is g in. Find the solid content of the wood. 


17. Find the weight of a cubical block of stone, the edge 
of which is 2 yds., if a cubic yd. weighs 39 cwt. 3 qr. 26 lb. 
10 oz.; and find also its cost at 41 35. 47. per ton. Answer 
correct to the nearest halfpenny. 


18. Find the weight of a cubical iron safe whose total 
exterior surface is 24 sq. ft, and the thickness of the iron ts 
2in. (1 cubic in. of iron weighs 4.5 oz.) Show that there 
are two wiys of solving this problem. Which is the most 
accurate, and why P 


19. Find to two places of decimals the number of inches 
in the edge of a cubical vessel which contains exactly a gallon. 


20. A quantity of water contained in a cubical cistern is 
found to lose by evaporation .o4 of its volume in a day. 
The depth of the cistern is 6 ft., and a cubic ft. of water 
weighs 1000 oz. Assuming the loss to take place by evapo- 
ration only, find to one decimal place what weight of water 
will be left in the cistern after the expiration of 10 days. 
Given log 2=.3010300, log 3=.4771213, log 14360= 
4.1571544, log 14361 = 4.1571847. (Sandhurst.) 
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(b) Rectangular Parallelepiped 


21. The dimensions of a rectangular parallelepiped are 
2 ft. 1 in., 8 yds. 2 ft., and 128 ft. Find the volume. 


22. The base of a rectangular parallelepiped contains 
73 sy. ft. 18 in., and the height is 12 ft. 6 in. Find the 
volume. 


23. The length and breadth of a rectangular parallelepiped 
are 12 ft. and 3 ft, and the diagonal is 13 ft. Find the 
volume. 


24. The base of a rectangular parallelepiped is 1 sq. ft. 
141 sq. in., and the volume is 5 cubic ft. ro50 in. Find 
the altitude. 


25. Given the volume = 73 cubic yds. 14 ft. 504 in, 
breadth =. 8 ft. roin., and height = 7 ft. 9 in., find the length. 


26. Given the volume. 5 cubic yds. 2 ft. 1344 in., and 
the height = ro ft. 8 in., find the base. 


27. Given the three dimensions, 108 yds., 294 yds., and 
504 yids., find the edge of a cube equal in volume. 

28. The three different edges of a rectangular paral- 
lelepiped are 3, 2.52, and 1.523 ft. in length. Find the 
number of cubic ft. in the figure. Find also the cubic space 
inside a box of the same extreme dimensions, constructed 
of a material of ,', of a foot in thickness. (SuadAtrst.) 


29. Two of the faces of a rectangular parallelepiped 
contain 30 Sq. In. each, two more 24 sq. In. each, and two 
more 20 sq. in. each. Find the volume. 


30. Find the weight of a solid bar of gold 1 ft. long, 
whose cross-section is a square (side = 2 1In.), if a cubic ft. 
of gold weighs 19,300 oz. (avoirdupois). 

31. Find the volume of air in a rectangular room, whose 
dimensions are 17 ft. 4 in., 11 ft. 6 in., and 7 ft. 7 in. 


32. A rectangular room contains 1125 cubic ft. of air, 
and its length, breadth, and height are proportional to 6, 
4, 3. Find the height. 
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33. A rectangular room contains 2625 cubic ft. of air. 
The expense of carpeting the floor, at 6s. 3¢ per sq. yd., 
is £10 18s. 9@. Find the height. 


34. What value of bricks, g in. x 4) in.» 3 in., will be 
required to build a wall 125 yds. long, 7 ft. high, and 
1 ft. 13 in. thick., if bricks cost a guinea per thousand ? 


35. Awall, 8 ft. 6 in. high, and 1 ft. 3 in. thick, surrounds 
a square garden, whose area is ,%, acre. Find the number 
of bricks, 9 x 5 x 3 in., which are required to build the wall, 
allowing for two doors 3 ft. 9 in. wide and 6 ft. g In. high. 


36. Find the number of cubic yds. of earth which must 
be dug out to make a ditch 3 ft. deep, 4! ft. wide, and 
_ 108 yds. long. 


37- Ifa man can dig out ro cubic yds. of earth per hour, 
how long will he take in digging out a ditch 120 yds. long, 
the cross-section being a rectangle containing 1o} sq. tt? 


38. The cross-section of a square piece of timber ts 
150 sq. in. Hfow many feet must be sawn off the length 
so that the part sawn off may contain 3 cubic ft. 216 in? 


39. A cubic ft. of gold is beaten out into gold leaf 
stolouo In. thick. Find the area which it will cover. 

40. If a plate of yold, whose dimensions are 18 in., 
Io in., and g in., be beaten out into gold leaf to cover 
500,000 sq. yds., find the thickness of the leaf. 


41. Find the cost of excavating to the depth of 13 ft. 
the foundations of a building, which stands on a rectangular 
area of 2500 sq. ft., at 1s. 14c4, per cubic yard. 


42. A bar of metal, 9 in. wide, 2 in. thick, and 8 ft. long, 
weighs 1 lb. to the cubic inch. Find the length and thickness 
of another bar of the same metal, width, and solid content, 
if 2 in. cut off from the end weigh 27 Ib. (Sandhurst) 


43. A rectangular safe is to be made of iron 1} in. thick, 
s0 as to contain 16 cubic ft. inside. If the interior height 
= breadth = 3 length, find its total exterior surface. 
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44. A rectangular box contains 16 barrels’ weight of gun- 
powder. The inside of the box is to be lined with copper 
134 oz. to the sq. ft, and 2s.alb. If the height = breadth 

{ length (internal dimensions), find the cost of the lining. 
A barrel of gunpowder contains 128 lb., each of which 
occupies 32 cubic in. 


45. The external length, breadth, and height of an open 
rectangular metal cistern are 6 ft. 6 in., 5 ft. 4 in., and 
2 ft. 9 in, and the thickness of the metal is 4 in. When 
empty the weight is 3953} lb.; when filled with sand it 
weighs 15,182 lb. 4% oz. How much heavier is the metal 
composing it than its own bulk in sand? 


46. A rectangular tank has a square base, the side of 
which is 74 ft. What weight of water must be drawn off 
so as to make the surface sink 4 in. ? 


47. Arectangular tank is 17 ft. 3 in. broad and 23 ft. 1} in. 
long. If 621 gallons of water are drawn off, how much 
will the water sink ? 


48. How much water will a rectangular vessel hold, 
whose dimensions are length ro ft. 6 in., breadth 8 ft. 3 in, 
height 3 ft. 3 in.? Find answer correct to nearest gallon. 


49. A rectangular tank has a square base, the side of 
which is 16 ft. Find correct to the nearest gallon how 
much water must be poured into it so as just to cover a 
cubical block of wood lying in it, measuring 16 in. each 
way. 

50. A rectangular tank is 15 ft. long and 11 ft. 4 in. broad. 
If 594 cubic ft. of sand be thrown in, how much will the 
water rise ? 


st. The area of the base of a rectangular tank is 
120 sq. ft. Find the solid content of a body which, when 
thrown into the water, makes the surface rise 14 in. 


52. If a body 30 cubic ft. in volume, thrown into the 
water, makes the surface mse 4 in. in a rectangular tank, 
what is the area of the base e 
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53. Water is poured at the rate of 360 gallons a minute 
into a rectangular reservoir, the base of which 1s 12,000 sq. ft. 
Calculate the time in which the surface of the water will be 
raised 6 in. Answer correct to nearest minute. 


54. A rectangular reservoir, whose dimensions are 125 ft. 
and 77 ft., and depth 9 ft., is being emptied by two pumps, 
one of which pumps out 1000 gallons in three minutes, and 
the other 1000 gallons in 2} minutes. How long will they 
take to empty the reservoir? And if the former stops when 
the reservoir is ¢ empty, how long will the other take to 
empty the remainder ? 


55. The water supply of a town is 148,000 gallons a day, 
and is taken from 3 rectangular reservoirs, Which are always 
kept on an equal level If the bases of the three contain 
15,000, 17,000, and 18,c00 sy. ft. respectively, how much 
would the water removed lower the surface every day ? 


56. At what rate of speed must the water flow through a 
pipe (the section of which 1s a square, side~ 24 in.) into a 
reservoir, from which g6,o00 gallons of water are taken every 
day, in order to keep the water permanently on the same level? 


57. How many gallons of water are drawn off daily 
from a rectangular reservoir, the area of whose hase is 
11ogo sq. yds., if the surface of the reservoir sinks 2 in. 
a day? 


58. Six iron tubes, the cross-section of any one of them 
being a square, are joined together so as to form a hexayonal 
ring, which can be filled with water. If the area of a cross- 
section = 16 sq. in., and distance between any two internal 
opposite corners of the hexagon =1 yd., find whole surface 
of tubing, and its content, neglecting thickness of iron. 
(Sandhurst.) 


59. If the sum of all the edges of a rectangular paral- 
lelepiped = 4, the surface =. 2g, and the volume 7, show 
that the three dimensions are the rvots of the equation 

D— px +gx-rx=o. 
K 
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(c) Oblique-angled Parallelepiped 


60. If the base of a parallelepiped is 494 sq. ft., and the 
altitude is 19 yds. g in, find the volume. 


61. If the volume is 99 cubic ft. 1296 in., and the base 
is 7 sq. ft. 56 in., find the altitude. 


62. The base of a parallelepiped is 252 sq. in., and the 
altitude is 14 ft. If a side-face 378 sq. in. in area be taken 
for base, what would be the altitude ? 


63. The base of a parallelepiped is 96 sq. ft., and the 
perpendicular distances between the three pairs of parallel 
planes are respectively 8 ft., 12 ft, and 16 ft., the smaller 
value being the altitude. ind the total surface. 


64. The volume of a parallelepiped is 5040 cubic ft., 
and the perpendicular distances between the three pairs of 
parallel planes are respectively 14 ft., 18 ft, and 20 ft. 
Find the total surface. 


65. The length of a parallelepiped is 17 ft. 6 in., and the 
right section is 1 sq. ft. 6in. Find the volume. 


66. The volume of a parallelepiped is 124 cubic ft. 54 in., 
and the right section is 7 sq. ft. 126 in. Find the length, 


67. The right section of a parallelepiped is 2 sq. ft. 41 in, 
the length 8 in., and the altitude 7 in. Find the base. 


68. Find the length of a pipe which will hold 160 gallons 
of water, if the cross-section 1s a rectangle 4 in. by 24 in. 


69. ‘The horizontal section of a sloping pipe is a paral- 
lelogram 22.18 sq. in. in area. Water is pumped from below 
to a higher level of go ft. Find the number of gallons in 
the pipe. 


70. The horizontal section of a sloping mine-shaft is 
317 sq. ft.in area. If the lower end of the shaft is 200 yds. 
vertically below the upper end, find the number of cubic ft. 
of air in the shaft. Also if the cross-section is a rectangle 
25 sq. yds. in area, find the length of the shaft. 


CHAPTER HWI—THE PRISM 


Section I. 


65. DEFINITION 10.—“A prism ts a solid firure contained 
by plane figures, of which two that are oppustte are cqual, 
simtlar, and paraléel to cach other; ana the others are parat- 
lelograms.” (Euchd, xi. def. 13.) 


The two equal and opposite figures are called the dases 
of the prism; the parallelograms are called the séde-faces, 
and their intersections the eyes. 


For instance, let AC, DAF be two equal and similar 
triangles, situated so that their sides are respectively parallel 
each toeach, Join 4D), LL, CK Then the solid figure 





ABCDEF is a prism, contained by five faces, 1.e. the two 
triangles .f BC, DEF, and the three parallelograms 4 B/D, 
CBEF, ACFD. The triangles are called its bases; the 
parallelograms its side-faces, and their intersections 4D, 
BE, CF are its edges. 


N.B.—It is obvious (Euclid, 1. 33) that 4D, BE, CF 
are all equal. Hence it is customary to call either of them — 
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the edce of the prism. They are also called the /ength of 
the prism. 


66. When the base of a prism is a triangle, the prism 1s 
called ¢riangu/ar. But the base of a prism can be any 
plane figure whatever. The subjoined figure gives an illus- 
tration of a fentagonal prism, with a pentagon for its base. 
The side-faces and edges of the prism will obviously be 
each the same in number as the sides of the base. Thus 
in the illustration there are five sides and five edges. 





Any prism on a polygonal base can be divided into tri- 
angular prisms. For instance, by drawing planes through 
ERGLand CELA, we divide the above prism into three 
triangular prisms. 


67. A prism is called right when the edges are at right 
angles to the planes of the bases If the edges are not at 
right angles to the bases, the prism is called eb/igue. We 
shall be principally concerned with right prisms. Ina 
right prism the sides are rectangles. 


68. If the bases of a prism are parallelograms, then, as 
the sides also are parallelograms, the figure is contained by 
six parallelograms. These are readily seen to lie opposite 
to each other in pairs, each pair being equal and parallel. 
Therefore the figure is a parallelepiped, which we thus per- 
ceive to be a particular case of the prism. 


THE PRISM 133 


N.B.—A caution ts needed about of/igueangded paral- 
lelepipeds. An oblique-angled paralleleppped may yet be 
a right prism, if the side-faces are rectangles, and only 
the bases oblique-angled parallelograms. ‘Thus the terms 
‘oblique-angled’ and ‘oblique’ must not be identified, 
though usually they coincide. 


69. Drrinirion 11.— frustum of a prism ts that part 
of it which is cut off by a plane not parallel to tts base. 


For instance, let the triangular prism ACDEF be cut 
by the plane G//A, not parallel to ABC. ‘Then the prism 
is divided into the two A G /) 
frusta ABCGHA and 
GHADEF. The plane 
GHA must not be pa- # 
rulel to AAC; for if it 
were, the triangle G//K 
would be similar and 
equal to the triangle 
ALC, so that ABCG//K would simply be another prism. 
Hence a plane parallel to the base of a prism divides it into 
two prisms with the same hase. 





70. The altitude of a prism is the perpendicular dropped 
from any point in one base on to the other. 


In the case of a right prism the altitude obviously co- 
incides with the length. 


71. The exterior surface of any prism is the sum of the 
plane figures containing it, whose area can be found by the 
rules given for plane surfaces. Thus: 


(1) Exterior surface of prism =two plane figures +a cer- 
tain number of parallelograms. 


(2) Exterior surface of frustum of prism =two plane 
figures +a certain number of trapezoids. 
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Examples.—(t) Find the total exterior surface of a right tri- 
oa prism, the sides of the base being 2 ft. 1 in., 2 ft. § in., 
and 3 ft., and the altitude 2 ft. 


Area of base= 745. 20. 16. 9=30.4. 3= 360 Sq. in. 
*, area of two bases =720 sq. in.=5 sq. ft. 
Area of side-planes = perimeter of base x altitude. 
= 90 x 24 Sq. in.=15 sq. ft. 
.. total surface = 20 sq. ft. Answer. 


(2) Find the cost of painting, at 4d. per sq. ft., the walls of a 
regular hexagonal room whose side = g ft. 2 in., and height 
10 ft. 3 in. 


The problem is to find the area of the side-planes of a prism 
on an hexagonal base. Using the result of the last example, 
we have: 

Area of walls =perimeter x height. 


=6 xg} x 10} sq. ft. 
=d5*4E co. ft, 
4 q 
.. cost of painting = 55 x 41d. =2255¢/. 
=f9 7s. td. Answer. 


(Compare with this the examples on the rectangle, bk. 1 
chap. ii, We now see that the formula, area of walls = perimeter 
x height, applies in the case of every room where the walls are 
plane surfaces. It is clear that in such a case the walls may 
always be considered as placed side by side in the form of a 
rectanule, whose length is the perimeter.) 
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EXAMPLES ON THE PRISM 
(LENGTHS AND SURFACES) 


r. Find the total exterior surface of a right prism whose 
base is a regular pentagon (side =8 ft.), and whose altitude 
is 5 ft. 

2. Find the area of the whole surface of a right triangular 
prism, the sides of whose base are 1 ft. rin., 1 ft. 2 in., and 
1 ft. 3 in., and whose altitude is 1 ft. 


3. Find the exterior surface of an oblique prism whose 
base is a regular hexagon (side- 2 ft.), and whose total 
length is 12 ft, given that the plane angles which form one 
of the soiid angles are each 60°. 


4. The hbase of a right prism is a trapezium whose 
parallel sides are 16 in. and 11 in., and third side is 1 ft. 
If the length of prism is 2 ft. 3 in., find the total exterior 
surface. 


5. A right prism stands on a triangular base, and every 
edge is 2 ft. Find its total exterior surface. 


6. Find the total exterior surface of a right prism 1 ft. 6 in. 
in length, whose base is an isosceles triangle, of which the 
base is 2 ft., and the perpendicular on it from vertex g in. 


7. Find the perimeter of the base of a right prism whose 
length is 12 ft. g in., and the total area of whose side-planes 
is 127 sq. ft. 72 In. 


8. The base of a right prism 1s triangular, and the side- 
planes are all squares. If the total surface is 61 sq ft, 
find the area of the base. 


g. A right triangular prism has all its edges equal, and its 
exterior surface is 304 sq. ft. Find is edge. 
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ro, The surface of a right prism on a regular hexagonal 
base is equal to that of a cube whose edge is 8 ft. If the 
side of hexagon is 4 ft., find altitude of prism. 


11. A right prism has an equilateral triangle for base 
whose side is § in. A frustum is cut off by a plane, which 
leaves the parallel edges 6 in., g in., and 10 in. Find the 
total exterior surface of frustum correct to ,'5 of a sy. in. 


12. The base of a right prism is an equilateral tiangle. 
The area of the side-planes is 27 sq. yds. 2 {t., and height 
is 8 ft. 2 in. Find the area of the base correct to ,', of 
a sq. ft. 


13. Find the edge of the cube whose surface is one-third 
of that of the right prism whose base is a right-angled tri- 
angle (sides 12 ft. and 16 ft.), and whose height is 25 ft. 


14. Find the lateral surface of eight octagonal stone 
pillars, the height of each being 22 ft. 7 in., and the side of 
each octagon 1 ft. 3 in. 


15. Find the cost of papering the walls of a regular 
octagonal chamber with paper 30 In. wide, at 24. per yd., 
if the height Is 10 ft., and side of the octagon 73 ft. 


16. Find the cost of painting the walls of a hexagonal 
room, if the height Is g ft. 4 in., and each side of the hex- 
ayon is 10 ft. 1 in., the painting to cost 74 per sq. ft. 


17. Find how many sq. ft. of tin are required to construct 
a pipe with a hexagonal bore, cach side of hexagon being 
14 in., and the length 40 ft. 
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Sec. I.—Volumes 
[FoRMULE: 

(1) Volume of any prism = base x altitude. 
(2) Also volume of ob/iyue pr 1sm — right section x length. 
(3) Also volume of frianen/ar prism 

== } any side-face < perpendicular from opposite edge. 
(4) Volume of frustum of right triangular prism 

> base x 4 sum of parallel edges. 
Volume of frustum of ebligue triangular prism 
right section x § sum of parallel edges.] 


72, Volume of Prism = Bn. 

This formula is true both for right prisms and for oblique 
prisms. In the case of the right prism the altitude ts 
identical with the length. This case of the formula is sus- 
ceptible of an casy proof, based on the result obtained for 
the rectangular parallelepiped. 

Let ABCDEAGH be a rectangular parallepiped. In 
AD take any point A, and draw AZ parallel to the edges 





ns C 
of the figure. Join KA, AC, ZF, LG. Then ALCLIFG is 
a right triangular prism, and its volume = 4 the parallelepiped. 
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For draw the perpendiculars XA/, ZW, and let a plane pass 
through them, then the plane passing through A BLF ob- 
viously divides in half the parallelepiped ABMAEFNL ; 
and the plane passing through ACGZ obviously divides in 
half the parallelepiped AA/CDLNGAZ. 

". the prism A BCZAG is half of the whole parallelepiped. 


*, volume of prism = § base 4 BCD x altitude. 


But triangle ALC (which is the base of the prism) =4 
base ACD. 


*, volume of prism = base x altitude. 


Thus the formula holds for a right triangular prism. It 
follows that it holds for any right prism; for a prism on 
any base can always be divided in a number of prisms on 
triangular bases, all having the same altitude. 


*, volume of right prism =sum of these bases x altitude. 


But the sum of these triangular bases = base of the prism. 
*, volume of right prism = base x altitude . . (1). 


73. The volume of an oblique: prism can be shown equal 
to the volume of a right prism with the same base and alti- 
tude. Hence the formula also holds for an oblique prism. 


Rut the vedume ef an oblique prism also=right section x 
length. (2.) 


A right section is a 
section made by a 
plane cutting all the 
parallel edges at right 
angles. ‘Thus in the 
figure 


D 


> 





Volume of prism = triangle GHA x CF. 


For if we suppose the plane through GAA to cut the 
prism into two parts, and that the left-hand part be taken 
up, and fitted on to the other side, so that ASC falls 
exactly on DEF, then we have a mght prism of the same 
volume and length, whose base ts the triangle GHA. 
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74. The volume of a triansular prism also = } side-face x 
perpendicular from opposite edge. (3.) 


This formula may be easily proved in the case of a 
right triangular prism. Referring back to the figure in 
paragraph 1, we have; 


Volume of parallelepiped = base SCG F< height AAL 
*, volume of prism= 4 BCGF x AM. 


But CGF is a side-face of the prism, and AAS is the 
perpendicular on it from the opposite edge AZ. 


In the case of an oblique triangular prism the formula 
may be deduced from the one in the last paragraph. For 
in the last figure 

Volume of prism triangle GHA «x CL. 
>4 GLx«x HK« CF. 
= HA « CPx GL-§\ BCFE x GI. 
= 4 side-face x perpendicular from opposite edge. 


75. Frustum of richt triangular prism. 
Volume of frustum  basex hk sum of parallel eters. (4) 


Let ARCDEF be a frustum of a right triangular prism, 
cut by a plane DES A )) 
not parallel to the base / 
ABC. Then the pa- 
rallel edges are those 
cut off by the plane 
DEF (namely, 4D, C H f 
BE, and CF), and volume of frustum 

-. base ABC x 3 (AD+ LC+ CF). 


The parallel edges are sometimes denoted by 4, 4”, 2’, 
Thus the volume may be written = 4 (4°+4" +4") x base. 


By drawing a plane through D parallel to ABC, we 
divide the frustum into a right prism and a pyramid. The 





, 
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sum of these will give the volume of the frustum. (See 
next chapter.) 


A little consideration will show that this formula cannot 
be extended to a prism on any base. The frustum of a 
prism on a polygonal base can be divided into triangular 
frusta, which may be summed severally. 


The volume of the frustum of an oblique triangular 
prism = area of right section x4 sum of parallel edges. This 
may be expressed as before : 


Volume = 3 (2' +4" + h’”) x right section. 


76. In the frustum of an oblique triangular prism, if one 
of the side-planes is a rectangle, the frustum is called a 
aedve, of which the rectangle is the dase, and the side oppo- 
site to it the edge. 


If a and é are the length and breadth of the rectangle, 
¢ the edge, and / the altitude, 


Volume of wedge = - (2a+cr. 


Also, if we cut a wedge by a plane parallel to its base, we 
get a figure resembling a prism, contained by two rectangles 
and four trapezoids. This figure 1s called a presmoid. 

If «a, 4, a’, 6° be length and breadth of the two rectangles, 
and / the altitude, 


Volume of prismoid <4 (ab+a'l's (a+a) (6+ 8). 


Evxamples.—(1) Find, correct to a cubic ft., the number of 
feet of air in a regular octagonal tower whose inside perimeter 
is 35 ft., and whose height is 60 ft. 


Area of base=2 (4/2 +1). (35)? sq. ft. (See bk. i. chap. iv.) 
Taking s/2=1-4142, and working out, we have: 
Area of base = 92-42 sq. ft. 
*, volume of prism = 92-42 x 60 cubic ft. 
= 5545-2 cubic ft. 
., volume of air correct to a cubic ft.= 5545 cubic ft. 
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(2) Find the volume of an oblique triangular prism whose 
length is 6 ft, if the sides of the right section are 2 ft, 5 in., 
2 ft. 11 in, and 4 ft. respectively. 

Here right section is a triangle whose area 


et eaten me anne a ee ee 


3 
.. volume of prism = 3) «6= 21 cubic ft. Answer. 


(3) Find the number of cubic ft. of air in a building with an 
open roof, the heizht d 
of the side- walls 
being 15 ft., and of 
the gable 24 ft, and 7, 
the area of the floor 
being roo sq. yds. 

Volume of house 
= prism + parallele- G 
piped. 

In parallelepiped, 
base GC/)# = 100 
sq. yds. 





* altitude CE =15 ft. 


*, volume of parallelepiped = goo x § cubic yds. 
Again, in prism, volume of side-plane LE //M -~ too sy. yas. 
and perpendicular .4A°= 24 - 15=9 ft. 
*, volume=4. goo x 3 cubic yds. Formula (3). 
., whole volume= too (5 +11) = 100-61, 
= 650 cubic yds. Answer. 
(4) Find the volume of the frustuim of a prism, whose hase 


is a right-angled triangle whose sides are 1 ft. 3 in. and 2 ft. Pin. 
if the parallel edges are 5, 7, and jo in, respectively. 


Area of base=1 x 15 x 25 sq. in. 
and sum of parallel edges = 22 in. 
In, 5 
ae volumes ear 15 « 25=125 x11 cubic in, 


=7 sq. ft. 79 cubic in. Answer, 


a 
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EXAMPLES ON THE VOLUMES OF PRISMS 


1. Find the volume of a prism whose base is 134 sq. yds. 
8 ft. 36 in., and whose altitude is 21 yds. 1 ft. 4 in. 


2. Find the volume of a triangular prism, the sides of 
whose base are 6 ft. 6 in., 7 ft., and 7 ft. 6 in., and whose 
altitude is 5 yds. 


3. Find the volume of a triangular prism whose altitude 
is 10 yds. 2 ft., if one side of the base Is 2 ft. g in., and 
the perpendicular on it from the opposite angle 1s 2 ft. 6 in. 


4. Find the volume of a triangular prism, if one of the 
side-planes is 42 sq. yds. 7 ft. 108 in. in area, and the per- 
pendicular on it from the opposite edge is.3 yds. 1 ft. 8 in. 


5. A prism stands on a regular hexagon for base, and all 
its side-faces are squares. [ind the surface and volume, if 
the side of each square is 1 ft. 


6. Find the volume of an oblique prism whose right 
section is 26 sq. yds. 3 ft. 19 in., and length is 4 yds. 1 ft. 5 in. 


7. Find the volume of an oblique prism whose length 1s 
17 ft. 6 in., and whose right section 1s a trapezoid whose 
parallel sides are 12 ft. 5 in. and 7 ft. 7 in., and whose 
altitude 6 ft. 8 in. 


8. The volume of a prism is 550.296 cubic in., and its 
base is 76.43 sq. in. Find the altitude. 


g. A right triangular prism has all its edges equal, its 
volume is 30 cubic ft. Find its edge in feet and decimal 
of a foot. 


ro. The right section of an oblique prism is 11 sq. yds. 1 ft., 
and the altitude is 12 ft. 6in. If the base be 12 sq. yds., 
find the length. 
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11. The sides of the base of a nght triangular prism 
are 7 ft. 7 in., 8 ft. 2 in., and 8 ft. gin. Find the volume 
of a frustum, the sum of the parallel edges of which is 
18 yds. 


12. The area of the base of a right triangular prism is 
72 sy. in. Find the volume of a frustum, If the parallel 
edges are 33 in., 54 in., and 64 in. 


13. The area of the base of a triangular prisin is 
42 sq. yds. 7 ft. Find the volume of a frustum cut by 
a plane which cuts the edges at altitudes of 1o ft. g in, 
r2 ft. ri in., and 16 ft. 4 in. respectively above the plane 
of the base. 


14. The parallel edges in the frustum) of an oblique 
prism are 2 ft. 7 1n., 3 ft. 1 in., and 3 ft. 4.in., and the right 
section is a triangle whose sides are 3 ft. 5 in., 4 ft 3 in, 
and 4 ft. roin. Find the volume of the frustum, 


15. Find the volume of the frustum of a right: prism, 
the base of which ts a parallelogram whose sides are 3 ft. 
and 2 ft., and whose included angle is 304 if two opposite 
parallel edges are 3 ft. and 4 ft. 


16. Show how to find the volume of a frustum of a right 
prism on a pentagonal base. 


17. The base of a solid prism is 8 sq. yds. 8 ft., and the 
altitude is 16 ft Find the weight, if 1 cubic ft. weighs 
350 lb. 


18. Find the weight of a block of stone, in shape a 
frustum of a night triangular prism, the base of which is 
23 sq. ft. 21 in, and the sum of the parallel edges 
14 ft. g in., if 3 cubic feet of stone weigh 4 cwt. 


19. Find the height of a regular octagonal tower, which 
contains 7040 cubic ft., and whose internal perimeter is 
36 tt. 
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20. Find to the nearest lb. the weight of an octagonal 
stone pillar, whose height is 15 ft., if the side of the octagon 
is 1 ft., and a cubic ft. of stone weighs 166 lb. 


21. How many gallons of water will a ditch hold which 
is 54 ft. long, 6 ft. deep, 3 ft. 4 in. broad at the bottom, 
and 5 ft. 2 in. broad at the top? 


22. How deep is the water in a ditch which holds 
6400 gallons, if the length be 50 ft., the breadth at the 
bottom 3 ft. 6in., and the breadth at the top 5 ft.2 Answer 
correct to the nearest inch. 


23. The cross-section of a water-pipe is a regular hexagon, 
whose side is 31n. At what rate must water flow through 
the pipe in order to fill in 15 hours a rectangular reservoir, 
whose base ts 10,000 sq. ft., and whose depth is 9 ft. ? 


24. The longer sides of a bath slope equally to the 
bottom, which is level, the other two sides are perpendicular. 
Given length of bath = 134 ft, breadth at top = 42 ft, 
breadth at bottom=3o ft, and depth=8 ft. 6 in, find 
number of gallons of water the bath will hold. 


25. A vessel, in shape a prism, on a regular hexagonal 
base, whose side is 4 in., is filled with water. Find how 
much the water will sink if 4 pint is taken away. Answer 
to three decimal places of an inch. 


26. An embankment 13 ft. high is 20 ft. broader at the 
bottom than at the top. Find what its breadth at the 
bottom must be in order that a quarter of a mile’s length 
may contain 21,120 cubic yds. of earth. 


27. Find the number of cubic ft. of air in a rectangular 
building with an open roof, the height of the side walls 
being 12 ft., and of the gables 19 ft., and the area of the 
floor being 76 sq. yds. (Sandhurst) 


28. How high must the top of an open roof rise above 
the sides of a rectangular room, whose floor contains 
834 sq. yds. in order to add 3006 cubic ft. to the solid 
content of the room? 
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2, The vertical ends of a hollow trough are parallel 
equilateral triangles, with 12 in, in each side, the bases of 
the triangles being horizontal, If the distances between 
the triangular ends be 6 ft, find (1) the number of cubic ft 
of water the trough will contain, (2) the number of gallons 
it will contarn, it being given that a gallon of water weighs 
10 [b,, and a cubic ft. of water 62.5 Ibs, (Sandhurst) 


40. The crosssection of a hall isa rectangle surmounted 
by a triangle, If the breadth and total height are each 
go ft, and the height of the side walls 14 ft, and the hall 
contains 20,400 cubic ft, of air, find the cost of decorating 
the wall and ceiling at 42, Gd, per sy ft 


CHAPTER IV.—THE PYRAMID 
Section L 


77. DEFINITION 12.—“ A pyramid is a solid figure con- 
tained by planes which are constructed between one plane, 
and one point above it at which they meet.” (Euclid x1. 
def. 12.) 


The definition will be made clearer if we substitute 
plane firure for plane. It may then be stated as follows: 


A pyramid is a solid figure contained by plane rectilinear 
figures, one of which can have any number of sides, while 
the others are triangles which have a common vertex 
in some point above the plane of the first-mentioned 
figure. 


The first-mentioned figure is called the dase, and the 
common vertex of the triangles 
the zerfex of the pyramid; the 
triangles are the stde-faces, and 
their intersections the eyes. 


For example, let 4BCDE be 
a pentagon. Take any point O 
above the plane of ABCDE and D 
join O to the angular points of the 4 
pentagon. ‘Then the solid figure 
OABCDE will be a_ pyramid. 
O is the vertex; ARCDE the base; the triangles OAB; 
&c., the side-faces ; and OA, OB, &c., the edges. 


O 
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78. The following facts about the pyramid should be 
carefully noticed : 


(1) The dase may be any rectilinear figure whatever, 
regular or irregular. In the figure above we took an 
irregular pentagon for the base, but we might just as well 
have taken a triangle, a rhombus, or a regular hexagon. 
A pyramid is always named after the shape of its base— 
triangular, square, pentagonal, &c. It will be observed the 
number of side-faces and edges of the pyramid will always 
each be equal to the number of sides in the base. 


(2) The vertex may be any point whatever above the 
plane of the base. We have followed Euclid in retaining 
the distinction given in the last six words, but it is really 
of no importance. If the point be taken de/or the plane 
of the base we can talk of an wzerted pyramid. But the 
student will see at once that a pyramid may be taken in 
any position. For instance, in the triangular pyramid 
drawn in the next section but one we might with equal 
propriety call 4 the vertex and O/C the buse. 


But it is really important to observe that the vertex may 
be any point. For instance, it nay be so taken as to make 
one of the side-faces perpendicular to the base, or so as to 
make all the edges cut the base at a very acute angle. It 
is obvious, therefore, that the adycs and the stie-faces need not 
be all equal. 


79. The student’s attention is directed to these points to 
impress on his mind that the pyramid alone, of all the solid 
figures we have to consider, has no natural regularity about 
it. We may consider how far regular a pyramid can be. 

First. The base may be a regular polygon. The pyramids 
of Egypt, whose bases are squares, are illustrations of this. 

Secondly. The vertex may be so taken that all the edges 
are equal. 


A pyramid which complies with both these conditions 
may be called symmetrical, In a symmetrical pyramid all 
_the side-faces are equal, and equally inclined to the base. 
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80. Zetrahedron.* 


In one case the pyramid ts wholly regular, all the faces 
being similar and equal. This is in 
the tetrahedron. 


DEFINITION 13.—‘A tetrahedron is 
a solid figure contained by four equal and 
equilateral triangles.” (Euc. xi. def. 26.) 

Any one of the triangles can be 
taken for base, and the opposite angular 
point will be the vertex. 


It is obvious in the tetrahedron that all the edges are 


equal, and consequently that the figure is wholly determined 
when the edge is known. 





81. Frustum of a pyramid, 


DEFINITION 14.—A frustum of a pyramid is that part of © 
it which is cut off between the base and a plane parallel 
to it. 


For instance, let the pentagonal pyramid O4ABCDE 
be cut by the plane aécde parallel to the base AP CDE. 
Then the pyramid is divided 

into two parts, of which 


Oabede is a pyramid, and 
the lower part the frustum 
d of a pyramid. 
y If the plane @fcde were 


not parallel to ALCDE 
we should obtain a more 
complicated figure, to which 
the name frustum of a pyra- 
mid might be given; but it 
A D is better to restrict the name 
as above. 
Since the two parallel 
planes abcde, ABCDE are 
® The word éfrahafron T use in Euclid’s sense, not recognizing the 
necessity of extending its meaning so as to make it synonymous with 
triangular pyramid. 


B 


¥ 
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cut by the plane OAS, ad and AS are parallel. There- 
fore the triangles Oad, O.48 are similar, and 


ab: 0b:: AB: OB. 
Similarly O06: 46¢:: OB: BC, 
and ex «quah ad: d¢:: AB: BC. 


Thus the sides of adcdée are proportional to those of 
ABCDE, and, as they are also parallel, the polygons 
abcde, ABCDE are similar. 


— Fence the top surface of the frustum of a pyramid ts 
similar to the base, 


(The top surface and base are sometimes called the 
bases of the frustum.) 


82. The adtstude of a pyramid is the perpendicular from 
the vertex on the base, or on the plane of the base 
produced. 


The altitude of the frustum of a pyramid is the perpen- 
dicular dropped from any point in the top surface on to 
the base. 


Altitude of a symmet- 
rival pyramid, 


Let OABCDEF be 
a symmetrical pyramid, 
having a regular polygon 
for its base, and all its 
edges, OA, OB, &c., 
equal. Draw OF per- 
pendicular to its base, 
and join / to the angular | 
points of the polygon. 
Then the angles OP 
makes with these straight 
lines are right angles. 
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’ AP? = OA*~- OF? = OF —- OF? = BF*. 


”. AP = BP, and similarly it can be proved that all 
the six straight lines PA, PB, PC, PD, PE, PF are 
equal. 





FP is the centre of the circle circumscribing the 
polygon. 
Hence the altitude of a symmetrical pyramid is the 
straight line joining the vertex to the centre of the circle 
circumscribing the base. 


83. The exterior surface of a pyramid =sum of the figure 
which is the base, and a certain number of triangles. 


The exterior surface of the frustum of a pyramid = sum 
of the two similar figures which are its bases, and a certain 
number of trapezoids. 


In all cases examples can be solved by the rules given 
for plane surfaces. 


Examples.—(1) Find the altitude and surface of a tetra- 
hedron whose edge is 1 ft. 


Let OARC be a _ tetrahedron. 
Draw OP the altitude; then P is 
the centre of the circumscribed 
circle to ABC. 


= _AB es fe 
2sin6o” 3° 
OP= JOA*- APt= J 1-4 
= 4/2 ft. 
=9:8 in. (very nearly). Answer. 
Surface=4 times ABC= 4/3 sq. ft. = 1-732 sq. ft. Answer. 


.. AP 





a 9) 


(2) The altitude of a symmetrical hexagonal pyramid is 11 ft. 
and the side of the base is 8 ft. Find the whole surface. 


In the figure on p. 149, draw OG at right angles to 48, and 
join GP. en PG will be at right angles to AB, and there- 
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fore (bk. i. afk iv.) will be the radius of the circle insertbed tn 
the hexagonal base. 
AB 


: “J tan go 2 ANTE 


OG = /OP2+ GPs [121+ 48=13 ft. 
Area of triangle OAB=3.0G. AB=3) .13. 8 sq. ft. 
= 52 sq. ft. 
*, area of side-faces = 6 x §2 = 312 sq. ft. 


/ = 
And area of hexagonal base=° ‘ 2 84 = 96 4/3 sq. ft. 


== 166-3 sq. ft. (nearly). 
*, total surface = 478 3 sq. ft. Answer. 


(3) It is desired to cover a piece of ground 21 ft. square by a 
pyramidal tent 14 ft. in perpendicular ) 
height. Find the cost of the requi- 
site canvas at §d@. a sq. yd. 


Let ACD be the base, and O 
the vertex. Draw OP =altitude. 


Amount ofcanvas = 4times triangle 
AB=2ABx OE. A 
In the triangle OZ?, 
EP=} RC=i 
and OP=164 ft. 
OE - 
Amount of canvas 
=2.x 21x 4R=21 x 35 sq. ft. e 
ax 298 sq. yds. B 2ift. C 
.. cost of canvas 
ax 5x 240d = fit 14s.0ld Answer. 





(N.B.—We have assumed here that the pyramid is sym- 
metrical. In practical cases, such as tents, c shure h-apites, &e., 
this assumption may be usually made.) 
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(4) Find the cost of facing with plaster, at 133d. per sq. yd., 
the sides of an imperfect square pyramid, the sides of whose 


0 west eonnase 


* 
, 
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top and bottom surfaces 
are 28 ft. and g2 ft., and 
whose height is 60 ft. 


The figure will be a 
frustum of a pyramid, of 
which we have to find the 
lateral surface. 

Bisect ad, AB, cd, CD; 
let a plane pass through 
the points of bisection. 
Then e£ Ff is a trapezoid. 

Surface of pyramid 
= 4 times trapezoid aA Bd, 

=2 (a+ AB). ck. 
=2 (28+92). ck. 
=240.¢cé sq. ft. 


Also EG=HF=} (EF —- ¢f)=} (92 - 28) = 32 ft. 
v, Ee= /eG?+£G?= 607 + 32?= 68 ft. 
", surface of pyramid = 240 x 68 sq. ft. 


*, cost of plastering = 


Sh pei 
9 


is R 
x 
“L. 


x 134¢0. 


3 
23. 4,102, Answer. 


B 
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EXAMPLES ON THE PYRAMID 
(LENGTHS AND SURFACES) 


[N.B.—The expression ‘square heey > is an abbreviation for 
‘symmetrical pyramid on a square base.’] 


1. Find the altitude and total exterior surface of a tetra- 
hedron whose side Is 4 ft. 5 in. 

2. Find the total exterior surface of a square pyramid, if 
the side of square is 14 ft, and the altitude 24 ft. 

3. The base of a symmetrical triangular pyramid is equi- 
lateral (side = 3 in.), and the altitude is 10 in. Find the 
total exterior surface. 

4. The base of a pyramid is a regular pentagon, whose 
side is 1 in., and the altitude is 2 in. If the vertex is 
immediately above one of the angular points of the 
pentagon, find the five edges, and show how the exterior 
surface may be found. 

5. The base of a symmetrical pyramid is a regular 
hexagon, whose side is 6 in. If the altitude is 3 in, find 
the lateral surface. 

6. The altitude of a symmetrical pyramid is 5 ft. 3 in, 
and each of the six slant edges is 5 ft. 5 in. Find the area 
of the base to the nearest sq. in. 

7. Find the area of the six equal faces of a hexagonal 
pyramid, each side of the base being 6 ft., and the per- 
pendicular height of the pyramid being 8 ft. (Sandhurst.) 

8. A square pyramid has all its edges equal. If its 
exterior surface is 43.712 sq. in., find its edge, taking 
V3 = 1.732. 

9. The exterior surface of a tetrahedron is 60 sq. ft. 
Find its altitude. 
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10. Find the edge of a tetrahedron which has its whole 
surface equal to that of a square pyramid, the side of 
whose base is 6 in., and each of whose other edges is 5 in. 
Answer to three places of decimals. 


11, Find the edge of a cube which has its surface double 
that of the frustum of a pyramid whose bases are squares 
containing 49 sq. in. and 81 sq. in. respectively, if the 
distance between two corresponding sides of the bases is 
4in. Answer to two places of decimals. 


12. Find the exterior surface of the frustum of a pyramid, 
the bases of which are regular hexagons, whose sides are 
1o in. and 6 in. respectively, and each of whose other 
edges is 3% in. 


13. In a pyramid on a square base, whose side is 24 ft., 
and whose altitude is 6 ft., find the length of the per- 
pendicular from the vertex on one of the sides of the base. 
Find also the side-edge of the pyramid. 


14. The bases of the frustum of a pyramid are squares, 
whose sides are 1o ft. and 20 ft. respectively, and the 
altitude is 12 ft. Find the whole surface. 


15, A square pyramid stands on a base of 4% of an acre, 
and the slope of each side to the plane of the base is 30°. 
Find the altitude and exterior surface. 


16. It is desired to cover a piece of ground 8o ft. square 
by a pyramidal tent jo ft. in perpendicular height. Find 
the cost of the requisite quantity of canvas at 44d. per sq. yd. 
( Sandhurst.) 


17. If the area to be covered = 96 ft. square, altitude 
= 14 ft, and canvas is 5¢. the sq. yd., find the cost of 
canvas for pyramidal tent. 


18. The cost of a square pyramidal tent covering an 


area of 5184 sq. ft. is £17 115, at #¢. per sq. ft Find 
the height of the tent. 
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19. Find the cost of covering with lead a spire, in shape 
a square pyramid 60 yds. high, the side of whose base is 
38 ft. if lead costs 2s. 6@. per sq. ft. 


20. Find the lateral surface of a regular octagonal lantern, 
if the sides of the bases are 26 ft. and ro ft., and each of 
the side-edges is 17 ft. 


21. An octagonal spire is 48 ft. perimeter at the base, 
and 30 yds, high. Find the cost of covering it with lead 
at 2s. od. the sq. ft. 


22. Find the cost of facing with brick, at 5s. 6. per sq. yd., 
the sides of an imperfect square pyramid, the sides of whose 
top and bottom surfaces are 51 ft. and 93 ft., and whose 
altitude is 72 ft. 


23. Atent is in shape a frustum of a square pyramid, 
surmounted by another square pyramid. The side of the 
base is 20 ft., and of the top surface of the frustum 6 ft. 
The total height is 28 ft., and height of the frustum 24 ft. 
Find the number of sq. yds. of canvas required to make 
the tent, and its cost at 44d. per sq. yd. 


24. Find the area of each of the sloping surfaces of a 
frustum of a pyramid whose perpendicular height is 6 in., 
and which stands on a square base whose side is 6 in., the 
side of the square top being 1 in. (Oxford Local.) 


25. Three points, 4, #7, and C, on the three edges of a 
cube of wood which meet in O are distant 15, 16, and 
20 In. respectively from O. If the piece OABC be sawn 
off and placed with O uppermost on a horizontal table, 
find the area of the face ABC, and the height of O above 
the table. (Oxford Local.) 
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Sec. IL—Volumes 
[FoRMULZ: 
(1) Volume of pyramid = 4 base x altitude. 


2 
(2) Volume of tetrahedron (edge a) = : ir 


h en 
(3) Volume of frustum of pyramid = 3 (Bt JBB' + B} 
(where 4 = altitude, and B, B’ the bases.)] 


84. Volume of pyramid ae (where # is the base, and 
A the altitude). 3 


The proof of this formula is hard and complicated, but 
the accompanying figure will enable the student to under- 
stand partly how the result is obtained. 


The formula asserts that a pyramid ts one-third of a prism 
wnth the same base and alistute. 


The proof of this depends on the fact that every prism 
can be divided into three equal pyramids. 


Let AVC DFE bea triangular E 
prism. 


First let a plane pass through A FP 
ACD, this will detach a pyra- 
mid 48CD, whose vertex is 4, 
and base SCD. 


Consider this pyramid re- 
moved ; then the remainder is a 
pyramid 4 CDFE, on a quadri- 
lateral base CE FD, and whose & D 
vertex is 7. 

By letting a plane pass through 4CA, this pyramid will 
be divided into two triangular pyramids, with a common 

vertex 4, and whose bases are CDF and C£F respectively. 
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Thus the whole prism can be divided into three pyramids; 
namely, ABCD, ACDF, ACFE. 

These three pyramids can be proved to be all equal.* 

*, volume of pyramid ABCD = } prism. 

= 4 base BCD x altitude 

(since the altitudes of the prism and pyramid are the same). 

When the formula has been proved to hold for a triangular 
pyramid, it can be readily extended to any pyramid; for 
every pyramid can be divided by planes into triangular 
pyramids, as the student will easily see. 


Examples.—(1) Find the weight of a pyramidal spire 72 ft. 


high, on a regular hexayonal base whose side ts § ft., if 1 cubic ft. 
of the stone composing it weighs 161 Ib. 


i ly 
Area of hexayonal base=3*5 .5t= 73% 3 sq. ft. 


/ 
*, volume of pyramid =}. io 3, 72 cubic ft. 


=900 4/3 cubic ft. 
Weight of stone = =g00 4/3 x 161 Ib. 
By working this out, we shall find the weight to the nearest 
pound = 250974 Ib. 
=12 tons 3 qrs. rolb. Answer. 
(2) The base of a square pyramid contains 800 sq. ft., and 
each of the side-edyes is 29 ft. Find the volume. 
We must find the altitude. "o 
Here O7 = 29 ft. 
Area of base = 800 sq. ft. 
*. side of base BC=20 42 ft. 
Diameter = 20 4/2 x 4/2 = 40 ft. 
BP =20 ft. 
Hence altitude OP 
= /OBt - BPt= 4/29% - 20%, 
= 21 ft. B C 
*, volume = 4. 800 x 21 = 5600 sq. ft. Answer. 


* The student will observe that the above is no proof of the formula, 
since the important step in this line is assumed. 
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(3) Find the number of cannon-balls which can be piled on a 
square base with 6 balls in each side. 


Consider the successive /ayers. 
The bottom row contains 6?= 36 shot. 
The next ” ” 57=25 
The third " 47=16 ,, 
The fourth ,, ) = 9 » 
The fifth rs - 24= 4 ,, 
The sixth ‘ 3 I=! ,, 


", total number of shot=g1 Answer. 

This process can be abbreviated. Let #=number of balls in 
each side of the base; then total number of balls is the sum of 
the series ; 1¢ + 2? + 3 \ Se ee | n°. 

Thus number of bally= a (2+1) (27+1). 

Here n=6, .. answer=}.6x7 x 13=91 as before. 

(4) Find the number of cannon-balls which can be piled on a 
trianyular base with 5 balls in each side. 

The bottom row contains 5+4+3+2+1=15 balls, 


The second _,, - 4+3+2+1 =I10 , 
The third i Zt2+1 =6,, 
The fourth __,, s 2+) = 3 5) 
The hfth “ 5 1 =i 4 


", total number of balls = 35 Answer. 


Here again it will be most convenient to use a formula, Let 
a= number of balls in each side of base. 


*, number of balls= 4 #7 (# +1) (+2). 
Here n=5, .. answer=). 576-77 =35 as before. 


The two formulae here used are taken from the summation of 
series in Alyebra. 


Ww 
and 


85. Volume of tetrahedron = ee 
2 


Let OABC be a tetrahedron, every face being an 
equilateral triangle whose side is a. Draw OF perpen- 


THE PYRAMID 1§9 


dicular to the base; then / is the centre of the circle 
circumscribed to AAC. 


° AP= or a = a 
a 2 sin 60° V3 
Altitude OP 


- J OA*- AP? = avi - }. 
= ay. 


And area of base = 





V3.4? 
4 


Cc 


; J/3.a2 a2 
. volume of tetrahedron = 4 . ates Bees 
V3 
Pa 3 $ 
V2. ae: Wl “area 
12 6/2 


86. The tetrahedron is one of the five regular polyhedra, 
on which see appendix to the present book. 


A second is the cudée, and a third is called the vctahadtron, 
E 


whose volume may he 
readily deduced from 
that of a pyramid. 


DEFINITION 15.— 
An octahedron is a 
solid figure contained 
by eight equal and 
equilateral triangles. 


The octahedron may 
be considered the sum 
of two pyramids, whose 
vertices are & and /, 
and whose common 
base is ABCD. Now, 
since all the edges and 
all the solid angles of 
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ee 


the solid are equal, it is clear that 4ASCD 1s equilateral 
and equiangular; Le. it is a square. 


* 





If @=side of octahedron, base = a”. 


andaltitude£G =BG =~. 
V2 


aaa 
: yo J/2.@ 
. volume of octahedron = % x ~= xa* =: 


V2 3 
Examples.—(1) The volume of a tetrahedron is 2§ cubic ft. 
Find its edge to two decimal places of a ft. 
Let a be the edge. 
oS bic ft 
: et cubic ft. 
a= 150 4/2, 
= 212+13195. 
.. extracting the cube root, edge=5-96 ft. Answer. 
(2) The surface of a tetrahedron is twice that of an octa- 
hedron. Compare their volumes. 
Let a, a’ be their edges. 
*. surface of tetrahedron= V3. a’. 
- octahedron = 2 \/3 . a’2; 
*, al= 4a’! and a=2a’, 
Ratio of their volumes = 


8 ie 8a3 a 
a a 
64/2 3 64/2 


87. Volume of /rustsem of pyramid == {B+JV BB + B}. 


Every frustum of a pyramid can be divided by planes 
into three pyramids, the sum of which is the volume of 
the frustum. 
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This can be proved in the case of a bnangett pyramid 
by a figure like that used 
to illustrate the volume. 


In the frustum let the 
base ALC be denoted by 
B, and abe by B. 


First let a plane pass 
through aC, this will de- 
tach a pyramid with base 
AKC and vertex a, whose 


AB 


volume- ~-- 
3 





Suppose this pyramid removed, the remainder is a 
pyramid whose vertex is @, on a quadrilateral base A7Cc4, 

This can be divided into two pyramids a/icb and affCe. 
The former may be considered as on a base adc, and with 


” 


: AB 
vertex #.  .°, its volume ‘ 


, h ; 
The remaining pyramid can be shown -: VB . OF 


course this assumes, as before, the hardest part of the proof, 
but it will serve as an illustration. 


Example.—The sides of the base of the frustum of a tri- 
angular pyramid are 2 ft. 4 in., 2 ft. 1 in., and ft ft. § in., and 
the longest side of the top surface is 4 in. If the altitude 1s 
1 ft. 9 in., find the volume. 


Area of base= 4/33 x 7x 1Qx (8=7 x 10x 3=210 sq. in. 
5 ) 

Now the top surface is similar to the base or bottom surface. 

., top surface ; base :: 4? : 28%. 

72 Tf 49. 
. top surface = 7}, x 210 = 4f sq. in. 
. B=2I10 sy. in, J 52 sq. in., A= 21 in. 
Volume = 41 { 210 + 4/210 x 82 + Bf } a7 [ 210 + 30 + 9 } 
= 1680 + 30 = 1710 cubic in. Answer. 
M 
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EXAMPLES ON THE VOLUME OF THE PYRAMID - 


1. Find the volume of a pyramid whose base is 10 sq. 
poles in area, and whose altitude is 78 yds. 2 ft. 4 in. 


2. Find the volume of a triangular pyramid, the sides of 
the base being 26 ft. 3 in., 22 ft. 9 in., and 24 ft. 6 in., and 
the altitude being 25 ft. 


3. Find the volume of a square pyramid, if side of the 
base is ro ft., and each of the side-edges is 20 ft. 


4. A symmetrical pyramid has a regular pentagon for its 
base, each side being 24 ft. If the altitude is 15 ft., find 
the cubical content of the pyramid to the nearest cubic ft. 


5. In a square pyramid, given altitude = 17 ft. 3 in., and 
diagonal of base = ro ft. 4 1n., tind volume. 


6. In a square pyramid, given that the edge = 5 ft. roin., 
and the distance from vertex to middle point of side of 
base. 4 ft. 2 in., find volume. 


7. Ina square pyramid, given that side of base = 2 ft. gin, 
and the distance from vertex to middle point of side of 
base = 4 ft. 2 in., find the volume. 


8. In a square pyramid, given that volume = 9 cubic ft. 
$32 in., and altitude = 8 in., find (1) area of base, (2) edge, 
(3) distance from vertex to middle point of side of base. 


9. If the volume of a pyramid is 34 cubic yds. 22 ft., and 
the base is 23 sy. yds. 4 ft. 72 in., find the altitude. 


10. The base of a pyramid covers an area of 133}7] 
acres, and the height 1s 480 ft. Find the side of the square, 
and the volume of the pyramid. (Sandhurst.) 


11. If the altitude of a hexagonal pyramid is 8 ft. and 
each side of the base is 6 ft., find the cubical content of 
the pyramid. 

How must a plane be drawn parallel to the base so as to 
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divide the pyramid into two parts whose contents shall be 
equal to one another? 9 (Sandhurst.) 


12. A right pyramid, whose base is a square of 7 1n. the 
side, and whose perpendicular height is 8 in., is cut into 
two parts by a plane parallel to the base, and 6 in. from it. 
Find the volume of the two parts, and their total surface. 
(SandhAurst.) 


13. Find the volume of a tetrahedron whose surface is 
50 sq. in. Given log 2 =.30103, log 3 - .47712, log 18279 
= 4.26195. 

14. Find the volume of an octahedron whose edge is 
3 In., to three places of decimals. 


15. A square pyramid has all its edges equal, and also 
equal to thuse of a tetrahedron. Show that the volume of 
the pyramid is double that of the tetrahedron. 


16, Find the volume of an octahedron whose surface is 
36 sq. in. Given log 2 =.30103, log 3 =.47712, log 15793 
= 4.19546. 

17. Find the volume of an octahedron whose surface is 
8 times that of a tetrahedron whose edge is 2 ft. 6 in, 
Answer to two decimal places of a cubic ft. 


18, If the edges of a tetrahedron and an octahedron 
are equal, the octahedron is 4 times as large as the 
tetrahedron. 


19. Find the volume of the frustum of a triangular 
pyramid, if the altitude of frustum is 2 ft. 6 in., the sides 
of base 25 in., 424 in., and 524 in., and smallest side of 
upper surface 10 in. 


20. Find the volume of the frustum of a pyramid whose 
bases are 42 sq. ft. and 168 sq. ft., and altitude 20 ft. 


21. Find the volume of the frustum of a square pyramid, 
if the side of the base is 18 ft, of the top surface 11 ft., 
and each of the slant edges is 12} ft. Answer correct 
to a ft. 
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22. The ends of the frustum of a pyramid are rectangles 
whose areas are in the proportion of 4 to 9. The sides of 
the bottom rectangle are 8 yds. and 7 yds., and the altitude 
is 16 yds. Find the volume. 


23. The sides of the ends of the frustum of a tetrahedron 
are 4 in. and 1 in. respectively. Find the altitude and the 
volume of the frustum, each to three decimal places. 


24. Find the weight of the frustum of a square stone 
pyramid, the sides of whose ends are 7 ft. 3 in. and 5 ft. gin., 
and whose altitude is 5 ft. 4 in., if the stone weighs 39 cwt. 
3 yrs. 3 Ib. per cubic yd. 


25. ‘The side of a tetrahedron is r2 ft. Find correct to 
a shilling the cost of the stone composing it, at #1 35. 4d. 
per ton, if every cubic ft. weighs 14 cwt. 


26. Find the weight of the stone in a church-spire on a 
square base, if the side of the base is 8 ft., and the height 
is 50 ft., given that 1000 02, of stone contain 3 cubic ft. 


27. A pyramidal spire on a square base of 128 sq. yds. 
is to be placed on a church-tower. If the tower will stand 
a weight of 2880 tons, and 1 cubic ft. of stone weighs 
160 lb., find the greatest possible height to which the spire 
may be carried. 


28. A pyramidal spire 84 ft. high, on a square base, is 
made of stone, the total weight of which is 14364 tons. 
Find the cost of covering it with lead at 25. 74¢. the sq. yd., 
given that a cubic ft. of stone weighs 170 Ib. 


29. The great pyramid of Egypt was 481 ft. in height 
when complete, and its base was 764 ft. in length. Find the 
volume to the nearest number of cubic yds. (Sandhurst) 


30. Cleopatra's Needle consists approximately of a 
frustum of a pyramid sarmounted by a smaller pyramid. 
If the lower base was 74 ft. square, and the upper one 
44 ft. square, the height of the frustum being 61 ft, and 
of the upper pyramid 74 ft., find its cubical content and 
weight, if x cubic ft. weighs 170 Ib. (Sandhurst) 
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31. A cup is in shape an inverted frustum of a hexagonal 
pyramid, the sides of whose bases (internal dimensions) are 
24 in. and 1g in. If 14 pints of water poured into the cup 
fills ¢ of it, find the depth of the cup, exact to ,'g of an in. 


32. The upper part of a funnel is the inverted frustum 
of a square pyramid, If the sides of the top and bottom 
squares are 4 in. and } in. respectively, and the height is 
gin., find the number of pints it contains, if 1 pint contains 
34.66 cubic in. Answer to 449 of a pint. 


33. Find the number of cannon-balls that can be arranged 
.in a pyramidal heap on a square base, there being ro balls 
in the side of the lowest layer. If the diameter of a ball 
is 6 in., find the size of a pyramidal box that will just cover 
them (V/2={, V3= 4%). (Sandhurst) 


34- Find the number of cannon-balls in a pile on a tri- 
angular base containing 7 balls in each side. 


35. Find the number of cannon-balls in a pile on a square 
base containing 12 balls in a side. 


36. How many more balls can be piled on a square base 
than on a triangular base, the number of rows in each 
being 15? 

37. Find the number of cannon-balls in an incomplete 
triangular pile, whose top layer has 7 balls in a side, and 
bottom layer 15 balls in a side. 

38. Find the number of cannon-balls in a frustum of a 

“square pile, whose top and bottom surlaces have 14 and 20 
balls in their sides respectively. 
__ 39. Find the number of cannon-balls in a triangular pile, 
If the bottom layer contains 45 balls in all. 


40. If the number of cannon-balls in a tnangular pile is 
to the number of cannon-balls in a square pile with the 
same number of rows as 14: 25, find the number of rows, 


CHAPTER V.—THE CYLINDER 


Section L 
[ForMULEz: 


(1) Lateral surface of eylinder 
= circumference of base x altitude. 


(2) Lateral surface of frustum of cylinder 
= circumference of base x A+h, 
2 
(where 4,, 4, are the longest and shortest edges. )] 


88. DEFINITION 16.—“A cylinder is a solid figure de- 
scribed by the revolution of a right-angled parallelogram 
about one of its sides which remains fixed.” 


“The axis of a cylinder is the fixed straight line about 
which the parallelogram revolves.” 


“The bases of a cylinder are the circles described by the 
two revolving opposite sides of the parallelogram.” (Euclid, 
xi. def. 21-23.) 

For example, suppose the side Of of the rectangle 
OAAFF to remain fixed, and the 
side AF to revolve round it. 

Then 4/7, as it revolves, traces 4 : O 
out the surface of a cylinder. 

A and # trace out equal circles, 
which are called the éases, and 
OP is called the axts. The axts is 
clearly coincident with the length, 
which is the same as the altitude. 

The cylinder is a common 


figure in practice. <A ruler, a & : ‘ | 
stone roller, a round tower, are 
familiar examples. 
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89. The student who has learnt the use of the term 
‘locus’ can form another conception of a cylinder. A 
cylinder is the locus of a straight line which moves parallel 
to a fixed straight line, and at a fixed distance from it. Or 
we may call it the locus of a point whose perpendicular 
distance from a fixed straight line is always the same. 


go. We have defined a cylinder in the only sense in: 
which we shall use the term. But it is necessary to observe 
that mathematicians use the term in a far wider sense. Our 
definition is really that of a réght circular cylinder. 

It is called right because its axis is perpendicular to its base, 

It is called circular because its bases are circles. 

But there are cylinders whose axes are inclined to their 
respective bases at an oblique angle, and also cylinders 
whose bases are other curves than a circle. 

Extended Definition of a Cylinder.—A cylinder is the 
solid contained by a straight line which always moves parallel 
to itself, and passes through some point on a given curve. 


We shall not refer to this extended definition again. 


gt. Connection between prism and cylinder, 


Let ABCD be acylinder. In each of the bases inscribe 
a regular polygon of the same 
number of sides, and join the Vue Y 
corresponding angular points. 4 B 
Then we have a regular polygonal \ Z 
prism inscribed in the cylinder. 

By increasing the number of 
sides, each of the bases of the 
prism can be made to differ by as 
little as we please from the bases 
of the cylinder. (See Art. 34.) 

It follows that the prism, if we 
increase its number of side-faces, 


can be made to differ by as little ¢ oe “Ap 
as we please from the cylinder, 
both in surface and volume. 
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Hence the cylinder may be regarded the limit of a prism, 
and all its properties deduced from it. 


g2. Surface of a cylinder. 


The surface of a cylinder consists of two parts; 1.e. the 
bases, which are plane circles, and the curved surface of 
the sides, which is called the /a/cral surface. 


If we cut a rectangle out of paper, and bend round two 
sides so as to meet, we shall practically have a cylinder. 
This will show that the lateral surface of a cylinder may be 
conceived as unrolled and laid flat, when it will form a 
rectangle, of which the length 1s the circumference of the 
base, and the breadth the altitude of the cylinder. 


Hence, if 4 be the altitude, and r the radius of the base, 
Lateral surface of cylinder = ark, 
If the zAole exterior surface is required, we must add 
the ends, each of which is a circle with radius ». 
., total surface of cylinder = 2774 4+ 277° = arr (h +71). 


93. Frustum of cylinder. 


_Drrintrion 17.—A frustum of a cylinder is that part 
cut off by a plane not parallel to its base. 


For instance, the figure shows the frustum of a cylinder 
cut by a plane whose section with the 


lateral surface is a curve CGDH. If A 
the cutting-plane were parallel to the K 
base, its section with the lateral surface C 
would be a circle equal to the base. ~ 
Hence a cylinder will be cut, by a 
plane parallel to the base, into two , ; 
cylinders with equal bases, and differing ” : 
only in height. The student should 

A in es. B 


compare this with the parallel case of 
the prism. 
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When the cutting-plane is not parallel with the base, its 
section with the lateral surface is not a circle at all, but a 
curve called an ellipse. 


94. Lateral surface of frustum of cytinter, 


Let C and D be the highest and lowest points where the 
cutting-plane meets the lateral surface of the cylinder, ‘Then 
BD and AAC may be called the fomgest and shortest edges. 
Let them be 4, and /,. 


Let & be the point where the cutting-plane meets the 
axis of the cylinder. Through & draw a plane GA// 
parallel to the base. This will cut off from the top of the 
frustum a slice GHAD which will exactly fit on to the 
other side, completing a cylinder whose altitude is “7 


Thus the frustun=a cylinder with base -// and. alti- 
tude £/.- 


Now EF=} (AC+BD)=""* fy 


h +h 
lateral surface of frustum = 277 ¥ ae a 
2 


= TP (4, + h,). 


Examples.—(1) Find the cost of plastering inside, at 15. 24. 
es sq. yd., the walls of a round tower, whose extreme (internal) 
readth is 12 ft., to the height of 30 ft. 
Area of walls) = = circumference x height. 
= 12" x 30 sq. ft. = 4o7m sq. yds. 
*, cost of plastering = 14 x 40d. x 4A = 44 x 4o» 17604. 
=f7 6s. 8d. Answer. 
(Notice that, as the circumference is the perimeter of the 
tower, we have oncc more the formula: 
Area of walls = perimeter x height.) 
(2) A garden-roller is 2 ft. 11 in. in diameter, and 3 ft. long. 
How many times will it turn round in rolling 4 acres of Jand? 


Each time the roller turns round it will roll a piece of ground 
exactly equal in area to its lateral surface. 
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Lateral surface of roller = 35” x 36 sq. in. 
5 1 
2% oo 
= 4b, . 38. oy 84: ft 


= 55 sq. ft, 2 ‘ 
Number of sq. ft. in 4 acres=4 x 4840 x 9. 
*, number of times roller will turn round 


88 ‘ 
= 4 x yBya x 9 x gy 70336. Answer. 


(We can only rely on the correctness of three figures in the 
answer. If we calculate more exactly we shall find the number 
of times = 6338-5, &c. This example well illustrates the assertion 
made above, that a cylinder, if ##rod/ed, becomes a rectangle.) 


(3) Find the lateral surface of the frustum of a cylinder 
whose lonyest and shortest edges are 3 ft. 7 in. and 2 ft. § in., 
and the diameter of whose base is 4 ft. Answer correct to 


a sq. in. Peles 
Here /, = 3 ft. 7 in., Ay=2 ft. in, 2, ee ft. 
., lateral surface = 3 x q7 sq. ft. 
= 12m sq. ft. 


The number of sq. in. in the answer will obviously be greater 
than 1000, so that, to insure the answer being correct to a sq. in., 
we shall have to take w= 3-1416. 


*, lateral surface = 37-6992 sq. ft. 
“e= 37 sq. ft. 100-7 sq. in. 
., surface correct to a sq. in. = 37 sq. ft. ror sq. in. 
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EXAMPLES ON THE CYLINDER 
(LENGTHS AND SURFACES) 


(N.B.—wx, except where otherwise stated, = 4%. When this value is 
given for w, it must be noticed that the answers are often given 
exactly, though really only approximately correct.) 


1. Find the lateral surface of a cylinder whose altitude 
is 5 ft. 10 in., and the radius of whose base is 2 ft. 3 in. 


2. Find the whole surface of a cylinder whose altitude is 
8 ft., and diameter of whose base is 4 ft. 6 in. 


3. Find the curved surface of a cylinder 10.438 in. long, 
if the circumference of the base is 8.295 in. 


4. The base of a cylinder is 38} sq. ft. in area, and the 
axis is 15 ft. Find the total surface. 


5. The curved surface of a cylinder is r005$ sq. ft., and 
the whole surface is 1408 sq. ft. Find the length. 


6. The curved surface of a cylinder, whose altitude is 
25 ft., is 2200 sy. ft. Find the whole surface. 


7. The curved surface = 26! sq. ft, and the altitude 
=4 ft. gin. Find the radius of the base. 


8. The whole surface = 94% sq. ft., and the diameter of 
the base = 4 ft. Find the altitude. 


9. The curved surface = 100 sq. ft., and the radius of the 
base=5 ft. Find the length. 


1o. A cylinder is formed by the revolution of a rectangle, 
whose sides are 3 in. and 5 in. round its shortest side. 
Find its lateral surface. What would be the lateral surface 
if the rectangle revolved round the longer side ? 
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11. If the altitude of a cylinder = radius of base, the 
lateral surface = 4 whole surface. 

For instance, if the lateral surface= 136 sq. ft. 128 in., 
find the diameter of base. 


12. Find the whole amount of surface on a hollow 
cylinder whose height is 1 ft., and whose internal and 
external] radi of base are 4 in. and 6 in. (Sandhurst.) 


13. Find the lateral surface of the frustum of a cylinder 
whose longest and shortest edges are 7 in. and 5 in., and 
the diameter of whose base is 4 in. 


14. Find the lateral surface of the frustum of a cylinder, 
if the radius of the base is 15 yds. 1 ft, and the sum of 
the longest and shortest edges is 32 yds. 14 ft. 


15. The lateral surface of the frustum of a cylinder is 
' 238 sq. ft., and the longest and shortest edges are 11 ft. 5 in. 
and 5 ft. 7 in. Find the area of the base. 


16. The diameter of the base of a cylinder is 6 ft. Find 
the length of a piece cut off by a plane parallel to the base 
whose lateral surface =: that of the frustum of a cylinder on 
a base with a diameter three times as large, and the longest 
and shortest edges of which are 3 ft. 4 in. and 4 ft. 8 in. 


17. A garden-roller, 3 ft. 6 in. in diameter, and 3 ft. 8 in. 
long, makes 1o revolutions in passing from one end of a 
lawn to another. Find the area rolled in 14 journeys up 
and 13 journeys down. 


18. Find the interior surface of a circular well 42 yds. 
deep and 3 ft. 8 in. broad at the mouth. 


19. Find the cost of painting the walls of a circular 
tower at 25. 4d. per sq. yd., if the diameter is 4 yds. and 
the height 60 ft. 

2o. If the breadth of a circular room is 16 ft., and the 


cost of painting the walls at 2s. 744. the sq. yd. comes to 
46 125., find the height. 
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21. A garden-roller 2 ft. 11 in. in diameter, and 4 ft. 7 in. 
wide, is drawn across a lawn 5 chains by 2} chains at the 
rate of 8 revolutions a minute. Find the time it will take 
to roll the whole lawn. 


22. Find the number of sq. yds. of sheet-iron required 
to make 252 yds. of piping with a diameter of 8 in. 


23. Find the number of sq. in. of glass in a cylindrical 
glass tumbler 4 in. deep and 2$ in. broad. (m= 3.1416.) 


24. Find the exterior surface of a round tower with a flat 
roof 70 ft. high and ro yds. in external diameter, and the 
cost of plastering the whole at rife. per sy. ft. Answer 
correct to a sq. yd. 


25. Find the number of sq. ft. of paint on rooo circular 
pencils, each 6 in. long and ,'; in. broad. (7 = 3.1416.) 
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Section IL—Volumes 
[FoRMULe: 


(1) Volume of cylinder = base x altitude. 


(2) Volume of frustum of cylinder = base x nik Os 


95. Volume of oflinder=rr*h (where 4 = altitude, r= 
radius of base). 


The reason for this formula will be readily understood by 
the student who has grasped the fact that the cylinder is 
the limit of a regular polygonal prism, when the number of 
side-faces is indefinitely increased. 


For the volume of prism -- base x altitude, and the base of 
the prism ultimately coincides with the base of the cylinder. 


.. volume of cylinder = base x altitude. 


Examples.—The practical applications of the cylinder are 
more numerous than those of any other solid tigure excepting, 
erhaps, the parallelepiped. It will be necessary only to furnis 
illustrations of a few of them. The three following examples 

are taken from Sandhurst papers. 


(1) If 30 cubic in. of gunpowder weigh 15 Ib., what weight of 
gunpowder will be required to fill a cylinder of 8 in. internal 
diameter, and with a length of 23 ft. ? 


Volume of cylinder=-r . 4°. 30 cubic in. 


rw. 16. 30 


*, number of lbs. of gunpowder=— - 30. = 16x, 


If we take r= 42 we obtain 
weight of gunpowder= §0 lb. 4 oz. Answer. 


This result is correct to an ounce. 


(2) Water is poured into a cylindrical reservoir, 20 ft. in 
diameter, at the rate of 400 gallons a minute. Assuming a 
gallon of water to measure 277} cubic in., find the rate at which 
the surface of the water rises in the reservoir. (Sandhurst) — 
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Amount of water poured in each minute = 400 gallons. 
Volume Pe i == 400 x 277} cubic in, 
Also surface of reservoir=x . 107= 1000” sq. ft. 

= 14400 sq. in. 


The water poured in will take the form of a cylinder, of 
which we have to find the ad/fuide. 


.. number of in. that water rises every minute 
400 X 277} _ t10go0 _ 1109 
Ipjcor 144307 1440 


u 


If we take r= %, 


4 
. 


.. numnber of in. = $443 = 2-45 in. per minute. Answer. 


(3) How many cubic in. of iron are there in a yarden-roller 
which is half an inch thick, with an outer circumference of 
$34 feet, and a width of 34 ft.? (w= 4.) 


The roller is in shape a Aodlow cylinder, and its volume is 
found by subtracting from what would be its volume if solid 
throughout, the volume of the unoccupied space within, which 
is also a cylinder. 

Outer circumference (2x7) =4) ft. 

", outer radius= 3) x J, = 7 ft.= 10} in. 
*, inner radius = to! - d= 10 in. 
Volume of iron = {w (10})?- 9. 10%} 42 cubic in. 
= 2m.) 2ol=42. 47.4. 4) = 33% 41, 
=1353 cubic in. Answer. 


This principle of the Audlow cylinder is of great use. 


96. Volume of frustum of cylinder = 


ar? eas (where 4,, A, are the 


longest and shortest edges). 


For it has been proved that the 
frustum =a cylinder whose base is 4S, 
and whose altitude = £/, 


.. volume of frustum = base x ZF: 


w= rr? (==), 
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Example.—(1) Find the weight in Ibs. of a marble column, 
in shape a frustum of a cylinder, whose longest and shortest 
edges are 12 ft. g in. and 11 ft. 1 in., and whose radius of base 
is 1 ft. 3 in, if 1 cubic ft. of marble weighs 2716 oz. 


12 
Volume of marble = —~ 


= 443 th oor, 
*, weight of marble =4\42. $3. 9. #7) Ib. 
If we take r= 4, weight =J,t)) . #3. =. “748 Ib, 
3814525 
384 
If we take += 3-1416, we shall find the exact number of lbs. 
to be 9930. 


ear _ r(Q)® cubic ft. 


This reduces to = 9934 lb. to nearest Ib. Answer. 
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EXAMPLES ON THE VOLUME OF THE 
CYLINDER 


1. Find the volume of a cylinder, if the altitude is 8 ft. 
5 in., and diameter of base 5 ft. 10 In. 


2. Find the volume of a cylinder, if the axis is 30 yds. long, 
and 12 yds. distant from every point of the curved surface. 


3. Given the volume of a cylinder = 114 cubic yds. 2 ft., 
and the diameter of base = 14 ft., find the altitude. 


4. If the volume of a cylinder is 23 cubic yds. 4 ft. ro8oe in, 
and the radius of base tis 9 {t., find the lateral surface. 


5. If the total surface of a cylinder is 17,600 sq. in., and 
the height =. 3 times the diameter of base, find the volume. 


6. Find the volume ot a frustum of a cylinder whose 
longest and shortest edyes are 4 ft. 2 1n. and 3 ft. ro in, 
and the diameter of whose base 1s 3 ft. (a= 3.1416.) 
Answer to four decimal places of a cubic ft. 


7. The volume of the frustum of a cylinder is 56 cubic 
ft. 32 in., and the part of the axis intercepted is 6 ft. 5 in. 
Find the diameter of the base. 

8. A rectangle 2 ft. 5 in. long, and 1 ft. 8 in. broad, is 
thade to revolve round its shorter cnd. Find the volume 
of the cylinder it traces out. 

9. Find the number of cubic ft. of air in a circular room 
8 ft. 6 in. high, whose extreme breadth is 3 yds. 


10. Find to the nearest lb. the weight of a solid round 
bar of iron 3 ft. long, and 2} in. in extreme thickness, if 1 
cubic in. of iron weighs 44 02z. 


11. Ten cubic ft. of brass are drawn out into wire yy in. 
in diameter. Find the length of the wire to the nearest yd. 


(@ = 3.1416.) 
N 
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12. Fourteen pounds’ weight of iron is drawn out into 
wire y', in. in diameter. Find its length in inches to the 
nearest inch, if a cubic in. of iron weighs 44 oz. (7 = 3.1416.) 


13. A row of 8 round pillars (diameter = 15 in.) are cut 
off at the top by a sloping roof, which meets them at 18 ft. 
3 in. from the ground, and leaves them again at 21 ft. 6 in. 
from the ground. Find the weight of the pillars, if 6 cubic 
ft. of the stone of which they are composed weigh 1000 Ib.; 
and their cost at 15§@. per cwt. 


14. The top part of a round wooden table contains 
4 cubic ft. 480 cubic in.; the thickness is 3 in. Find the 
cost of polishing its top surface at 44d. per 100 sq. in. 


15. The diameter of a well is 3 ft. 9 in. Find how many 
gallons of water are in it, 1f the well is 10 ft. deep. 


16. The diameter of a well is 3 ft. ro in. How many 
times must a cylindrical bucket 1 ft. deep, and 74 in. in 
diameter, be drawn up full, so that the surface of the water 
may be lowered 18 in? 


17. The diameter of a well is 3 ft. 6 in., and its depth is 
54 ft. Find the cost of excavation at 15@. per cubic yd. 


18. The diameter of a cylindrical reservoir is 120 ft. 
How many gallons of water must be pumped out per hour, 
so as to lower the surface 6 in. in 12 hours? 


19. What weight of water is there in 14 miles’ length of 
cylindrical pipe whose inner diameter Is 7 1n.? 


20. A circular measure is 21 in. In diameter, and holds 
24 bushels of seed. Find its depth, if 1 gallon contains 
277% cubic in. 


21. A cylindrical pipe 14 ft. long contains 396 cubic ft. 
Find its diameter, and the cost of gilding its surtace at g§dd. 
per sy tt. (Sandhurst) 


22. A right cylinder, open at the top, with a diameter of 
24 in., weighs 167.5 lb. When filled with water it weighs 
2131 lb. Find the height of the cylinder, it being given 
that a cubic ft. of water weighs 62.5 Ib. (Saadhurst.) 


THE CYLINDER 179 


23. A round wax candle is ? in. in diameter, and § in. 
long. If 1 cubic ft. of wax weigh 65 Ib., tind how many of 
these candles go to the pound. 


24. A wax candle 8 in. long, and whose diameter is 1 in., 
is cut into two unequal pieces, the extreme Jenuth of one 
being 6 in., and of the other 44 in. Find the weight of 
each part, wax weighing as before. 


25. Find how many hundred gallons flow in 5 hours 
through a pipe, whose diameter 1s 3 1n., at the rate of 104 
miles an hour. 


26. 100.000 gallons of water flow in 5 hours through a 
pipe 4.in. in diameter. Find in miles the velocity per hour 
of the issuing water. 

27. Water is poured into a cylindrical reservoir, 24 ft. in 
diameter, at the rate of 25 gallons per minute. Find the 
rate at which the surface of the water rises in the reservotr, 


28. Water flows in at the rate of 8 miles an hour through 
a cylindacal pipe a ft. in diameter into a cylindrical reser- 
voir, the diameter of which is 1go ft. Calculate the time 
in which the surface of the water will be raised fin. 


2y, A shilling, containing 22 parts out of 2.4 pure silver, 


may be considered fin. broad and Join. thick. Find the 
value of a round bar of silver 4 ft. long and 3) in. thick. 


30. A round tin canister holds 7 Ib. of a substance, 
ry, cubic tn, of which po to the oz The beight of the 
canister is 1 ft. Find its exterior lateral surface, neglecting 
the thickness of the tin. 

3r. A round canister full of gunpowder weighs 34 Ib. 
Its total height is Soin, and exterior diameter of base 
44in. It 1 lb. of powder occupies 32 cubic in., and the 
uniform thickness of the material of which the canister 1s 
made 1s }in., find to the nearest oz. the weight o1 1 cubic ft 
of this material. 

32. The greater diameter of a hollow iron roller is 


1 ft. 9 in., the thickness of the metal 14 in., and the length 
of the roller 5 ft. Supposing a cubic ft. of cast iron to 


4 
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weigh 464 lb., what would the roller cost at 16s. per cwt.? 
and how many times would it turn round in rolling 5 acres 
of land? (7r=3.1416.) (Sandhurst) 


33. Find the weight to the nearest lb. of a hollow iron 
garden-roller, if the extreme diameter is 23 in., thickness of 
iron 4 in., and width of roller 30 in., 450 1b. of iron going 
to 1 cubic foot. 


34. Find the weight of a hollow iron tube, if the diameter 
of outer surface is 4 in., thickness of iron } in., and length 
6 ft., if 240 cubic in. of iron = 1 cubic ft. of water in weight. 


35. What is the weight of a cylinder formed of sheet 
iron 4 in. thick, with an outer circumference of ro ft. 7# in., 
and a width of 3 ft. 6 in.? 240 cubic in. of iron weigh 
1000 oz. avoirdupois. (Sandhurst) 


36. Find the cost of the stone in a round tower 8o ft. 
high, the external and internal diameters of which are 
34 ft. and 20 ft., if 1 cubic ft. of stone costs 2s. 


37. Find the amount of wood used in making 4000 lead 
pencils, each js In. in diameter and 6 in. long, if the 
diameter of the lead in each is ,)5 In. 

38. Find the cost of the bricks for making a well, at 
21s. per thousand, if the inner diameter of the well is 
4 ft. 9 in, thickness of bricks 4} 1n., and depth of well 
45 ft., the dimensions of each brick being 9 1in., 4} in, 
and 3 in. 

39. A well 5 ft. in diameter and 30 ft. deep is to have a 
lining of bricks, fitting close together without mortar, 9 in. 
thick. Required approximately in tons the weight of the 
bricks, supposing a brick 9 x 4} x 3 in. to weigh 5 lb. 
( Sandhurst.) 

40. The outer wall of a circular stone tower 108 ft. high 
is 3 ft. thick, and the inner diameter is 8 ft, a winding 
stone staircase is exactly built round a central column 1 ft. 
in diameter, each step has for its top surface part of the 
sector of a circle, with a bounding arc of 6 ft. Both the 
column and the steps are of stone. Find the number of 
cubic yds. of stone in the tower. 


CHAPTER VI.—THE CONE 


Section L 
[FoRMULE : 
(1) Lateral surface of cone = 4 circumference of hase « 
slant side (777). 
(z) Lateral surface of /rustum of cone= 4 sum of cir- 
cumferences of bases x slant side (7 (7, +7,)/).] 


97. DEFINITION 18.—“A cone is a solid figure described 
by the revolution of a right-angled triangle about one of the 
sides containing the right angle, which remains fixed.” 


“If the fixed side be equal to the other side containing 
the right angle, the cone is called a right-angled cone; if it 
be less than the other side, an obtuse-angled cone; and if 
greater, an acute-angled cone.” 

* The axis of a cone is the fixed straight line about which 
the triangle revolves.” 

“The base of a cone is the circle described by that side 
containing the right angle which revolves.” (Muclid, xi. 
defs. 18-20.) 

For example, let 4.8C be a right-angled ne having 
a right angle at 4. Suppose AC to 
remain fixed, and the triangle to 
revolve round it. Then the side 4C, 
as it revolves, traces out the surface l 
of a cone. 

BC is called the axis ; and A 
describes a circle which is called the , D 
base. i ee 

Also C is called the zerfex ; and any straight line drawn 
from the vertex to any point in the circumference of the 
base is called the s/ant side, It is obvious that all such 
straight lines are equal. 
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The altitude is obviously coincident with the axis. 
If 4 be the altitude, / the slant side, and 7 the radius of 
the base, then [2 = fla. 


The ordinary extinguisher-shape will serve as an illustra- 
tion of a cone. Barrows and spires are often conical. 


98. Vertical angele. 

The division of cones into acute-angled, nght-angled, 
and obtuse-angled is according to the vertical angle. 

Let a plane pass through C the vertex, and AD the 
diameter of the base of any cone. Then ACD is called 
the vertical angle. 


C 





Since the triangles 4 BC, DAC are equal, it is clear that 
/C bisects the vertical angle. 

(i) If AB < BC, ©. angle ACH < angle BAC. 

*, angle ACB is < 45°. 
*, the vertical angle is < go°, and the cone is acute-angled, 

(ii) If dAB= BC, .. angle ACB = angle BAC. 
*, each angle = 45°. 

*, the vertical angle = go’, and the cone ts right-angled, 


THE CONE 183 


(iti) If AB > BC, then angle ACH > angle LAC. 
.. angle ACB > 45°. 
., the vertical angle is > 90°, and the cone is obfuse-angled. 


99. A cone may also be considered as the locus of a 
straight line which always passes through a given point (the 
vertex), and always is inclined at a fixed angle to a fixed 
straight line (the axis). 


100. We have defined a cone in the only sense in which 
we shall use the word. But mathematicians use the word 
in a far wider sense. Our definition is really that of a right 
circular cone. 


It is called right because its axis is perpendicular to its 
base, and circu/ar because its base is a circle. But there 
are cones whose axes are not perpendicular to their bases, 
and cones whose bases are other curves than a circle. 


Extended Definition of a Cone.—A cone is the solid 
contained by a straight line which always passes through a 
fixed point, and some point on a fixed curve. 


It 1s of course necessary that the fixed point should not 
be in the same plane as the curve. 


ro1. Connection between the pyramid and the cone. 


In the base of a cone 
inscribe a regular polygon, 
and join each of its angular 
points to the vertex O. 
Then we have a symmetrical 
pyramid inscribed in the 
cone. 


By increasing the number 
of sides we can make the 
polygon which is the base 
of the pyramid differ by as 
little as we please from the 
base of the cone. 


O 
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.. by increasing the number of side-faces we can make 
the pyramid differ by as little as we please from the cone, 
both in surface and in volume. 


Therefore the cone may be considered the limit of a 
symmetrical pyramid, and all its properties deduced 
from it. 


We may observe that 
Cylinder : prism : : cone : pyramid. 


102. Surface of a cone. 


The surface of a cone consists of the base, which is a 
plane circle, and the curved surface, which is called the 
lateral surface. 


Let AKC be the sector of acircle. If we cut it out of 
4 paper, and bend it round so that 

AB and AC meet, we shall prac- 

tically have a cone. This will show 

that the lateral surface of a cone 

may be considered as equal to the 

sector of a circle, of which the 

radius 48 represents the slant side, 

and the arc SC the circumference of the base. 


But area of sector= 4 arc BC x AB. (Art. 39.) 
’, area of lateral surface of cone 
= 1 citcumference of base x slant side. 
ux 3rd, 
If the whole exterior surface be required, we must add 
on the base, which ts a circle with radius ¢. 
., total surface of cone = rr/+ rr?, 
=ar (+r). 
103. Fraustum of a cone. 


DEFINITION 19.—A frustum of a cone is that part cut 
off between the base and a plane parallel to it. 
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For instance, let the cone 48CD be cut by a plane 
EFG parallel to the base. The cone is divided into two 
parts, of which the upper 
part AEZFG is a smaller 
cone, and the lower part 
EFGACD a frustum of a 
cone. 


It is plain that the section 
of the plane with the cone 
will be a circle. The circles 
EFG, BCD are called the 
ends of the frustum; KA, 
the line joining their centres, 
the altitude; and any straight 
line £& the slant side. 


If the plane EFG were 
not parallel to the base, we should obtain a more com- 
plicated figure, to which the name frustum of a cone might 
be given; but it is better to restrict the name, as in the 
case of the frustum of a pyramid. ‘The student will observe 
that in the frusta of the pyramid and cone the cutting 
plane is parallel to the base, while in the frusta of the 
prism and cylinder it is not parallel. 


>] 





104. Lateral surface of frustum of cone. 


Let ABC, ADE be two concentric sectors, If we cut 
A them out of paper, and bend them 
round so that 4D) and AZ meet, we 
shall have a cone, of which BDEC 
B will represent a frustum. Thus the 
D surface of the frustum may be con- 
£ sidered equal to BDEC, BD being 
the séant side, and BC, DE the cir- 
cumference of the two ends. 


Now area BDEC = sector 4 DE — sector ABC. 
= {AD - AB} 6=} (AD-AB) (AD. 0+AB. 6), 
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ete oem merece 


But 4D x O=arc DE, and ABx G=arc BC. (Art. 36.) 
.. area BDEC = _ x (arc DE +arc BC). 
*. lateral surface of frustum of cone 


= 4 slant side x sum of circumference of bases. 
If v, and 7, are the radii of the two bases, 
Lateral surface = : (207, + 277,) =e (7, +7,). 
2 


Whole surface of frustum of cone 
=lr (r,47,) +772 4+ rr. 
=m {r, (/+r,) +7, (/+)}. 

Examples.—(1) Find the whole surface of a cone whose alti- 
tude=2 ft., and diameter of base=7 ft.6in. (w=3-1416.) 

We must first find the slant side (/), 

Pah? + r?=24°+ 45? sq. in. =2601 sq. in. 
.. 7=5§1 in, 
., total surface=r (7+ 7) = x 45 x (51445). 
=m. 45x96 sq. in. 
= 307 sq. ft. 
=94°248 sq. ft. 
=Q4 sq. ft. 36in. Answer. 

(2) Find the cost of the canvas for 500 conical tents, the 
vertical angle of each being 60°, and the radius of the base of 
each being 2 yds., at 5¢. per sq. yd. (7 =3-1416.) 

Let the figure be a vertical section of one of the tents. 

*, angle dAOL=60°. O 
*, angle 4OC= 30°. 
., d= OA =2AC=4 yds. 

Lateral surface of one tent = rr/, 

=wx2x4=8m sq. yds. 
. cost of canvas for 1 tent = 4ord. 
» for 500 tents = 20,0007d. 
= 628322. A > B 
=/261 165. Answer. 
(It is often convenient to draw a secéion of the figure only.) 
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(3) A steeple is 70 ft. high, and its slant side is 74 ft. Find 
approximately the cost of covering it with lead at 2s. 4c. per sy. ft. 
We must first find the radius of the base (»). 
ria [2 - fh? =74*-7o°8=4x 144. 
°, weg fe. 
Surface of steeple=17/=7 . 24x 74 sq. ft. 
.. cost of lead=m. 24% 74x fs. 


22 8 ¥ 6 
= "ox pax 74x /=170« 745, 

5 4% 74 3 70 X 74: 
=130245.= 651 4s. Answer. 


(4) The two parallel sides of a trapezium are 2 ft. r1 in. 
and 3 ft. 8 in. The 
trapezium is made to 
revolve round its third 
side, 3 ft. 4 in. in 
length, which remains 
fixed. Find the lateral 
surface of the resulting 
solid. 


aoe figure will be 
ee ae ae 
being the radii of the two ends, and the third side the altitude. 
We must find the slant side. 
BD = 9* + 40° = 1681. ., BY=4 in, 
Lateral surface =/* (7+ 7.). 
= 418 (35 +44) =41 x 797. 
= 3239" sq. in. 
If we take r= 4, we obtain the result: 
10180 sq. in. =7 sq. ft. 100 sq. in. 


Ueaain. 





This result is about 4 sq. in. greater than the exact result. 
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EXAMPLES ON THE CONE 


(LENGTHS AND SURFACES) 


1, The slant side of a cone is 4 ft. 10} in., and the 
diameter of the base is 3 ft. g in. Find the altitude. 


2. If the length of the axis of a cone is 4 yds., and the 
slant side is 4 yds. 6 in., find the area of the base. 


3. If the vertical angle of a cone is 60°, and the slant 
side 20 ft., find the area of base. (m= 3.1416.) 


4. If the vertical angle is 49°23’, and the slant side 3 ft., 
find the altitude in ft. and decimal of a ft. (7 = 3.1416, 
COS 24°41'30” = .9086.) 


5. If the vertical angle is 45°, and the altitude 3 ft. 4 in, 
find the diameter of the base in ft. and decimal of a ft. 


6. Find the lateral surface of a cone whose slant side is 
3 ft. 10 in., and diameter of base 7 ft. 5 in. 


7. Find the whole surface of a cone whose altitude is 
5 ft. 3 in., and slant side 5 ft. 5 in. 


8. Find the whole surface of a nght-angled cone 5 ft. 


high. (m= 3.1416, /2 # 1.4142.) Answer to four places of 
decimals. 


g. The vertical angle of an acute-angled cone is 60°, and 
the diameter of the base is 17 ft. 8 in Find the lateral 
surface. 


10. The lateral surface of a cone is 155 sy. ft. 120 in., 
and the radius of the base is 7 ft. Find the altitude. 


11. A right-angled triangle, whose sides are 1 ft. and 5 in., 
revolves round the shorter side, which is fixed. Find the 
lateral surface of the resulting cone. (7 = 3.1416.) 
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12. The diameters of the ends of the frustum of a cone 
are 6o ft. and 41 ft. 8 in., and the altitude is 50 ft. Find 
the slant side. 


13. The diameters of the ends of the frustum of a cone 
are 13 ft. § in. and 4 ft. 1 in, and the slant side is 9 ft. 11 in. 
Find the altitude. 


14. Find the lateral surface of the frustum of a cone, if 
the radii of the ends are 11 ft. and 4 ft., and the slant side 
is 15 ft. 


15. Find the whole surface of the frustum of a cone, if 
the diameters of the ends are 25 yds. 1 ft. and 12 yds., and 
the altitude is 16 yds. 


16. A trapezium, whose parallel sides are 8 in. and 3 in., 
revolves round its third side (perpendicular to first two), 
which is fixed and equal to 1 ft. Find in ft and decimal 
of a ft. the whole surface of the solid of revolution thus 
formed. (7 -. 


17. The whole surface of a cone is 1256.64 sy. ft., and 
the slant side = 3 times the radius of base. Find the altitude 
to two places of decimals of a ft. (m= 3.1410.) 


18. Find how long a pedestrian will take to ascend a 
conical hill whose height is 800 ft, and circumference of 
base 1 mile, at the rate of ro miles in 5} hours. 


19. What length of canvas, which is 1 yd. wide, will be 
required to make a conical tent 8 ft. in perpendicular height, 
with a radius of 64 ft (Sandhurst.) 


20. Find what length of canvas % yds. wide is required 
to make a conical tent 7 yds. in diameter and 12 ft. high. 
( Sandhurst.) 


21. Find the cost of the canvas required for an encamp- 
ment for 6000 men, sleeping 6 in a tent, the tents being 
conical, 12 ft. high and 18 ft. in extreme breadth, canvas 
costing 5@. the sq. yd. (w= 3.1416.) 
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22. Find the cost of covering with lead a conical spire 
go ft. high, whose slant side is go ft. 6 in., at 135. 6@. per 
sg. yd. (r= 3.1416.) 

23. Find to the nearest cwt. the weight of the lead ,}, of 
an in. in thickness on a conical steeple 22 ft. in diameter 
of base, and 60 ft. high, if 1 cubic in. of lead weighs 63 oz. ; 
and find also its cost at 20 guineas per ton. 


24. A conical cap is formed by cutting a sector of a 
‘circle, whose arc is 13 in. and radius to in, out of paper, 
and bending the edges round so as to meet. Find the 
surface of the cap so formed. 


25. A piece of paper in the form of a circular sector, of 
which the radius is 7 In. and the, are 11 in.. 1s formed into 
a conical cap. Find the area of the conical surface, and 
also of the base of the cone. (Sandhurst) 


26. If the slope of a conical grassy hill 1200 ft. high 
takes 20 minutes to ascend, at the rate of 1,5 miles per 
hour, find the number of acres of grass on it to the 
nearest acre. 


27. A conical hill, which stands on an area of 79,", arres, 
has a flat top, the radius of which is 250 ft. Its ascent 
takes 67 minutes, at the rate of 3000 yds. an hour. Find 
the height of the hill. 


28. A stone platform is in shape a conical frustum. Find 
to two places of decimals of a sq. ft. its total exterior 
surtace, if its diameters at top and bottom are 5 ft. and ro ft, 
and the slant side Is 4 ft. 2in.) (7= 3.1416.) 

2g. ‘The vertical angle of a cone Is 140°28', and the 
altitude is 27 in. Find the curved surface in sq. in. Given 
log 3 = $7712, log w=.49715, £ sin 70°14’ ~ 9.97362, 
£ cos 70 14'= 9.52916, log 18844 = 4.27517. 

30. The lateral surface of a right-angled cone is 64 sq. ft. 
Find the altitude. Given log 2=.30103, log r=.49715, 
log 37954 = 4.57925. 
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Section 1.— Volumes 
[FoRMUL& : 


(1) Volume of cone = 4 base x altitude. 
wh ‘ 
(z) Volume of /frustian of cone - ie a a 
; 3 
(where / -: altitude, and ~, 7, the radu of the ends.)] 


105. Kolume of cone arn 
(where 4 = altitude, = radius of base). 


Since the cone may be regarded as the limit of a sym- 
metrical pyramid, when the number of sides is indefinitely 
increased, the volume of the pyramid will become ultimately 
equal to that of the cone. 


« 


.. volume of cone= 4 base x altitude. 
= rrth 


(since the base is a circle whose radius is 7). 


Evamples.— (A) Find the number of cubic yds. of earth ina 
conical barrow whose diameter at base is 6o ft., and whose 
slant side is 34 ft. 

We must first find the altitude (4). 


At=(*- rt = 34° - 307 = 04 x 4. ., A=16 ft 


Volume of conc=}. 7. 30%. 16 cubic ft. 
rp 8007 10 2 OO oie yds. 
27 9) 


~ 1600 x 22 559 cubic yds. (to nearest yd.) Answer. 


9x7 
(2) Find correct to ,}, of an inch the depth of a conical 


He ae whose vertical angle is go’, and which will hold 
pint. 
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mee a meena SS eRe pint A re ee 2 2 aE 


Let the figure represent a vertical C 


section of the wine-glass. 
.. angle AOB=90". 
*, AC=OC. 
ie. A=r. hf is the depth, which 
we have to find. 
I gallon contains 277} = 412° cubic in. 


Sv 





: 1 11 er 
} pint 55 ji ie? ge cubic tn. 
Aw. PA=NLY cubic in. 
But r=. a Bhd * 3 cubic in. 


hae [3327 in. 
1257 


Since the answer is to be correct to three figures only, i.e. so 
many inches + two decimal places, we may take r=4/, 


If we do so, we shall obtain: 
3 
23289 47a oo gt ; 
ban, [ms 8-2702 &c.=2-02 in. Answer. 
» 


(Observe that the cone in this example was a ryht-anyled 
cone. ‘The student will easily see how to obtain the volume of 
a cone, if the vertical angles and ove of the three lengths /, A, r 
are given.) 


106. Volume of frustum of cone= 7h (r 2477 +72). 
Let #4 be the altitude, *,, 7, the radii of the two ends. 


The frustum will be equal to the frustum of a symmetrical 
pyramid when the number of sides is indefinitely increased. 


A ener 
Now volume of frustum of pyramid =; (B+J/SBB +B), 
where 4 and & are the two ends. 


In the case of the cone, # and & are circles whose radii 
are r, and rp. 
.. B=ar?, B= rr3, and consequently JAP = rryr_ 


.. frustrum of cone = 4 (7° + 74.7% + r,*). 
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Examples.—(1) A block of stone is in shape a conical frus- 
tum. e radii of the ends are 2 ft. and 3 ft., and the altitude 
is 4 ft. 6 in. Find the cost of the stone at 1s. 2d. per cwt., if 
every cubic ft. of stone weighs 168 Ib. 

Here r;=2, ™=3, 4=4}. 

Ww. 4} 

3 
=mr. 3.19 cubic ft. 


Volume of stone= (4+6+9) cubic ft. 


Weight of stone = 9 al x 168 Ib. 
3% 19m x 168 
2x 112 


cwt. 


Cost‘of stone = l4%3% 19% 163 7 } 


2x 112 
i. & 
14% 3% 1922x108 og) 
BX LIRXG 
2 


=f7 16s. gf. Answer. 


(2) A mast is 30 in. in diameter at bottom, and 15 in, at top. 
If the mast contain 1371 cubic ft. of wood, find its height in 
feet. (w= 47.) 


The mast will be in shape a conical frustum. . 
Let 4=its height. 


r wh es - » 
Volume of mast="" (2,749.8 +(9)). 
3 

ie a. ae ee 
pire Urine tat 


BRE AD Cena 
21 64 g6 

. 275A 

© 


., A=W e 48 ft, Answer. 
ia) 


cubic ft. 


m= 137) = 253, 
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(3) There is another important application of the formula in 
uestion, though it is only an approximate one; i.e. its applica- 
tion to the gauging of casks. 


Find the number of gallons in a cask whose diameter at 
either end is 18 in., 
whose diameter in the 
middle is 21 in., and 
which is 2 ft. long. 


The cask may be ap- 
proximately regarded 
as the sumof two equal 
frusta of a cone, joined 
together at the larger 
end. 

Thus, in the figure, 
volume of cask ap- 
proximately =twice the conical frustum whose altitude is BE£, 
and the radii of whose ends are 4 and DE. 


Here BE =12 in., AB= 10} in., and DE =g in. 


= 
- 
ts em e 





. volume of cask=2. a fo? +22 .9+(2))%}. 
= Sm (81 +1292 + 442) cubic in. 
= 2m (324+ 378+ 441). 
= 2m X 1143= 22867 cubic in. 
*, number of gallons 
= 4449 2286 (for 277} cubic in.=1 gallon). 
Taking r= and reducing, we tind 
number of gallons = 44';!% =26 nearly. Answer. 
(An examination of the figure will show that this volume is 
rather too small, for the slant side of the conical frustum 
passes straight from A to J, as A.D, while the side of the 


cask dudes out, as AZ). A more exact formula is given by 
writing 7,7 for r,r, in the formula for the frustum of a cone, so 
that volume of cask = 274 ¢y.2 +27 3}." 

If we apply this formula to the preceding example we shall 
obtain 27 gallons as the content of the cask. Hence we can 
be sure that the real content lies between 26 and 27 gallons.) 


* The advanced student will observe that this formula is obtained 
by considering the cask a frustum of a prolate spheroid, 
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EXAMPLES ON THE VOLUME OF THE CONE 


1. Find the volume of a cone whose slant side is 4 ft. 
ro! in., and the radius of whuse base is 1 ft. rof in. 


2. Find the volume of a cone whose altitude ts 10 ft. 6 in., 
and whose slant side Is ro ft. 10 mn. 


3. Find the volume of a cone whose lateral surface is 
3 sq. ft. 118 in., and slant side 2 ft. 1 in. 


4. The vertical angle of a cone is 120°, and the slant 
side is 20 ft. kind the volume toa cubic ft. (7 3.1416.) 


5. Lhe volume of a cone is 440 cubic ft., and the altitude 
8 yds. 1 ft. Find the diameter of the base. 


6. The volume of a cone is 3 cubic yds, 18 ft., and the 
vertical angle is go. Find approaimately the alutude, 
taking V3 =+!. 

7. The volume of a cone ts 333 cubic ft. 576 in., and 
the circumference of the base is 20 ft. Tund the altitude. 


8. The volume of a right-angled cone is 1ogo cubic ft. 
Find the diameter of the base. (7 3.1416.) 


9. The volume of a cone is 156! cubic ft., and radius of 
base = 32 times the height. Find the whole surface. 


to. Aright-angled triangle, whose hypotenuse is 1 ft. 5 in., 
and smaller side 8 in., revolves round its longer side. Mind 
the surface and volume of the cone thus generated. 


11. Find the volume o: the double cone gencrated by 
the nght-angled triangle, whose sides are 1 ft. 8 in. and 
1 ft. 9 in., revolving round its hypotenuse. 

12. Find the volume of the frustrum of a cone, the 


diameters of whose ends are 6 ft. and 4 ft. 2 in, and whose 
slant side is 5 ft. 1 in. 
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SSerpremacmtennnetinn 


13. Find the volume of the frustum of a cone, if the 
lateral surface is 474 sq. in., and the radii of the ends are 
4 in. and 2 in. 


14. The volume of the frustum of a cone is 65 sq. yds. 
5 ft., the altitude 5 ft., and the diameters of the ends are 
as 4:1. Find the lateral surface. 


15. The radii of the ends of the frustum of a cone are 
3 In. and 2 in., and the altitude is 5 in. Find the volume 
of the whole cone from which it is cut off. Prove your 
answer by showing that the volume of the frustrum = 
difference of the two cones. 


16, A trapezium revolves round its side perpendicular to 
the other two. If this side is 9 ft., and the parallel sides 
are 5 ft. ro in. and 4 ft. 2 in., find the volume of the solid 
generated correct to a cubic ft. 


17. Find the number of cubic ft. of earth in a conical 
barrow, whose diameter at base is 60 ft., and slant side 
30 ft. 6 in. 


18,. Find to the nearest ton the weight of a conical 
steepld 20 yds. high, and 6 yds. in diameter of base, if 
stone weighs 168 lb. to the cubic ft. 


19. A conical tin vessel is made by cutting the sector of 
a circle from a thin sheet of tin, bending round the ends to 
meet, and then soldering them. If the arc of the sector 
is 22 in., and the radius of the circle is 12} in., find how 
much liquid the vessel will hold. 


20. A conical wine-glass has a vertical angle of 45°, and 
is 2 in. in diameter at the top. Find to ,}, of an oz what 
weight of water it will hold. (7 = 3.1416.) 

21. If the cost of covering a conical steeple, whose slant 
side is 37 tt., with lead at 1s. 53¢@. per sq. ft. be A101 1§5., 
find the cost of the stone if 1 cubic ft. of stone weighs 
168 lb., and 1 ton of stone costs #1 35. 4d. 


22. Find the number of sq. ft. of canvas required for an 
encampment for 1200 men sleeping 6 in a tent, the tents 
being conical, 10 ft igh, and requiring 513§ cubic ft. of air. 
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23. A sugar-loaf in the shape of a cone, whose base 
diameter is 6 in., and slant side 18 in., costs 1s. 107, Find 
the price per cubic in. in pence to three places of decimals, 

24. The vertical angle of a conical wine-glass is 60% 
Find to four decimal places of a pint the amount of water 
which must be poured into it to fill it to the depth of 2 in, 


2s. Find correct to the nearest Ib. the weight of a conical 
frustrum of marble, whose top and bottom diameters are 
1 ft. and 1 ft. 6 in., and height 1 ft., if 1 cubie ft. of marble 
weighs 2716 oz. 


26. A tumbler is in shape an inverted frustum of a 
cone, the diameters of its two ends being 2] in. and 2 in. 
If the tumbler will hold } pint of water, find its depth. 


27. A tumbler is in shape an inverted frustum of a cone, 
the diameters of its two ends being 1} in. and 2} in.fand 
its depth being 4) in. Find how many wine-glasseg full 
it will hold if the wine-glass be conical, depth 2 inj, and 
diameter at the top 2} in. 


28. Find how many times a bucket, in shape an inverted 
conical frustum, should descend into a well in ofder to 
bring up 206 gallons. ‘The depth of the bucket is 15 in., 
and the diameters of its ends are 12 In. and 10 In. 


2g. Find the height of a mast which is 48 in. in diameter 
at the bottom, and 40 in. in diameter at the top, and con- 
tains 476% cubic ft. of wood. 


30. A temple is composed of three conical frusta set on 
each other. Their altitudes in order from bottom to top 
are 63 ft, 48 ft, and 24 ft., the radi of the top circles are 
in the same order, 60 ft., 30 ft., 10 ft., and the radii of the 
bottom circles in the same order are 76 ft., 44 ft.,-17 ft. 
Find the whole exterior surface of the temple correct toa sq. ft., 
and its solid content correct to a cubic yd. (7 = 3.1416.) 


31. A tent is composed of the frustum of a cone sur- 
mounted by a smaller cone. The diameters of the ends of 
the frustrum are 8 ft. and 4 ft.; the total height of the tent 
is 13 ft. 6 in.; the height of frustum 10 ft. Find the 
number of cubic ft. of air inside the tent. 
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32. Find approximately the number of gallons in a beer- 
cask, whose diameter at end is 14 in., circumference of 
greatest section 49} in., and length 15 in. 


33. Find approximately the number of gallons in a cask, 
if the end circumference is 66 in., the circumference of 
greatest section 77 in., and the length 2 ft. 


34. Find approximately the number of gallons in a cask, 
whose end circumference is 3 ft. 25 in., circumference of 
greatest section 4 ft. 7 in., and the length 1 ft. g in. 


35. If the radi of the ends of a cask are each 13 in., 
and the radius at the centre is 16 in., the length being 
42 3n., show that the number of gallons in the cask hes 
between 100 and 108. 


36. Find to four decimal places of a cubic ft. the volume 
of a right-angled cone, whose whole surface is 729 sq. ft. 
Given log 3 =.4771213, log m= .4971500, log (V2 +1) 
= .3827756, log 98680 = 4.9942291, 1) ~ 44. 

37. The vertical angle of a cone is 58°30. If the 
altitude is ro in., find the volume. Given log 3 =.4771213, 
log 7 --1.4971500, Z£ tan 2915’ = 9.7482089, log 3.2843 
= .5164428, D= 132. 

38. Find the height in ft. of a conical steeple, whose 
vertical angle is 12°, if the weight of the stone composing 
it be 400 tons at 166 lb. per cubic ft. Given log 2 =.30103, 
log 3 -.47712, log 7 =.84510, log 7=.49715, log 83 
= 1.91908, Z tan 6° = 9.02162, log 77.561 = 1.88964. 

39. The vertical angle of a conical tent is 68°. The 
canvas of which it is made costs 6s. 8¢@., at 4)@. per sq. yd. 
Find the number of cubic ft. of air in the tent. Given 
log 2=.30103, log 3=.47712, log t=.49715, Z cot 34° 
= 1017101, £ cosec 34 = 10.25244, log 23596 = 4.37284. 

40. The vertical angle of a tent containing 300 cubic ft. 
of air is 50. Find the number of sq. ft. of canvas in the 
tent to three decimal places. Given log 3 = .4771213, 
log 7 =.4971500, £ cot 25° = 10.3313275, Z cosec 25° 
= 10.3740517, log 1942.5 = 3.2883610, D= 224. 


CHAPTER VIIL—THE SPHERE 


Section L 
[ForMUL« : 
(1) Surface of sphere (radius = 7) = qrr?. 
(z) Surface of cone or segment of sphere=amrh (where 
A= altitude). ] 


107. DEFINITION 20.—“A sphere is a solid figure de- 
scribed by the revolution of a semicircle about its diameter, 
which remains fixed.” 


“The axis of a sphere is the fixed straight line about 
which the semicircle revolves.” 


“The centre of a sphere is the same with that of the 
semicircle.” 


“The diameter of a sphere is any straight line which 
passes through the centre, and is terminated both ways by 
the superficies of the sphere.” (Euclid xi. def. 14-17.) 


The axis of a sphere is a term not much in use. The 
yadius of a sphere is the straight line drawn from the 
centre to the surface. 


It is unnecessary to give any illustration of so well known 
a figure as a sphere. A globe or a round ball are familiar 
instances. 


108. A sphere may also be defined as a solid, every 
point in whose surface is equidistant from a fixed point 
called the centre, or as the locus of a point which moves 
80 as to always keep the same distance from a fixed point. 
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109, Surface of sphere= arr. 


This formula may be simply expressed by the rule: 
Multiply the diameter by the circumference. 


The student should notice that the surface = % of the 
circumscribing cylinder, the base of which would be zr?, 
and the height 27; so that its total surface would be 
4nr? + a2rr?=6rr%, The proof of this formula does not 
admit of any simple illustration. (See Art. 112.) 


110. Lvery section of a sphere by a plane ts a ctrele. 


Let ABC be the section of the sphere, whose centre 
is O, by any plane. Draw OD at right angles to the plane. 





Take 4 and &, any two points on the section, and join 
OA, AD, OB, BD. 
Then the angles ODA, ODS are right angles, and OA, 
OB are radii of the sphere. 
“. AD? = OA'- OD'= OBi- OD? = BD, | 
neg AD= BD, 
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Now A, # are any points on the section; so that we can 
similarly prove that every point on the section is equidistant 
from 2. Thus the section Is a circle, of which ZD is the 
centre. Q.ED. 

If the plane passes through the centre of the sphere, its 
section is called a greaf circle. A great circle divides the 
sphere into two Aemispheres. 


11s. Zone and segment of sphere. 


DEFINITION 21.—If a sphere is cut into two parts by a 
plane, each part is called a seyment. 

A sone of a sphere is the part contained between two 
parallel planes. 

In a segment the circular section made by the cutting- 
plane is called the dase of the sexsment; in a zone the 
sections made by the cutting-planes are called the éases. 
A segment may be regarded as a zone, one of whose bases 
has zero for radius. 

The altitude of a segment of a sphere is the straight line 
drawn from the centre of the base, at right angles to it, to 
the surface of the sphere. 

The altitude of a cone of a sphere ts the straight line 
joining the centres of the bases. 

In either case the altitude is an intercepted part of a 
diameter of the sphere. 


112. Curved surface of tone or segment -: azrh (where 
Ak = the altitude.) 

Since the segment is really a particular case of the zone, 
the formula is the same for both. 

This formula also does not admit of any simple illustra- 
tion. It offers the remarkable result that the curved surface 
af a sone or srvment depends on the altitude alone, itrespective 
of the size of the bases. 


If we wish to express the whole surface we must add on 
the area of the base or bases. 


If we take the diameter for the altitude, we obtain surface 
of sphere = 277 x ar = 47r? as before. 
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Examples.—(1) Find the expense of gilding a ball § ft. in 
diameter, at 65. 3¢. per sq. ft. w=3:1416. (Sandhurst.) 


Here r=§ ft. 
Surface = 47($)?=25r=78-54 sq. ft. 
.. COSt= 78-54 x 61s. =490-875s.= £24 10s. old. Answer. 


(2) Find the areas of the three portions into which the surface 
of a sphere, whose diameter, is 2 ft., is divided by two parallel 
planes which cut the diameter at right angles to them in the 
proportion of 9; 1; 2. 

Let the figure represent a section of the sphere at right angles 
to the cutting-planes. E 


Then the diameter is divided into 
the portions EF=} EH=4in., FG= 
Ys H=2in., and GH=% £,7= 18 in. 3 
., surface of segment AEB 
=2mr.12x 4=967r sq. in. 
surface of zone ACDB 
=29.12x2=48r sq. in, 
surface of segment C//D 
=2mr.12x 18=432m7 sq. in. 
These three areas, correct to a sq. in., become: 
2 sq. ft. 14 in.; 1 sq. ft. 7 in.; 9 sq. ft. 61 in. Answer. 





It 


(3) Taking the earth’s radius at 4000 miles, find how many 
yards above the surface of the earth a balloon must be in order 
that there may be visible from it an area of 11,000 sq. miles. 


Let A be the balloon, O the centre 
of the earth. 


Then area of zone BDC = 11,000 
sq. miles ; that is, 
C 


2er x DE =11,000. 


are * = ey ee eee meer ts oe 7 miles. 
2xx 4000 8r 

We have to find AD, the height of 
balloon. 


= 4000 ~ y's miles. 
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But OA: O83: OB : OE (by similar triangles). 


2 
AD=OA-OD= 4° , 74000 miles, 
. 4000 = ys 
=—= vA x 4000 
4000 — 1'4 
_. 25000 
63993 
_. 28000 x 1760 
63943 


If this result is worked out to the nearest yd., we find: 


miles. 


yds. 


Height of balloon=77c yds. Answer. 
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EXAMPLES ON THE SPh 
"ERE (SURFACE, Etc.) 


(a) Surface of 


‘ Sphere 
1. Find the surface of sphere: —— 
(m= 3.1416.) \whose radius is ro in. 
2. Find the surface of sphere, tl, 
great circle of which is 3 ft. 8 in. | \e circumference of a 
3. The surface of a sphere is 68 sq. . 
diameter. ft. 64 in. Find the 
4. The surface of a sphere is 17 sq. a 
circumference of any great circle. ‘» 16in. Find the 


5. Every point on a sphere is 2 ft. dist, 
inside it. Find the surface correct to threant from a point 
of aft. (r= 3.1416.) 2 decimal places 

6. A semicircle, whose diameter is too | 
round its diameter. Find the surface of the yds., revolves 
rated in acres and sq. yds. (7 = 3.1416.) sphere gene- 


Renter eke aan merge we ROTOR eit nemcee 


7. Find the cost of gilding a ball 7 ft. in dia, 


7s. the sq. ft. meter, at 
8. The cost of gilding a ball 21 ft. in diame 
4519 15s. What is that per sq. ft.? rier 1s 


g. Find the cost of the material for making a sph® _ 
balloon 14 yds. 2 ft. in circumference, at 9s. per sq. yd‘erical 


10. Find approximately the exterior surface of the ea 
taking the circumference of a great circle as 24,g00 mil th, 
(7 = 3.1415927-) "eS, 

11. Find the amount of material required to cover i 
spherical football with leather, if the circumference of the? 
football is 2 fl. (7 = 3.1416.) 

12. Sixteen equal cannon-balls, placed side by side in a 
straight line, extend to a distance of 6 ft. Find the surface 
of one of the shot. (7 = 3.1416.) 
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(b) Zone and Segment of Sphere 


13. The altitude of the segment of a sphere is 3 ft. If 
the radius of the sphere is 5 ft., find the curved surface of 
segment. (7 = 3.1416.) 

14. If the surface of a sphere is 88,704 sq. ft, and the 
curved surface of the zone of the sphere is 15,840 sq. ft, 
find the altitude of zone. 


15. Find the altitude of a segment of a sphere whose 
radius is 25 ft. if the curved surface of the segment is 
1570$ sq. ft. (7 = 3.1416.) 

16. If the curved surface of a zone of a sphere is 33 
sq. in., and its altitude is 14 in., find the surface of the 
whole sphere. 


17. Find the area of the base of a segment of a sphere, 
if the altitude of the segment is 1 in., and the radius of 
the sphere 2 ft. 1 in. 


18. The radii of the two bases of a zone are 15 ft. and 
7 ft., and the radius of the sphere is 25 ft. Find the whole 
surface of the zone. Show that there are two solutions, 
and explain the reason. 


19. Given radius of sphere = 5 ft. 5 in, altitude of zone 
= 31n., and radius of the larger base - 2 ft. 1 in., find the 
whole surface of the zone. 


20. Find the whole surface of the segment of a sphere 
whose altitude is 4 in., if the radius of the sphere ts 2 ft. to in. 


21. The radius of a sphere is 15 in. Find the whole 
surface of a zone which is the difference between two seg- 
ments having their altitudes } in. and 3 in. respectively. 

‘22. The surface of a sphere is 616 sq. yds. A plane 


cuts it at a distance of 4 yds. from the centre. Find the 
area of the section made by the cutting-plane. 


23. Find the altitude of a zone of a sphere whose radius 
is 24 ft., if its surface is equal to the whole surface of a 
sphere whose radius is 8 ft. 
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24. Find to the nearest sq. ft. the exterior surface of a 
dome, in shape a segment of a sphere greater than a semi- 
circle, if the height is 27 ft., and the diameter of the base 
12 ft, 


25. Taking the earth’s radius as 4000 miles, find what 
fraction of the earth’s surface is visible from a balloon at 
the height of 1000 ft. 


26. Taking the earth’s radius as 4000 miles, find how 
many feet from the surface of the earth a balloon must be 
in order that there may be in view from it an area of 5000 
sq. miles. 


27. Find how far distant from the surface of a sphere a 
person must be to see § of it, if the diameter of the sphere 
is 16 ft. 


28. Find how far distant a person must be from the 
centre of a spherical body, whose diameter is ro ft, in 
order to see } of it. 


29. The moon is 240,000 miles distant from us, and has 
a diameter of 2160 miles. What portion of the moon's 
surface is visible to us? 


30. Find the area of the ro degrees in latitude nearest to 
the North Pole, if the diameter of the earth be taken as 
7900 miles, and the earth be regarded a perfect sphere. 
Given log 79= 1.8976271, log *=.4971500, Z sin 5°= 
8.9402960, log 14893 = 4.1729822, log 14894 = 4.1730113. 
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Section I1.—Volumes 
[FORMULA : 
(1) Volume of sphere (radius r) = trr?. 
(2) Volume of zone of sphere = Ege (n° 4 rf)t2°) Owhere 
A=altitude, 7, r,= radu of the bases). 


(3) Volume of seyment of sphere = (rr tA} 


113. Volume of sphere= §ar*, 


Assuming that the surface of sphere = 4777, we can deduce 
the volume. 

Suppose a large number of points taken on the surface 
of a sphere, and that a tangent plane is drawn through 
cach of these points. Then these plancs will form by their 
intersections a series of plane figures, which will be the 
faces of a polyhedron described about the sphere. Join 
each angular point to the centre of the sphere; then volume 
of polyhedron = sum of the volumes of a series of pyramids, 
which have a common vertex at the centre of the sphere, 
and whose bases are the faces of the polyhedron. But volume 
of each pyramid = § altitude « face of polyhedron, and the 
common altitude of all the pyramids is the radius ». 


.. volume of polyhedron = : x sum of the faces. 


a 


me : x surface of polyhedron. 


Now, by indefinitely tncreasing the number of faces, the 
surface and volume of the polyhedron can be made as nearly 
as we please equal to the surface and volume of the sphere. 

.. volume of sphere =: 4 radius x surface. 


r 
- ---9 s4oy3 gen, 
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114. Volume of zone of sphere. 


If +,, 7 the radit of the bases, and /% the altitude are 
given, wh, 5 it wee 
Volume = g3 (r2 +72) + A7}. 


This formula admits of no simple illustration. 


If the radius of 
the sphere is known, 
the volume can be 
expressed in terms 
of the three radii; or 
of the altitude, the 
radius of the sphere, 
and the radius. of 
either base. 


Let 4, # be the 
centres of the two 
bases of a zone, both 
lying on the same 
side of O the centre 
of the sphere. 

Thens=AR-~ OBR - OA=JSOL* ~ BL? ~JOC*— CA* 

YA SP Hari n Jr r8. 

If the cutting-planes are on opposite sides of O, then 

he fraritdr—r2. 

Thus the altitude, and consequently the volume, may be 
expressed in terms of the three radii. 


Similarly 7, can be expressed in terms of +, 7, and 4. 





115. Volume af segment of sphere. 


If 7, is the radius of the base, and 4 the altitude, we 
have only to put 7, =e in the former formula. 


.. volume -: ant +h}. 
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If the radius of the sphere is known, the volume can be 
expressed in terms of the altitude and radius. 


Suppose that in the above figure we have to find the 
volume of the smaller segment cut off by the plane FAC. 
Then 4= AL. 


r2= OC?- O04" =r? -(r—A)* = ahr —h'. 
Substituting this value for r,? in the formula, we obtain 


Volume of segment = wh Ohr — 3h2 + AP}, 
= Or ah}. 


he | 
=" (gr). 


Similarly the volume may be expressed in terms of r and 
7,, but the expression is more complicated. 


N.B.—The volume of a sphere - 4 of that of the cir- 
cumscribing cylinder. - 


Examples.—The practical applications of the sphere are 
mainly concerned with finding the weight of shot and shell. 


(1) If one cubic in. of iron weigh 4-2 0z., tind the weight of 
an iron shot whose diameter is 7 in. Alsu find the radius of 
a 20 Ib. shot. 


Volume of shot=4r. Gy=' . Y r= cubic in, 
2 
.. weight of shot =7t x 4-2 O7, 
11 
nF DH Ib. 
80 


3773 
= 80 ib. 


=: 47 Ib. (rather more). Answer, 
P 
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Again, weight of shot = 20 x 16 02. 


.. volume of shot = 20% 16 cub. in. . = 202 100. 
20 x 160. : 20x 160 x 3 400 
ee Bee a ae 


y= \/400 =/18 5 = 2-63 in., &c. Answer. 


(2) Find the weight of a hollow iron shell, if the exterior 
diameter is 13 in., and the thickness of the iron 2 in. Iron 
weighs 4:2 oz. per cubic in. 

The volume of a hollow shell is always the difference of two 
spheres, one having the 
outer diameter of the 
shell, and the other the 
inner diameter. 

Thus in the figure the 
volume of the shell is 
the difference of the 
volumes of two spheres 
whose radii are O# and B 
OA. AB, the differ- 
ence of their radii, is 
called the thickness of 
the shell. 

In the present example 
OB= 3p, AB=2. 

J. OA=f. 


Volume of shell = ** {(48)3 — (8)8} cubic in. 


‘ T . . 
= . 2468 cubic in. 


1t 367 -% 
.. weight of shell=*., = 14RR a lb. 


20 
= FM = 202 Ib. (to nearest Ib.) Answer. 


(3) A spherical shell of iron, whose diameter is 1 ft., is filled 
with lead. Find the thickness of the iron, when the weights of 
iron and lead are equal. A cubic inch of iron weighs 4-2 o2., 
and a cubic inch of lead weighs 6-6 oz. (Sandhurst) 

See figure in last example. Here O#=6 in. 
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ed oe mee eo ee ne A a ee RE meena ye nett Pakeeie, preset 


Let x=thickness of iron (4A). 
volume of lead = 4x (6 - 2)° cubic in. 

¥ iron= tw {63- (6 -.r)*! cubic in. 
*, weight of lead= se (6 ~.1)3 . 63 oz. 


eet 3 
3 iron = : (6°—(G—a)*} 4! oz. 


* (6= a). =O - 6 =ay) AL 
(6-2x)3. 11={6'- (6-2/'} 7. 
18 (6-a13%=7.65 
6-4) . 6 
v6 (1 -Vih). 

Extracting the cube root of ji; to two places of decimals, 

we have: Thickness of iron = 6 (1 - -73) in. 
= 1:6O21n. Answer. 

(4) The radius of a sphere is 5 ft. 5 in. Find the volume 
contained between two 
parallel planes which cut 
it on different sides of 
the centre, and at dis- 
tances of 5 ft. 3 in. and 
2 ft. : in. from it re- 
spectively. 

The volume is a zone 
whose altitude 

= § ft. 3 in. +2 ft. 1 in. 

=7 ft. 4 in. 
== 88 in. 

The radii of the bases 
are AC and DF in the 
figure. 


2» @ 





AC= /65?- 63 63¢= 4/2 x 128 = 16 in, 
DF = ¥/65? - 252= »'90 x 40 = Go in. 
. 88 
”. volume = ~ “~“g~ 13 (16? + 607, + 887} cub in. 
22> ——" 79332 cubic in. 


If we take x = 37, and work out the answer tothe nearest cubic 
ft., we obtain: Volume of zone=515 cubic ft. Answer. 
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EXAMPLES ON THE VOLUME OF THE SPHERE 
(a) Volume of Sphere 


_ 1, Find the volume of a sphere whose radius is 9 in.; 
and if the volume is 1000 cubic ft., find the radius. 


2. Find the volume, if the circumference of a great circle 
is 7 ft. 4 in. 

3. If the volume is 11,498% cubic yds., find the circum- 
ference of a great circle. 


4. If the volume is 531% cubic in., find the surface; and 
if the surface is ,',; of an acre, find the volume. 


5. A semicircle, whose diameter is ro ft., revolves round 
its diameter. ind the volume of the resulting sphere. 
(7 = 3.1416.) 

6. Determine to the nearest hundredth of an inch the 
radius (1) of a sphere whose volume is 1 cubic ft., (2) of a 
sphere whose surface is 1 sq. ft. (7 = 3.1416.) (Sandhurst) 


7. Asphere, whose diameter is 1 ft., is cut out of a cubic 
ft. of lead, and the remainder is melted down into the 
furm of another sphere. Find its diameter. (7 = 3.1416.) 
(Sandhurst.) 

8. Find the weight of an iron cannon-ball 5 in. in dia- 
meter, if 1 cubic in. of iron weighs 4.2 oz. 

9. Determine the number of yds. of maternal necessary to 
make a spherical balloon containing 1oco cubic ft. of gas. 
(Sandhurst) 

10, The number of sq. yds. of silk required for making 
a spherical balloon is §5.44. Find the number of cubic ft. 
of gas it contains. 

11, Find the value of a ball of pure gold 9 in. in diameter, 
if 1 cubic ft. of gold weighs 19,300 oz. avoirdupois, and 
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1 oz. Troy of gold is worth £3 185. (7 3.1416.) Answer 
to the nearest /. 

12, A cubic ft. of gold weighs 19,300 oz. avoirdupois, a 
cubic ft. of copper 8890 oz. Find the exterior surfaces of 
two spheres, one of gold, the other of copper, each weighing 
14 lb., to three decimal places of a sq. ft. Which of the 
two has the larger surface, and by how many sq. in.? 


13. A hemispherical basin, whose diameter is 18 in, is 
filled to the depth of 6 in. with water. Find the weight of 
the water in the basin. 


14. What is the weight of a hollow sphere of metal whose 
inside diameter is 1 ft., and thickness 14 1n.?) Given thata 
cubic ft. of the metal weighs 7776 oz. 


15. What is the weight of a hollow sphere of metal whose 
inside diameter is 14 ft., and thickness 2 in.? Given that a 
cubic ft. of the metal weighs 7776 oz. (Sandhurst) 


16. If 30 cubic in. of gunpowder weigh 1 Ib., find the 
weight of gunpowder required to charge a shell, the exterior 
diameter of which js 10 in., and the thickness of the iron 5 in, 


17. Find the difference in weight between a shell of iron 
and a shell of lead of the same size, each having a diameter 
of 1 ft, and thickness of 2 in. A cubic in. of iron weighs 
4.2 0z., and an oz. of lead contains -i5 of a cubic in. 


18. The thickness of the iron in a shell is 2in. J. the 
volume = # of a cannon-ball whose diameter is 14 in., find 
the external diameter of the shell. 


1g. Compare the weights of a solid cannon-ball and a 
shell, the external diameter of both being 6 in., but the 
internal diameter of the shell being 43 in. 


20. A solid cannon-ball, whose diameter is 4 in, 18 3 
times the weight of a shell. If the thickness of the iron in 
the shell is 1 in., find its external diameter. 


ax. Find the solid content of a spherical shell, the inner 
and outer diameters of which are 6 in. and 4 in.; also its 
weight, if a cubic ft. weighs 7776 oz. (7 = 3.1416.) 
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22. Find the weight of a shell, the metal being 1 in. thick, 
and weighing 486 |b. to the cubic ft, if the exterior diameter 
is 5 in. 

23. A ball of iron 4 in. in diameter weighs 9g Ib., and a 
ball of lead 1 in. in diameter weighs ,'; lb. Find the weight 
of a ball composed of an iron sphere 8 in. in diameter, 
coated with a layer of lead 7 in. thick. (Sandhurst.) 


24. Assuming that a cubic ft. of water weighs 1000 oz., 
and that a given volume of iron weighs 7.21 times as much 
as the same volume of water, find the weight of a bomb- 
shell, the exterior and interior diameters being 10 in, and 
8 in. respectively. (Sawdhurst.) 


25. The exterior diameter of a shell is 1 ft., the interior 
diameter is 9 in. Find its weight when filled with gun- 
powder, if 43 oz. of iron and 4 oz. of gunpowder go severally 
to the cubic in. 


26. Determine the thickness of the iron in a shell whose 
exterior diameter is 6 in., if when filled with gunpowder it 
weighs 4 more than when empty, iron and gunpowder 
weighing as in the last example. Answer to three decimal 
places of an inch, 


27. A ball of lead 4 in. in diameter is covered with gold. 
Find the thickness of the gold in order that (1) the volumes 
of gold and lead may be equal, (z) the surface of the gold 
may be twice that of the lead. (Sandhurst?) 


(b) Volumes of Zone and Segment 


28. Find the volume of the zone of a sphere, if the 
diameters of the bases are 3 ft. and 5 ft., and the altitude 
gin. (m= 3.1416.) 

29. Find the volume of the segment of a sphere, the 
diameter of whose base is 2 ft. 6 in., and altitude 15 in. 
(x = 3.1416.) 

30. The altitude of the segment of a sphere is 6 in., and 
the radius of the sphere is 9 in. Find the volume of the 
segment. 
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31. The diameter of a sphere is 50 ft., and the diameters 
of the bases of a zone, which does not contain the centre 
of the sphere, are 4o ft. and 14 ft. Find the volume of the 
zone to the nearest cubic ft. (7 = 3.1416.) 


32. The radit of the base of a zone of a sphere are 4 in. 
and 1.4 in., and the altitude is 1.8 in. Find the volume of 
the sphere of which it is a section. (7 = 3.1416.) 


33. The volume of a segment of a sphere is 198 cubic in., 
and the altitude is 3 in. Find the volume of the whole 
sphere approximately. 


34. The longer radius of the bases of a zone is 7 ft, and 
the radius of the sphere is 7 ft. 1 in. Find the volume of 
the zone, if its altitude is 6 ft. g in. Is this zone greater or 
less than a hemisphere ? 


35. A plane cuts a diameter of a sphere, 8 in. in length, 
at right angles, dividing it in the ratio of 3:5. Find the 
volume of each part. 

36. Find the volume of the zone of a sphere whose 
radius is 17 in., which is the difference of two segments, 
which are both on the same side of the centre, and 8 in. 
and 16.3 in. distant respectively from the centre. 


37. The diameter of the base of the segment of a sphere, 
smaller than a hemisphere, is 3 ft. 6 in., and the diameter of 
the sphere is 4 ft. 10 in. Find the volume of the segment. 


38. A champagne-glass is in shape a segment of a sphere. 
The diameter of the top is 3} in., and the depth is 2 in. 
Find the content of the glass to five decimal places of a pint. 


39. A Dutch cheese is spherical, the radius being 5 in. 
If 7 lb. of cheese contain 419 cubic in., determine the 
weight of cheese in a zone, the radu of whose bases are 
3 In. and 14 in. 

40. If the radius of a Dutch cheese be 5 in., and the 
radii of a zone are 4 in. and 13 in., and 5 Ib. of cheese 
contain 306 cubic in., find the weight of the zone. 


CHAPTER VIII—SIMILAR SOLIDS 


Section I. 


116, Stmélar solids are those which have the same shape, 
but not necessarily the same size. 


In treating of similar solids it will be convenient to re- 
member the distinction drawn in the first chapter between 
the two kinds of solids we have considered ; i.e. polyhedra 
and solids of revolution. 


117. Similar polyhedra. 


DEFINITION 22.—‘ Similar solid figures are such as have 
all their solid angles equal, each to each, and are contained 
by the same number of similar planes.” (Euclid xi. 
def. 11.) 


This definition is not an easy one. It really applies 
only to polyhedra; i.e. to solid figures whose faces are 
plane figures. In fact Euclid supplements it with another 
definition for cones and cylinders, which we shall give 
presently. 


The definition will be made plainer by substituting p/ane 
Jgures for planes. The amended definition may run: 


“Two polyhedra are similar when their solid angles are 
equal, each to each, and they are contained by the same 
number of similar plane figures.” 


All regular polyhedra of the same number of sides are 
similar. Thus all cubes are similar figures; also all tetra- 
hedra and octahedra. 
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118. Let OABCDE, OA'B'C'D'E’ be two similar 
polyhedra; then the solid angles at O, 4, 8, C, D, & are 
equal to the solid angles at O', 4’, 4’, C’, D’, £, each 


O 
D 
“ A 
B Cc 


to each, and every face of one polyhedra is similar to the 
corresponding face of the other. 





B' cs 


Now, since the faces are similar, it follows that the edges 
of one polyhedron are proportional to the corresponding edges 
of the other. 


For instance, 40: CD::A'O': CD". 


For from similar figures, 40: 48::4'0:A'R, 
and AB:CD::AB':CD; 
°° AO:CD::40:C.D. 


Also, since the areas of similar figures are proportional 
to the squares of their sides, it follows that the corresponding 
faces of the polyhedra are proportional to the squares of 
their edges, and consequently that the surfaces of similar 
polyhedra are proportional to the squares on their edges. 


_ 11g. Again, we can prove the edges proportional to the 
altitudes. Draw the altitudes OF, O'F’, and join /, F’ to 
any corresponding angular points 4 and 1. 


Then since the solid angles at 4, 4’ are equal, the 
inclination of OA to the base of the first polyhedron is 


equal to the inclination of O’4’ to the base of the other, 
so that the angles OA, O'A'F’ are equal.* 


., the triangles OAF, O'A’F’ are similar, 
and 40: OF ::4'0': OF’. 


Thus the altitudes are proportional to the edges. It follows 
that the surfaces of similar polyhedra are proportional to the 
sguares on the altitudes. 


120. Similar solids of revolution. 


DEFINITION 23.—“ Similar cones and cylinders are those 
which have their axes and the diameters of their bases 
proportional.” (Euclid x1. def. 24 ) 

This gives us at once that if 4, 7’ be the altitudes of two 
cones or cylinders, and 7, 7’ the radii of their bases, they 
are similar if ec Graaguag 


It is evident without proof that the bases of similar 
cones and cylinders are proportional to the squares of their 
altitudes. 


Again in a cylinder, lateral surface = 277. 


Fie ed ; hih 
Now in similar cylinders ee 


arth anrh’ 
a. cael 
r r 
onrh san sir rt. 
Thus in similar cylinders the lateral surfaces are pro- 
portional to the squares on the radii of the bases. 


The student may exercise himself by deducing the same 
result for the cone. 


All spheres may be considered similar figures. It is clear 
” that the surfaces of spheres are proportional to the squares 
ot the radii. 


* See chapter i. sections 51, 52. 
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121. To sum up our results. We have proved that in 
all the similar solids we are concerned with 


(1) Corresponding lengths are proportional. 


(2) The areas of the surfaces are proportional to the 
squares of corresponding lengths. 


Examples—(1) A pyramid is divided, by a plane parallel to 
the base, into a smaller pyramid and a frustum. Prove that 
the smaller pyramid is similar to the whole pyramid. 


Let the plane A’2°C DE’ be parallel to the base, the pyramid 
OA'B CDE’ shall be similar to 
the pyramid OALCDE. The 
bases of the frustum are parallel 
and similar. (See chap. iv.) And 
because 4’S” is parallel to 1A, 
the triangles OA'B’, OAL are 
similar. In like manner the other 
side-faces of the smaller pyramid 
can be proved similar to those of 
the larger pyramid. 


Thus the two pyramids are con- 
tained by the same number of 
similar planes. And their solid B C 
angles also areequal. Forinstance, 

L OA'B=L OAB; ZL OA'K'= 4 OAE; and 4 £’A'B 
=f EAD. 


", the solid angle at A’= solid angle at A. 





*, the pyramids are similar. Q.E.D. 


Cor.: If a cone be cut by a plane parallel to the base, it cuts 
off a smaller similar cone. 


(2) If a pyramid g in. in altitude is cut by a plane parallel to 
the base, and 5 in. above it, show that the lateral surfaces of 
the two parts into which the pyramid is divided are to each 
other as 16: 65. 


The plane will cut off a smaller similar pyramid. (See figure 
above.) 
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The altitudes of the two pyramids are 9 in. and 4 in. 
.. surface of whole pyramid ; surface of smaller pyramid 
ee eae 
7: 81: 16. 
., (dividendo). 
Surface of frustum ; surface of smaller pyramid 
°: 81-16: 16, 
. surface of smaller pyramid : surface of frustum 
2516565. QED. 


(3) The altitudes of two similar cylinders are respectively 
2 ft. 3 in. and 1 ft. 6 in. The lateral surface of the first is 45 
sq. ft. What is the lateral surface of the second ? 


Let x=lateral surface of second. 
Ee ae ani eensy BAe bg 
1 Oo ake 
ke 4 = 20 sq. ft. Answer, 
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EXAMPLES ON SIMILAR SOLIDS 


(LENGTHS AND SURFACES) 


1. The edges of two similar solids are as 7 : 9; the sur- 
face of the first is 2738 sq. ft. Find the surface of the 
second to three decimal) places of a sy. ft. 


2. The surfaces of two similar solids are as 2: 3; the 
edge of the first is 37 in. Find the edge of the second to 
reo Of an inch. 


3. The edges of two similar solids are as 48:17; the 
altitude of the first is 10 ft. 6 in. Find the altitude of the 
second correct to 44, of an inch. 


4. The surfaces of two similar rectangular parallclepipeds 
are proportional to the squares on their diagonals. 


5. The surfaces of two similar cones are proportional to 
the squares on their altitudes. 


{ 
6. Prove that the smaller cone cut ofi by any section of 
a right cone parallel to the base is similar to the whole cone. 


7. The exterior surfaces of two cubes are to each other 
as 2:7. If the edze of the first be 20 ft., find the edge of 
the second to one decimal place of a foot. 


8. The altitudes of two tetrahedra are to each other as 
7:23; the exterior surface oi the first is 3 sq. yds. 7 ft 53 in. 
Find the exterior surface of the second. 


9. A pyramid 13 in. in altitude is cut by a plane parallel 
to the base, and 8 in. above it. Compare the lateral sur- 
faces of the two parts into which the pyramid is divided. 


10. At what altitude above the base must a parallel plane 
cut a pyramid so as to divide it into two parts having the 
same lateral surface? Altitude of pyramid=2 ft. Answer 
correct to two decimal places of an inch. 
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11. In two similar cylinders the altitudes are 1 ft. 8 in. 
and 1 ft. 3 in. respectively; the lateral surface of the first is 
48 sq. ft. Find the lateral surface of the second. 


12. Find the whole surface of a cone, the radius of whose 
base is 4 of the radius of a similar cone whose whole surface 
is 243 sy. ft. 


13. A cone is cut by three planes parallel to the base, at 
equal distances from the base and vertex. Compare the 
lateral surfaces of the four frustra into which it is divided. 


14. The altitude of a nght-angled cone is 10 in. Find at- 
what height above the base a parallel plane must cut the 
cone so as to cut off a smaller cone with a lateral surface 
containing 256 sq. in. (m7 = 3.1410.) 


15. Two similar cones, whose surfaces are as 1: 8, are 
both cut by planes parallel to their respective bases. In 
the first cone the lateral surface of the cone cut off is 4 of 
the whole ; in the second cone it is ¢ of the whole. Find 
the ratio of the altitudes of the two cones thus cut off. 


16. Find the radius of a sphere whose surface shall be 3 
times that of a sphere with a radius of 6 in. 


17. The diameter of a sphere is equal to the circum- 
ference of a second sphere. If the surface of the first 
sphere is 720 sq. ft., find the surface of the second sphere 
to the nearest sq. ft. (7 = 3.14106.) 


18. The cost of varnishing a rectangular box is 85. 6d. 
What will be the cost of varnishing another box whose 
dimensions are all half as long again as those of the first box? 


19. The cost of facing a pyramid with brick is £1023 
155. g¢. Find the cost of facing with brick a similar 
pyramid whose height is # that of the height of the first. 


20. In a model of a church, calculated on a scale of x in. 
to 10 ft. (linear measurement), the area of a conical spire 
as modelled was found to be 80 sq. in. Find the area of 
the real spire. 
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21. If the cost of gilding a round ball, whose diameter is 
20 in., is £2 18s. 4d., find the cost of gilding a ball whose 
diameter is 32 in. 

22. Find the area in sq. ft. of a terrestrial globe whose 
diameter is the ----—--——- part of the diameter of the 

1 3,904,000 


earth, if the area of the earth’s surface is 197,355,200 Su). 
miles. Answer to the nearest half a sy. ft. 


23. The diameter of the earth being 7900 miles, and that 
of the moon 2160 miles, compare the areas ot their surfaces ; 
and find the radius of a sphere whose surface is cqual to 
their sum. (Sandhurst.) 


Section IL 


122. The volumes of similar solids are proportional to the 
cubes of corresponding lengths. 


This is true in the case of all solid figures. It will be 
sufficient for us to prove it in the case of all the solids we 
are concerned with. 


The volume of a prism = base x altitude ; and volume of 
a pyramid = 4 base x altitude. 
_*, in any two similar prisms or pyramids, if V%, K% be 
the volumes, /’,, 4, the bases, 4,, 4, the altitudes, and a, 
a, corresponding edges, we have: 
Vio Bos: AB, AB, 
But A, : Ay si a :a,. ~ (Section i) 
And Dy Sods GaP. Pas. ft ‘i ) 
Oo AB AAD SS aS Pay. 
That.is, 7) ¢ H.sp ap ae. 
Thus the volumes of similar prisms or pyramids are pro- 
portional to the cubes of corresponding edges. 
The proof will be the same in the case of the cone or 
cylinder, except that the result will be that the volumes are 


proportional to the cubes of the altitudes, or of the radii of 
the bases. 


Finally, in the case of a sphere, it is clear that the 
volume of every sphere is proportional to the cube of the 
radius. 


123. When two solids are similar, the smaller may be 
“considered a mode! of the other. This will suggest the 
most important application of similar solids. 
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Examples.—(1) If a right cone on a circular base be divided 


into three portions by 
‘two sections el to 
the base, and at equal 
distances from the base 
and vertex, compare 
the three volumes into 
which it is divided. 
(Sandhurst.) 


Let the cone ODE be 
cut by the two planes 
parallel to its base, so 
that the segments of the 
altitude OC, CB, BA 
are all equal. 


Then the pyramids p 


OHK, OFG are similar 
to the whole pyramid, 
and to one another. 





Volume of OAK : volume of OFG °: OC?: OF". 


1 ° 8 


.. (dividendo) volume of OA’: volume of HGR cee ew 
Again, volume of OFG : volume of ODE :: OB: OA", 


8 : 27. 


.. volume of OFG: volume of FVEG |: 8: 19. 
*, volume of OA/K : volume of FDEG !: 1: ty. 
*, the three volumes are to each other in the proportion ; 
1:7: 19. Answer. 


(2) In a model, constructed on a scale of 2 in. to 21 ft. (linear 
measurement), the solid content of an octagonal pillar is found 
to be 2:48 cubic in. Find the number of cubic ft. in the pillar. 


Let x=number of cubic ft. in pillar. 
*, 2°48 cubic in. ! x 5: 23 cubic in. 21° cubic ft. 


meee nesta: 


alia a 


is 8 :  g264. 
= 9261 x -31 cubic ft. 


«x 2870-91 cubic ft. Answer. 
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EXAMPLES ON THE VOLUMES OF 
SIMILAR SOLIDS 


1. The edges of two similar solids are as 11: 13. The 
volume of the first is 3 cubic yds. 13 ft. 1281 in. Find the 
volume of the second. 


2. The volumes of two similar solids are to each other 
as 12,167 : 32,768. The edge of the first is 5 ft. gin. Find 
the edge of the second. 


3. The surface of one solid is 6 times that of a similar 
solid. How many times is the first larger than the second? 


4. The weights of two similar solids of the same material 
are 432 lb. and 540 lb. The cost of painting the surface 
of the first is pee 5s. Find the cost of painting the 
surface of the second. 

5. The altitudes of two similar solids of the same ma- 
terial are as 5 : 6, and the weight of the first is 625 Ib. 
Find the weight of the second. 

6. The altitudes of two similar prisms are 12 ft. and 15 ft. 
Find the altitude of a similar prism whose volume is the 
sum of the volumes of the two first prisms. 


7. The volume of a tetrahedron is 3 cubic ft. 49 in. 
What is the volume‘of a tetrahedron 3 times as high? 


8. A right pyramid, whose base is a square of 7 in. a 
side, and whose perpendicular height is 8 in., is cut into 
two parts by a plane parallel to the base, and 6 in. from it. 
Find the volume of the two parts and their total surface, 
(Sandhurst. ) 

g. A pyramid is cut by two planes parallel to the base, 
so that the lateral surface of the three divided - parts are 
equal. If the volume of the pyramid is 519.62 cubic in, 
find the volumes of these three parts. (N.B.—The roots 
roust be taken out to four places of decimals.) 
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10. The height of a pyramid is 8 ft. How must a plane 
be drawn parallel to the base so as to divide the pyramid 
into two parts, whose contents shall be equal to each 
other? (Sandhurst.) 

11. Prove strictly that the volumes of two similar cylinders 
are proportional to the cubes of their altitudes. 

12. The altitude of a right-angled cone is to ft. Find to 
three decimal places of a ft. the altitude of another right- 
angled cone whose volume is half as large again as that 
of the first cone. 

13. A cone is cut by a plane parallel to the base, so 
that the smaller cone cut off is half as large again as the 
remaining frustum. Find the proportion in which the 
cutting-plane divides the altitude. 

14. Show how to find in what proportion the altitude of 
a cone is cut by the 2-1 planes parallel to the base which 
divide it into # equal portions. 

Example: Divide a cone into three equal parts by planes 
parallel to the base. 

15. The weights of two spheres of the same material are 
852 Ib. and 332? lb. If the surface of the first sphere is 
154 sq. ft., find the radius of the second. 

16. The edges of three similar polyhedra are 3 in., 4 in., 
and 6 in. Find the edge of a fourth similar polyhedron 
whose volume is legs than that of the largest of the first 
three by the sum of the volumes of the other two. 


17. If two cubical blocks of stone contain together 
8 cubic ft., and the side of the less 1s to that of the greater 
as 3: 4, find the side of each. (Sandhurst.) 

18. If I pay one guinea for a cubical block of marble, 
of which the side is 1 ft., what ought I to pay for another 
cubical block of the same marble, of which the side is equal 
in length to the diagonal of the first block? (Sandhurst.) 

19. The weight of the water in two cubical cisterns is as 


5:8. The edge of the first cube is 13 in. Find to three 
decimal places of an in. the edge of the other. 
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F 
20. A rectangular reservoir, which holds 8ro gallons of 


water, is to have every dimension made } as large again. 
Find how many gallons the enlarged reservoir will contain. 


21. If the dimensions of a rectangular box are half as 
long again as those of a second, the first contains 3% times 
as much as the second. 


22. The radii of two similar cylindrical blocks, one of 
marble, the other of stone, are as 5 : 3, while their weights 
are aS 5 : 1.06. Compare the volumes of equal weights of 
marble and stone. 


23. The cost of gilding a sphere is £20. Find the cost 
of gilding a sphere 3 times as large. 

24. The diameter of Mercury is 3200 miles, that of the 
earth 8000 miles. How many times is the earth larger than 
Mercury? 


25. The weights of two spheres, which are solid, and 
made of the same material, are 512 lb. and 729 Ib, re- 
spectively. If the radius of the first sphere is 16 in., what 
will it cost to gild the surface of the second sphere at 
13d. per sq. in? (Sandhurst.) 


26. An object is enlarged by a microscope 400 times. 
What is the apparent length of an edge .76 in. long? 


27. If the surface of an object appears under a micro- 
scope 50 times larger than reality, find how many times the 
microscope magnifies the size of the object. 


28. The model of a hall, constructed on a scale of 1 in. 
to 8 ft. (linear dimensions), contains 180 cubic in. Find 
the number of cubic ft. in the hall. 


29. Find correct to a cubic ft. the content of Cleopatra’s 

Needle, if the content of a model of it is 5.087 cubic in., 
given that the height of the Needle is 92 times that of the 
model. 
" goa The side of the base of a model of the Great 
Pyramid of Egypt is 9.55 in., and the model contains 
182.785 cubic in. Deduce in cubic yds. the content of 
the Great Pyramid, the side of whose base is 764 ft. 


CHAPTER IX. 
MISCELLANEOUS PROBLEMS ON SOLIDS 


[The formule for solid mensuration are collected here 
for purposes of reference. The first list contains the more 
important formule. The second list is not of such great 
practical importance. 


In the following lists 

(i.) a, 5, ¢ stand for edges. 

(ii.) A stands for altitudes; hy Mg Ay for parallel edges. 

(itt.) ¢ for the slant side of a cone. 

(iv.) %, %, % for radii of circles. 

(v.) B, B for bases. 

When a formula is a short one it is usually written in 
words, with the symbols placed after it in brackets. Some- 


times a formula has to be written for the want of familiar 
symbols. ] 


( 


124. FORMULA FOR THE MENSURATION OF SOLIDS. 


PRISM 


1. Volume of rectangular parallelepiped 
= product of three dimensions (abc). 


2. Volume of cube (edge a) = a’. 
3. Volume of prism = base x altitude (Bh). 


4. Also volume of triangular prism 
= § any side-face x perpendicular from opposite edge. 
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PYRAMID 


. Volume of pyramid =} base x altitude (3 Bh). 


6. Volume of frustum of pyramid = a B+JV BB + BY 


To. 
If. 


12. 


13. 
14. 
15. 
16. 


17. 
18, 


19. 
20, 


2i. 


22. 


CYLINDER 


. Lateral surface of cylinder = 2rrh. 


Volume of cylinder = base x altitude (xr°h). 


CONE 


. Lateral surface of cone 


~4 sie hia of base x slant side (xrl). 
Volume of cone = 3, base x altitude (% ar*h), 
Lateral surface of frustum of cone=% slant side 
x sum of circumferences of bases ((t(r,+7,)). 
Th : 
Volume of frustum of cone= 7 (7° +7,+7,/). 


SPHERE 
Surface of sphere (radius r) = 4nr*. 
Volume of sphere (radtus r) = Arr’, 
Surface of sone or scement = 20rh. 


At 
Volume of gone= % {3 (n+ 77) +47}. 





Volume of obligue parallelepiped = Bh. 
Frustum of right triangular prism 


= base x § sum of parallel edges “ kts eo) 


3 


Volume of tetrahedron (edge a) = ae 


Lateral surface of frustum of cylinder: xr (hk, +h). 
Volume of frustum of cylinder = =r" (“% +A ‘). 


Volume of segment of sphere = = 37,2 + 4°). 
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125. Problems are often set in solid mensuration of 
greater or less complexity, which cannot be solved by the 
aid of one formula only, but require two or three. ‘hese 
may be roughly grouped under the four following heads : 


(a) When the problem is simply to compare the surfaces 
or volumes of two different solids. For instance, it may 
be asked what portion should be cut off a cylinder to equal 
in volume a pyramid of given dimensions. This case may 
be called comparison of solids. 

(6) When some substance of measurable quantity Is 
transferred from one solid receptacle to another. For 
instance, water may run through cylindrical pipes into a 
rectangular reservoir; or gunpowder may be taken from a 
cylindrical canister to fill a spherical shell; or the muafertal 
tiseif of some solid may be used to form another solid, as 
when a square bar of iron is hammered out into cylindrical 
wire, and soon. This case may be called measurement of 
one solid by means of another. 

(c) When a solid figure is formed by the union of two or 
more simple solids. For instance, a cylindrical towet may 
be capped by a hemispherical dome; the roof of a square- 
built house may be in shape a prism; a tunnel may be a 
rectangular parallelepiped surmounted by a semi-cylinder, 
and soon. This may be called addition of solids. 


(7) When one solid is described about or inscribed in 
another solid, or, more generally, when one solid ts con- 
ceived as hollow, and having another inserted init. ‘Thus 
a cone may be described about a sphere; or a sphere in- 
scribed in a cylinder; or, in practice, a spherical body may 
be thrown into a conical vessel ; or, which is practically the 
same case, shot may be piled in the form of a pyramid. 
This case may be called subtraction of soltds. 


Examples follow illustrating the four cases. 


Examples.—Case (a).—(1) Find the difference in content of 
two tumblers, one of which is cylindrical (height 4} in., diameter 
2,4 in.), while the other is an inverted frustum of a cone (height 
34 in., diameter of top 24 in., diameter of bottom 2} in.); and find 
ow much water each will hold, if a gallon contains 277} cubic in. 
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Volume of cylindrical tumbler = (#%)? . 3 cubic in. 
1369 17. 
zy. or 
32° 4 
Content of first tumbler in pints = 32% x, © x 1369 x 17, 
3 110Q)_BRX 324 
w= 22% 1369X17 _ 256003 
Fx now sess * 496832 


==-515§ pint. 
Volume of conical tumbler=» . 3} {(3%)? +24 . 23+ (#2)"}- 
xy, 31 1209 
24° 162° 


Content of second tumbler in pints=°*4 4 ye x ST 4, 1209, 
1109 24 c 
1] 403 
ee RX 3X «1209 w= 137423 
7x MCg aS” 248416 


w= +553 pint. 
., the second tumbler holds more by -038 pint. Answer. 


(2) A cylinder, whose height = diameter of base, has a surface 
equal to a cube. Compare their volumes. 


Let r=radius of base of cylinder, c=edge of cube. 
.. surface of cylinder=2xr (4+ 7)=2ar . 3. 
== 6rr4, 
Surface of cube =6a%, 
*, 6a? = 6xr7, 
az le .r. 
Again, volume of cylinder= a7? . A=2r°. 
Volume of cube =a’, 

. ratio required =2mrr5° ct. 

m= ler? ° rir’, 


. 


- at 
wm 2.7". 

The answer may be left in this form. If worked out, it will 
be found to be: 1-128 ° 3, 


- 
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CasE (4).—(3) A bucket is in shape a conical frustum 
(height =9 in., diameters of top and bottom surface = 10 in. and 
7} in. respectively). Find how much lower the water will stand 
in a well whose diameter is 5 ft., after the bucket has been 
filled 24 times. 


Volume of bucket = "29 {53+5. 18+ (35)?} cubic in. 


= 3m. (16+12+9)= 3m 203232 cubic in. 


3 
., content of 24 buckets = 37-29 | 37... cubic in. 


2 
ot 4 ge 37 = 3 cubic in. 


Let A=amount the water will sink. 
., Ais the altitude of a cylinder, the radius of whose base= 
6 in. é aos 
on *, volume of cylinder=-r . 307 . & cubic in. 


*, ©. 900, he 38225 2 S72 3 


= 3": 25 ? i Aa On oe 83 
h et ae Bar 42 in. Answer. 
38 
4 
(4) A solid metal sphere, 6 in. in diameter, is formed into a 
tube 10 in. in external diameter, and 4 in. in length. Find the 
thickness of the tube. (Sandhurs?.) 
Let x= thickness of the tube. 
*, volume of tube = difference of two cylinders. 
=m. 4 {5?-(5-2)*}. 
Also volume of sphere= 7" . 3° = 360, 


40 (59-5 - x)?} = 36n. 
25 -(5~-2)#=9, 
(§ ~ +)?= 16, 
x-$= 44. 
x=5t4=90r1. 
The smaller value is the thickness of the tube. The larger 


value really gives the remainder of the externa) diameter when 
the thickness of the tube has been subtracted once from it. 
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CASE (c).—(5) Find the weight of a dumb-bell consisting of 
two spheres of 5 in. diameter, joined by a cylindrical bar 7 in. 
long, and 2 in. in diameter, an iron ball 4 in. in diameter 
weighing 9 Ib. (Sandhur'st.) 





The dumb-bell = sum of two equal segments of a sphere, and 
a cylinder. 


We must first find the altitude of one of the segments, 
Altitude CA =CO+ 0A. 
=2h+ Vit. 


lay. 
= §+ 2! in. 


If we take 9/21=4:58, altitude=4-79 in., 
., volume of either segment = ~~ aie | 3.174 (4-79). 


rT 
wa - 


pA EID 25/9441 
= X 20-712 cubic in. (nearly). 
Volume of cylinder=z . 17. 7=7 cubic in. 
*, total volume of dumb-bell = # x 41-424+77. 
sxe X 48:424 cubic in. 
Again, volume of iron ball= 4 . 2°= = cubic in. 


.. I cubic in. of iron weighs 9 x _3_ = 77 Ih, 
3287 329r 


*, weight of dumb-bell = =”. x w x 48-424. 
= §% x 48-424 Ib. 
= 40 lb, 14 02. (to nearest ounce). Answer. 
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(In questions of this kind it is often necessary to examine 
the data carefully. Thus a careless reading might give the 
student the impression that he had to find the sum of a 
cylinder and two spheres, instead of a cylinder and two seg- 
ments of a sphere.) 


(6) A ut octagonal room, whose side is 10 ft. 6 in., is 
surmounted by a pyramidal ceiling, which in its turn is 
capped by an octagonal lantern whose side=2 ft. 6 in. The 
height of the side-walls is 9 ft., and the slant edge of the 
pyramidal ceiling stretching from the side-wall to the lantern 
is 5 ft. Find the cost of painting both walls and ceiling, at 4307. 


per sq. ft. 
The lower part of the room is an octagonal prism. 


The upper part, as far as the lantern, is a frustum of a 
symmetrical octagonal pyramid. 


The lantern, of course, will not be 
painted. 


Hence we have to find the lateral 
surface of a prism (=8 rectangles), and 
add on to it the lateral surface of the 
frustum of a pyramid (=8 trapezoids). 
In fact, we have to find 8 times the 
value of the annexed figure, representing 
one side of the room. 


St. 





Area of rectangle = 10} x 9 = 194 sq. ft. 
The altitude of trapezoid is easily seen to be 3 ft. 
*, area of trapezoid = 3} x 3 = 52 sq. ft. 
*, area of surface to be painted =8 x (1}" + 4). 
=8x 114 sq. ft. 


Cost of painting =8 x 114 x 4}d. 
2 
as 8 x 114 x 59 = 3618, 


=/18 1s. Answer. 
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CASE (d).—(7) The side of the base of a perenne prism is 


4in., and the altitude is 9 in. Find the volume o 


cylinder. 


an inscribed 


The base of the inscribed cylinder will be the circle inscribed 


in the base of the hexagon. 


Sore v3 .4=2N3 in. 


Volume of inscribed cylinder =x (2 3)? . 9. 
= 12x Qw= 108" cubic in. 
= 339 cubic in. (to nearest cubic in.) Answer. 


(8) A tangent cone is drawn to a 
sphere whose radius is 3 in. If the 
vertical angle of the cone is 60°, find 
the volume of the space included 
between the sphere and the cone. 


Let the figure represent a plane 
section of the sphere and cone, pass- 
ing through the centre # of the 
sphere, and the vertex 4 of the 
cone. 


Then we have to find the difference 
between the volumes of the cone and 
the segment of the sphere CZF. 


Volume of cone=5 ~ CD. AD. 


Be 


C 7 


Volume of segment of sphere = . DE (3CD? + DE*). 
The angle CAB=} angle CAF = 30°, and angle ACB=90". 
.. angle CBD = 60°, and angle BCD= 30°. 


CD=CB cos gore XS in, 


AD=CD cot son 33 5 a/3= § in. 
DE=BE- BD=3-CB sin 30° = 3 - § =] in, 


.. volume of cone= 5 Xt, gage cubic in, 
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Segment of sphere = ~8(3. r+ $) = 43" cubic in. 


.. volume included = § (81 =45)= 70" =" cubic in. 
If r=3. 1416, 


Volume=14.137 cubicin. Answer. 


(9) A hollow shell 12 in. in diameter is placed in a conical 
vessel, whose vertical angle is 60°, and water poured into it 
until it just covers the shell and fills the cavity in it, when the 
shell, emptied of the water in it, is removed, and a solid ball of 
the same diameter substituted for it. The water stands } in. 
above it. Find approximately the thickness of the shell. 
(Sandhursé.) 


Let the figure 
represent a plane 
section of cone and 
shell, drawn as in 
the last example. 

Then the frustum 
DBCE of the cone 
DAE represents 
the amount of water 
requisite to fill the 
shell. 

It will readily be 
seen that the tri- 
angles ABC, ADE 
are equilateral, and 
that /, H, KX are points of bisection for their sides. 


Volume of frustum DACE 
=; HK | DK°+ DK. BH+ BH), 
Now H#X=}in. . . . 





Bs She de ar nds a WE ets Ue SE 
BH=BF=AF=OF cot 30° =64/3 in. . . (2). 

and DK: KA :: BH: HA. 

But HA = 0A + OH=OF cosec 30° + OH =30H. 


== 18 in. 
.. KA = 18} in. 
and DK : 42 3: 64/3: 18. 


a 3783 37 | 
Bate porate gags Bie «es ae a oh BY 
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’, volume of frustum == , 432° 437 . 63+ 108} cubic in, 
3 12 23 
_ 3997 
= 
Let » = interior radius of shell, 


. _ 3997*, 
J. §rA= 72 


3997 . 3 3997 Jae: 
. P= 2 * 3 = 96 cubic in. 
Whence we shall find r= 3-47 cubic in. (very nearly). 
.. thickness of shell=6- 3-47=2-53 in. Answer. 


cubic in. 
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MISCELLANEOUS EXAMPLES ON SOLIDS 
(a) Comparison of Solids 


1. Show that a right cone, a hemisphere, and a cylinder, 
all of which have the same base and altitude, have their 
solid contents as the numbers 1, 2, 3. (SandAurst.) 


2. Two thin vessels, without lids, each contain a cubic 
ft. The one is a rectangular parallelepiped on a square 
base, whose height is half its length; the other a right 
circular cylinder whose height 1s equal to the radius of its 
base. Compare the amounts of material which it would 
require to make them, the thickness being the same for 
each. (7 = 3.1416.) (Sandhurst) 


3. At what height must a plane parallel to the base cut a 
yramid, whose base is 400 sq. ft. in area, and whose height 
is 60 ft., so that the frustum cut off below it may be equal 
in volume to the frustum of a cylinder, the diameter of 
whose base is 28 ft., and whose greatest and least heights 
are 19,'; ft. and 34% ft.? 


4. Which wine-glass contains most—a hemispherical one 
whose diameter at the top is 3} In., or a conical one whose 
diameter at top, and height, are both equal to 3} in.? 


5. A Dutch cheese is spherical in shape, a Stilton cylin- 
drical. Find the height of a Stilton cheese which stands 
on a base 6 in. in diameter, and is equal in content to a 
segment of a Dutch cheese 44 in. thick, the diameter ot 
the Dutch cheese being 139 in. 


6. Two buckets have the same depth, i.e. 8 in. One is 
cylindrical, the radius of its base being 5 in., and the other 
is a conical frustum, the radii of its ends being 6 in. and q in. 
Which holds the greatest amount of water, and by how 
much? Answer to three decimal places of a pint. 
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4. A conical block of stone is 42 ft. high, and 5 ft. 6 in. 
in radius of base. Find the altitude of a frustum of it 
which shall be equal in bulk to a rectangular stone block 
whose dimensions are 12 ft., 9 ft. 6 in., and 8 ft. 8 in. 


8. What must be the area of the base of a cylinder 
whose altitude is 12 in., if its lateral surface is 4 that of a 
prism on a regular hexagonal base, whose side is 54 in., and 
the altitude of which is 8 in.? 


9. A square pyramid is 5 times as high as a cylindrical 
column 30 ft. high. The volume of the pyramid is 
2,000,000 cubic ft., and the volume of the column is 4620 
cubic ft. By how much will the pyramid stand on a greater 
area than 250 equal columns of the above size? 


10. How deep must the water be in a rectangular reser- 
voir whose length is 150 ft., and breadth 45 ft., in order 
that the volume of water may be the same as in a cylindrical 
one in which the depth of the water is ro ft., and the 
diameter of the base go ft.P (7=3.1416.) Answer to three 
decimal places of a foot. 


11. The floor of a room is a regular hexagon whose side 
is 9 ft. Find the height, correct to the nearest quarter of 
an inch, in order that the room may contain as many cubic 
ft. of air as a rectangular room 20 ft. 3 in. long, ro ft. 8 in. 
broad, and 8 ft. 10 in. high. 


12, A frustum of a cylinder and a frustum of a cone 
are on equal bases, and the portions of the axes intercepted 
in each are equal. If the volume of the conical frustum 
= 4% of that of the cylindrical frustum, prove that the 
diameters of the top and bottom surfaces of the conical 
frustum are to each other as 1 : 12.93. 


13. A sphere, and a cylinder whose altitude is 3 times 
the radius of its base, have equal surfaces. Show that the 
volume of the sphere is 1.257 times that of the cylinder. 


14. A cube is 3 times a tetrahedron. Show that edge of 
cube is to edge of tetrahedron in the ratio of the side of a | 
square to its diameter. 
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15. The volume of. a right-angled cone is half that of a 
hemisphere. Show that the whole surface of cone is .8047 
times that of the hemisphere. 


16. A cone and a cylinder have the same altitude, and 
the radii of their bases are as 3: 2. Show thut their 
volumes are in the ratio 3: 4. 


17. A sphere and a square pyramid, all whose edges are 
equal, have the same volume. Show that the surface of 
the pyramid is 1.48 times the surface of the sphere. 


18. An officer procecding to India in a troop-ship is 
allowed 60 cubic ft. of baggaye. A lieutenant had two 
cases and a basket, one case being 4 ft. 24 in. long, 2 ft. 23 in. 
wide, and 2 ft. 4} in. deep, and ne other being half those 
dimensions, and the cylindrical basket being 3} ft. high by 
2 ft. in diameter. By how much did he exe ear or fall short 
of his allowance, actual contents being taken for the cylinder, 
and fractions of a cubic ft. being omitted in the result? 
(Sandhurst.) 


19. If a 12-lb. shot be 2.17 in. in radius, find the weight 
of a cubical safe of iron whose side is 3 ft., and thickness 
of metal # in. Answer correct to a Ib. 


20. The altitude of a right-angled cone is ro in. Find 
the edge of a cube of equal volume, to the nearest tenth of 
an inch, (7 = 3.1416.) 


21. A spherical iron shell, whose external and internal 
diameters are 6 in. and 4 in., weighs 22 Ib. 6 oz; and a 
cylindrical leaden pipe ro in. long, whose external and 
internal diameters are 6 in. and 4 in., weighs 6 § Ib. 13 02. 
Find to two decimal places how many times lead is heavier 
than iron. 


22. The altitude of a cylinder is 12 in., and the diameter 
of base 10 in.; the base of a cone is 3 times that of the 
cylinder, and its altitude half that of the cylinder. Find 
the radius of a sphere whose volume : the sum of the 
volumes of cone and cylinder. 

; R 
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23. If the altitude of a frustum of a cone = difference 
between the radii of the ends, the volume=} the volume 
of a hollow shell whose inner and outer diameters are the 
same as those of the ends of the conical frustum. 


(b) Measurement of one Solid by another 


24. Water is flowing at the rate of 10 miles an hour, 
through a pipe 15 in. in diameter, into a rectangular reser- 
volr 187 yds. long, and 84 yds. wide. Calculate the time 
in which the surface will be raised 1 in. (Sandhurst.) 


25. A rectangular reservoir, whose length and breadth 
are 125 ft. and 63 ft., 1s filled by a cylindrical pipe (diameter 
= 34 1n.), through which the water runs at the rate of 8 
miles per hour. Find how much the surface will be raised 
in 10 hours, and also what number of gallons will be 
poured in during that time. 


26. The water is 8} ft. deep in a rectangular reservoir 
whose base covers an area of 5280 sq. yds. In what time 
can the water be emptied by a pipe 6 In. in diameter, through 
which the water runs at the rate of 18 miles an hour? 


27. Find to ,'; of a mile at what rate per hour the water 
must run through a pipe 3 in. in diameter, in order to fill 
in 24 hours, to the depth of 6 ft., a rectangular reservoir 
whose length 1s 220 ft., and breadth 72 ft. 


28. A cylindrical reservoir, whose diameter is 40 ft., is 
filled by a pipe whose cross-section is a square (side = 4 in.). 
If the water runs at the rate of ro miles per hour through 
the pipe, find to ys of a minute how long it will are to 
raise the surface 1 ft. 


29. The water stands 7 ft. 6 in. deep in a rectangular 
reservoir whose base covers an area of 6240 sq. yds. If it 
is emptied by a pipe whose diameter is 4} in., through 
which the water flows at the rate of 12 miles per hour, find 
approximately in tons what weight of water will remain in 
the reservoir after the pipe has been running 8 hours. 
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30. A bucket is in shape a conical frustum whose height 
is 10 in., and the diameters of whose ends are g in. and 
12 in. Find how much lower the water will stand in a 
well whose diameter is 3 ft. 9 in. after the bucket has been 
filled 27 times. 


31. Given the well and bucket as in the last example. 
Find how many times the bucket must be filled in order 
to make the water sink 245 in. 


32. How many conical wine-glasses, each 2} in. in 
height, and 2 in. in diameter at the top, can be filled from 
a hemispherical bowl whose diameter is ro in. ? 


33. How many tumblers, each of which is in shape an 
inverted conical frustum (height 3} in.; diameter of top 
and bottom 2} in. and 2 in.), can be tilled from a cylindrical 
water-jug, whose height is 12.2 in. and diameter 5 in. ? 


34. A box, whose internal dimensions are 4 ft., 3 ft., and 
1 ft. 6 in, is half full of oats. How many times may a 
round measure 4 in. deep and 22 1n. in circumference be 
entirely filled from it? 


35. A rectangular box, whose length and breadth are 
2 ft. 6 in. and 1 ft. 9 in., has corn thrown into it 20 times 
from a round measure, whose depth is 5 in. and «liameter 
1 ft. Find to the nearest in. how high the corn will stand 
in the box if distributed evenly. 


36. Eighteen conical piles of corn are each 4 ft. high 
and 8 ft. in diameter at the base. If this corn be distributed 
evenly over the floor of a granary 4o ft. long and 2§ ft. 
broad, find to the nearest half in. to what height it will 
reach. 


37- Gunpowder is taken from a full cylindrical canister, 
whose height is 10 in., and inner diameter 3 in., to fill a 
spherical shell, whose interior diameter is 4 in. find how 
much gunpowder is left in the canister if 32 cubic in. of 
as weigh 1 lb. Answer to two decimal places of 
a Ib. 
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38. How many spherical shells, whose interior diameters 
are each 3 in., can be filled with gunpowder from a cylin- 
drical canister whose height is 1 ft. 4 in., and the diameter 
of whose base is 6 1n.? 


39. A solid metal sphere, 4 in. in diameter, is formed 
into a tube 1 ft. in external diameter, and 3 in. in length. 
Find the thickness of the tube to three decimal places of 
an in. 


40. A bar of iron, in shape a triangular prism, 3 ft. long, 
whose ends are rizht-angled triangles, the sides being 7 in. 
and 4 in., is melted down and cast into a cannon-ball. 
Find the diameter of the cannon-ball to the nearest 
hundredth of an in. 


41. A cylindrical bar of lead, the diameter of whose 
cross-section is 2} in., and whose length is 9 in., is melted 
down and cast into bullets, each } in. in diameter. How 
many bullets can be so formed, and what will be the weight 
of each to three decimal places of an oz., if 1 cubic in. of 
lead weighs 6.6 oz. ? 


42. A rectangular bar of iron, whose dimensions are g in., 
4} in., and 3 in., 1s drawn out into wire 270 ft. long. Show 
that its thickness is less than ¢ in. 


43. A cubical mass of iron, whose edge is 5} in., is drawn 
out into wire ,’, in. thick. Find its length. (7 = 3.1416.) 


44. A rectangular bar of brass, whose length is 13 in., 
and whose cross-se¢tion is a square (side = 4 in.), is drawn 
out into wire 187 yds. long. Find the weight of 99 yds. of 
this wire, if 1 cubic ft. of brass weighs 8500 oz. 


45. The diameter of a cylindrical iron 10d is 1} in. What 
must be its length, if the iron composing it can be melted 
and cast into a spherical shell 5 in. and 3 in. in external 
and internal diameters ? 


46. A mass of gold can be beaten into gold-leaf extending 
over 10,000 sq. yds. and zydgq in. thick. Find to the 
nearest yd. what length of wire 4, in. thick could be made 
out of the same mass of gold. (# = 3.1416.) 


s 
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47. A spherical mass of iron, whose radius is 4} in., is 
drawn out into wire y's in. in diameter. Find its length in yds. 


48. A rectangular bar of iron, 54 sq. in. in area of cross- 
section, is formed into a spherical shell whose exterior 
diameter is 7 in., and which holds sufficient gunpowder to 
fill a cylindrical canister, 5 in. in diameter of base, to a 
depth of 33 in. Find the length of the bar of iron to ,', in. 


(c) Addition of Solids 


49. An iron boiler is in the form of a circular cylinder, 
9 ft. long, with hemispherical ends. Its extreme diameter 
is 3 ft., the metal is 1 in. thick, and the weight is 362348 Ib. 
What is the weight of a cubic in. of iron? (Sasdfhurst.) 
(N.B.—Apparently the cylinder is g ft. long 2/hout the 
ends. The result suggests some error in the question. All 
the Sandhurst: questions are viven exactly as set.) 


50. A cylindrical boiler 1s terminated by a hemisphere at 
each end. Its total length is 8 ft. 8 in., and its extreme 
breadth 4 ft. 21n. Find the weight of the iron composing 
it, if the metal is 1 in. thick, and a cubic in. of iron weighs 
4.2 02. 

51. If a room be 4o ft. long by 20 ft. broad, and contain 
12,800 cubic ft., what addition will be made to its cubic 
contents by throwing out a semi-circular bow at one end? 
(7 = 3.1416.) (Sandhurst) 


52. The dimensions of a room are: breadth 12 ft., and 
height g ft. Find what addition to its cubical content could 
be made by throwing out a semicircular bow at one end. 


53. A cylindrical tower 24 ft. in diameter, and 30 ft. 
high, is capped with a hemispherical dome. The top of 
the dome is cut off, and over the orifice formed is built a 
cylindrical lantern 8 ft. in diameter, and 1o ft. high, closed 
at the top by a plane surface. Find the total exterior sur- 
face of the building. (Sadhurst.) 

54. A round tower 120 ft. high is surmounted by a conical 
top go ft. high. If the diameter of the tower be 60 ft, 
find the whole exterior surface. (7 = 3.1416.) 
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55. An observatory consists of a round tower capped by 
a hemisphere. The total height is 60 ft., and the external 
diameter of the tower is 35 ft. Ifthe brickwork composing 
it is 14 in. thick throughout, find the volume of the bricks 
in cubic ft. 

56. Find the whole exterior surface of a house which is 
square-built, with the ordinary sloping roof on both sides. 
Total height = 50 ft., height of the side-walls = 41 ft, length 
= 60 ft., breadth = 24 ft. 

57. A square tower, the side of whose base is 14 ft. and 
whose height is 50 ft., is terminated by a pyramidal spire 
with 4 sides, and 24 ft. in height. Find the total exterior 
surface in sq. ft. 

58. A hexagonal room is capped by a pyramidal roof. If 
a side of the hexagon is ro ft., the total height 13 ft., and 
height of the walls 8 ft., find (1) the cost of papering the 
walls and ceiling at rs. g@. per sq. yd., allowing for a window 
6 ft. by 3 ft. on 4 out of the 6 sides, and a door of the 
same size on the other two; (2) the cubic content of the 
room to the nearest cubic ft. 


59. A building is in shape a cylinder surmounted by a 
hemisphere, which in turn is surmounted by a conical lan- 
tern. The height of the cylinder is 30 ft., and the diameter 
of the base 24 ft.; the height of the lantern is 4 ft., and the 
diameter of the base of the lantern 6 ft. Find the total 
exterior surface to '5 of a cubic ft., if all the measurements 
given are external. , (7 = 3.1416.) 

60. A room is in shape rectangular, with a semicircular 
bow at either end of the length. The extreme length, 
breadth, and height are to each other as 3:2:1. If the 
room contains 5000 cubic ft., find its dimensions, each 
correct to an inch. 

61. The cross-section of a tunnel consists of a rectangle 
surmounted by a semicircle. If the total height is 35 it., 
and breadth 20 ft. find approximately how many cubic ft. 
of air there are in a mile’s length of tunnel. (+= %.) Find 
also, by taking w= 3.1416, how many cubic ft. the former 
answer is greater than the exact number. 
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62. The cross-section of a brick subway 20 ft. long is a 
rectangle surmounted by a semicircle. The total height and 
breadth (both exclusive of the bricks) are 8 ft. and 4 ft, and 
the thickness of the bricks is 44 in. Find the weight of the 
bricks, if a brick containing ,; of a cubic ft. weighs 5 Ib. 


63. A gasometer consists of a cylinder with a spherical 
top (segment of sphere). If the circumference is 6$ poles, 
and the spherical portion rises 6 ft. above the cylindrical, 
find what must be the total height of the gasometer in order 
that it may contain 40,000," cubic ft. of gas. 


64. How many tons of water does a river pour into the 
sea per hour, supposing that the section of the river is a 
rectangle, whose breadth is 80 ft., with a semicircle below 
it, and that the total depth is 45 ft., the stream running at 
the rate of 3 miles an hour? 


65. Find the weight of a solid cylindro-conical projectile, 
the whole length being 12 in., and the length of the conical 
part being 4 in., and the diameter of the circular end being 
3 in., if a cubic in. of iron weighs 4.2 02. 


66. A top is an inverted cone surmounted by a cylinder. 
Find the number of cubic in. it contains, If its total length 
is 4 in., length of conical part 2} 1n., and diameter of top 
surface 34 in. 


67. A solid is composed of a hemisphere surmounted by 
acone. The radius of the hemisphere ts 2.25 in., and the 
height of the cone 3.65 in. Find the exterior surface of 
the solid. (7 = 3.1416.) 


68. A cylindrical rod has conical ends, each 2 In. in 
length. If the diameter of any cross-section of the cylinder 
is 2% in., and the total length of the rod is 1 ft. 4 in, find 
the weight of the rod, 1 cubic in. of the material of which 
it is composed weighing 24 oz. 


69. The top surface of a table is a regular octagon, the 
greatest diagonal of which is 32 in., and the thickness Is 
3 in. There are four cylindrical legs reaching to a height 
of 2 ft. 4 in. from the ground each, and 14 in. in diameter, 
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and these legs are joined together by four rectangular cross- 
pieces of wood, each 18 in. long, 2 in. broad, and 4 in. thick. 
Find to the nearest cubic in. the solid content of the table. 


70. A cylindrical column stands on a base which is in 
shape a conical frustum. The diameter of the base of the 
frustum is 3 ft., the diameter of the base of the column is 
1 ft. 9 in., the height of the column without the base is 
12 ft., and the height of the base is 1 ft. Find total volume 
of column and base. Answer to the nearest cubic ft. 


71. A conical funnel ends in a circular tube. If the 
diameter of the top of the funnel is 8 in., and that of the 
tube } in., while the whole funnel is 1 ft. long, and the tube 
2 in. long, find to four places of decimals the amount of 
error in assuming that the funnel holds 5 pints. (7 = 3.1416.) 


72. A solid, consisting of a right cone standing on a 
hemisphere, is placed in a right cylinder full of water, and 
touches the bottom. Find the weight of water displaced, 
having given that the radius of the cylinder is 3 ft., and 
its height 4 ft. the radius of the hemisphere 2 ft., and 
the height of the cone 4 ft. (r=3.1416.) (Sandhurst.) 
{N.B.—This example belongs also to Case (). | 


(d) Subtraction of Solids 


“93. Ifa rectangular parallelepiped on a square base be 
inscribed in a cylinder, whose diameter is 2 ft., and height 
10 ft. 6 in, find its, yolume. 


74. The base of a prism 8 ft. long is a regular hexagon, 
the side of which is 6 in. Find the lateral surface of a 
circumscribed cylinder. (7 = 3.1416.) 


95. Find the surface of a sphere which can be described 
about a cube whose edge is 4 in. Answer to the nearest 
sq. in. 

46, The altitude of a cylinder is 10 in., and the diameter 
of the base is 6 in. Find the volume of the inscribed 
prism on a regular hexagonal base. Answer to nearest 
cubic in. 
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77. The altitude of a symmetrical pyramid on a hexagonal 
base, whose side is 7 in., is 2 ft. Find the lateral surface 
of the circumscribing cone. 


78. The altitude of a cone is 2 ft. 3 in., and the dia- 
meter of the base is 15 In. Find the volume of the space 
included between it and its inscribed square pyramid, 


79. A cone is reduced by trimming to a symmetrical 
pyramid on a hexagonal base. Find to two decimal places 
what portion of the material 1s renioved. 


80. A square pyramid, whose altitude is 8 in,, and side 
of base 6 in., is reduced by trimming to a cone. Find to 
the nearest cubic in. the volume of the material to be 
removed. 


81. A round pillar, whose height is 20 ft, and diameter 
of cross-section 18 in., is reduced by trimming to a regular 
octagonal shape. Find how much it loses in weight, it 
1 cubic ft. of the stone composing it weighs 170 Ib. 


82. If a cylindrical rod, 34 1n. long, and 4 sq. in. area at 
its end, rest cross-wise in a rectangular vessel, whose length 
and breadth are 18 and 16 in. respectively, find approxi- 
mately the weight of water which must be poured in so as 
just to reach the highest point where the rod touches the 
side. 


83. A rectangular tank is 5 ft. long by 2 ft. broad. Find 
to two decimal places of an in. how much the water will 
rise if a sphere of 10 in. radius be totally submerged in it. 
(7 = 3.1416.) 


84. Find the diameter of a spherical body which, being 
thrown into a cylindrical tank whose diameter is 4 ft, will 
make the water rise 3 in. 


85. A number of equal iron balls, forming a complete 
pile on a triangular base, the lowest layer consisting of 
1§ balls, weighs 3 cwt. Find the diameter of cach ball 
1 cubic ft. of iron weighs 450 Ib. (Sandhurst) 
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86. A complete pile of iron shot is arranged on a square 
base, there being 8 shot in the side of the lowest layer. If 
the diameter of each shot is 6 in., find to the nearest cwt. 
the total weight of the shot, if 1 cubic ft. of iron weighs 
7776 02z. 

87. A hollow right prism stands upon a base which is an 
equilateral triangle. The vertical faces of the prism are 
squares, the side of a square being 1 ft. The prism is 
filled with water, and the largest possible sphere is then 
submerged in it. Find the amount of water remaining in 
the prism. (/3=1.73.) (Sandhurst.) 


88. A cylindrical vessel, the diameter of whose base is 
6 in., has the largest possible sphere submerged init, and 
is then filled up with water so as just to cover the sphere. 
The sphere is then taken out. How high will the water 
stand in the vessel ? 


89. A spherical body fits exactly into a cylindrical box, 
the inner diameter of which is 8 in. If the upper part of 
both cylinder and sphere is cut away by a plane passing 
through a point in the top circumference of the cylinder, 
and also a point where sphere and cylinder touch, find the 
content of the remainder of the cylinder which is not taken 
up by the remainder of the sphere. Find also the lateral 
surface of the part of the box remaining. 


go. An inkstand is in shape a conical frustum, the 
diameters of whose top and bottom surfaces are 2 in. and 
4 in., and whose height is 1Z in. The well for the ink is 
cylindrical, takes up the whole of the top surface, and is 
11} in. deep. Find to three decimal places of a cubic in. 
the number of cubic in. in the glass part of the inkstand. 


gt. The total depth of a conical wine-glass is 3 in., and 
the vertical angle is 60%. It is filled with water, and a 
cylindrical body is inserted vertically in it, resting finally on 
the sides of the glass when 1 in. in perpendicular height 
from the bottom. Find the amount of water remaining in 
the glass to yy of a cubic in. 
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g2. A hollow shell of the greatest external diameter 
possible is placed in a cylindrical vessel whose diameter at 
the base is 8 in., and then the vessel is completely filled 
with water, including the cavity of the shell. ‘The shell, 
with its cavity empty, Is then taken out, and the water sinks 
4 in. Find the internal diameter of the shell to the nearest 
hundredth of an inch. 


93. A hemispherical bowl, whose internal radius is 1 ft., 
is filled with water, and placed on a horizontal table. In 
the water there is placed, with its vertex touching the centre 
of the bottom of the bowl, and its axis vertical, a cone 
whose vertical angle is go’. Find the amount of water left 
in the bowl after the intrusion of the cone. (Samd/urst.) 


94. A vessel ro in. in height is in shape a segment of a 
sphere greater than a hemisphere. A cone, whose vertical 
angle is 60°, is placed in the vessel, and is found to rest 
exactly on both sides of the top surface. Find toa cubic in. 
the volume of water which the vessel will hold after the 
intrusion of the cone. (w= 3.14106.) 


95. Froma point 2 ft. from the surface of a sphere, whose 
radius is 4 ft., a tangent cone is drawn to the sphere. Find 
the exterior surface of the cone toasq. in. (7 3.1416.) 


96. Show how to find the radius of a sphere inscribed in 
a cone of known base and altitude. In a conical wine- 
glass, whose depth is 4 in., and diameter of top 6 1n., there 
is immersed a spherical body, the top of which ts flush with 
the surface of the water when the winc-glass is entirely 
filled. Find the radius of the sphere, and what fraction of 
the volume of the wine-glass is occupied by it. 


97. A conical vessel, whose depth ts to the diameter of 
its top syrface as 2: 3, is filled with water to the depth of 
2 in., and a sphere, whose radius is 7 in., is then submerged 
in it. How high does the water stand above the sphere ? 


98. A sphere of radius 3 in. is placed in a conical vessel 
whose vertical angle is 60°, and then water is poured in so 
as to completely cover the sphere. How much will the 
water sink in the vessel when the sphere is removed ? 
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g9. A wine-glass is an inverted frustum of a cone, the 
radius of its base being 4 in. A sphere of diameter 2 in. 
is thrown into the glass, and touches the bottom and the 
sides at the same time. ‘The glass is then filled with water 
.8o as to just cover the sphere. Find how much water will 
be left in the glass if the sphere be removed. (7 = 3.1416.) 


100. A spherical body 4 in. in diameter is thrown into 
an inverted cone, the vertical angle of which is 120° Find 
the distance between any point at which the cone and 
sphere touch, and the vertex. Find also to three decimal 
places of a cubic in. the volume included between the cone 
and the sphere. 


tor. A hollow paper cone, whose vertical angle is 60°, is 
held with its vertex downwards, and in it there is placed a 
sphere of radius 2 in. ‘The portion of the cone remote 
from the apex is then cut away along the line where the 
paper touches the sphere. Find the exterior surface of the 
body thus formed. (Sandhurst) 


102. A conical wine-glass, whose vertical angle is a right 
angle, is filled with water. A hemisphere of radius 1 in. is 
immersed in the water with its convexity downwards, It is 
found that when it rests on the sides of the wine-glass its 
flat surface is flush with the level of the water. Deduce 
the depth of the wine-glass, and find the amount of water 
left in it after the immersion of the hemisphere. (/2 = 4.) 
(Sandhurst) 


a 


APPENDIX TO BOOK II. 


ON THE REMAINING SOLID FIGURES 


126. Besides the polyhedra we have discussed, there can 
be formed an infinite variety of polyhedra contained by any 
number of polygons. Of regular polyhedra, however, there 
are only five. This limitation depends on the fact that “Me 
plane angles by which a solid angle ts contained must be less 
than four right angles. 


Now to form a regular polyhedron, three equal angles at 
least must meet at each angular point; and as the sum of 
these angles must be less than 360°, each of these angles Is 
less than 120° Hence the faces of a regular polyhedron 
must be equilateral triangles, squares, or regular pentagons ; 
for the angle of a regular hexagon Is 120", and that of a 
eregular polygon of more than 6 sides is greater still. Bearing 
m mind, therefore, that the angles at each vertex must be 
less than 360°, we shall see that the only possible regular 
polyhedra are those which have their solid angles formed 
by the meeting of: 


(1) Three equilateral triangles (sum of angles = 3 » 60° + 180"), 


(2) Three squares ( % = 3x OO 270), 
(3) Four equilateral triangles ( ‘ =4x 60’= 240 }, 
(4) Three regular pentagons ( “ mz 3» TOK" = 324"), 
(5) Five equilateral triangles ( ‘ x= § xX 60’ et 300 ), 


In all other cases the angles will be equal to or greater 
than 360°. These five solids have 4, 6, 8, 12, 20 faces 
respectively, and are known by the names of the cude, the 
tetrahedron, the octahedron, the dodecahedron, and the sosa- 
hedron. The first three we have met with. 
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127. A solid of revolution was defined as the solid figure 
described by the revolution of a plane figure round a fixed 
straight line called its axis. We have only investigated 
three, but we can show that the results we have obtained 
are capable of being extended to others. 


128. Zo find the volume of a solid of revolution generated 
by a polygon revolving round one of tts sides which is fixed. 


Let 4B be the axis round which the polygon revolves. 
Draw the perpendiculars /G, 2H, D&A, 
CL. Then A/G, as it revolves, traces 
out a cone. So also CZ&, while FH, 
EK, DL trace out frusta of cones. 


Thus the volume of the solid = the sum 
of a number of cones and frusta of cones. 


If any side be parallel to the axis, the 
corresponding frustum will of course be 
a cylinder. 





129. Zo find the volume of a solid of revolution generated 
by a triangle revolving round an axis outside tt. 


From the angular points of the triangle draw perpen- 
Giculars to the axis. 


ea triangle ABC = trape- 
zium 4 + trapequm SE 
— trapezium CD. 


Now each trapezium, as it 
revolves, generates a frustum 
of acone. Hence the volume 
of the sohd = sum of two 
frusta — the third frustum. 





Since every polygon can be 
divided into triangles, this 
method can be extended to the case in which the revolving 
figure is any polygon. 
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130. Solid Ring. If the revolving figure is a circle, the 
resulting solid is called a solid ring. <A solid ring may 
therefore be defined as a figure described by the revolution 
of a circle round a fixed straight line in the same plane, 
called the axis, which does not cut the circle. ‘The circle 
traced out by the centre of the revolving circle is called the 
length. Any section of the ring made by a plane passing 
through the axis is a circle, which is called a cross-section. 
Since a solid ring may be considered a cylinder bent round 
so as to meet, we have the results : 


Surface of ring = length x circumference of cross-section. 
~ Volume of ring -- length x cross-section. 


ANSWERS TO EXAMPLES 


Book I. 
CHAPTER I. 
Section I. (Page 11.) 
(a) 18. 48 ft. 
- te 19. 114-41 ft. 
: t. == 2 / / 
2 35 ft io a/2) ft} 
5. 58 les. | 7 3 ea Mane: 0/6 ft. 
6. 280 ft. | i ee 
1 tA —4 sin 20" 16’), both 
7. ae | values of which are +7 
2+2A/5 24. a. 
8. roo ft. 25. Length 
- 149°9437 ft. -~ i. .Y  .. 
. 420-04 ft. = 
LL. 76-75718 ft. A/ cot? - cot? 5 
Altitude ‘ 
0b) g cot 
9 Hae? og 4 / co cot? om cor : 
+ - 9 fe ) 26. Height = eee 50° oe 
. sin (a ~ 
_, 100 £05 te" o- on 30° Distance =@ Sarees cos 8 
* an7 
Height 27. 3107-82 ft. 
=. 100 Sin 10° 45’ sin 5° 30’ | 28. 229-6 Phone 
- _ sin 5° 15° " | 29. 304! : 
» 73°20 mS Ie ey. 
17, 25 ft. Wr imosey 
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nen 


Section II. a 20.) 





1. 323 sq. yds. 7 ft. 55 in. Sas 3 Fe. 35 p- (nearly) 
2. 10 chains, (=15 4/7 sq. ch.); 
3. 10-392 sq. ft. (6 V3 sq. ft.) 6 ch. 133 yds. (3 7 ch.) 
4. 48 ft.; 84 ft. . 2 
5. 84 sq. in. 19. 25 chains. 
6. 15 acres 2U. 11 yds. 2 ft. of in. 
: : 21. 324 yds. (to nearest yd.) 
7. 84. PN 
8. 210, | =110 (24 57") yds. | 
9. 20-976 sq. in. 22. £3 6s. 5 
10. 56-78 sq. in. 23. First pays £2 5s. 94.; 
1l. 7 ft. 7 in. second pays £2 6s. 23d. 
12. 1 ft. 8 in.; 1 ft. 9 in. 24. £91 55. 
13. 5-264 in. - | 25. £2 75. Ove. 
26. 336 yds. 
ing ic ft. 27. 27. 19 P. 298 sq. yds. 
15, 43:3 sq. in. 13-16 in. 28, £1 os, 
16, 16 ft. 29. 36528. ce sq. yds. 
17, § a. 10 p. 273 sq. yds. 30. 19301-51 sq. yds. 
CHAPTER II. 
Section I. (Page 29.) 

1, 3 fur. 8 po. 16. 4 in; 4/3 in. 
2, 1 ee ere 17. 2 ft.; 10 in, 
3.4 £1195 Os hd. fcorrect to | 18. 1 ft. 8in.; 1 ft. 234 in. 

rthing.) 19. 1 ft. 5 in.; 1 ft. 4 in. 
4, 22. 077 ft. 20. ae 30”; 47° 55’ 30” 
5. 20 ft. 21. 15 ft. 1 in. 
6, 1553 yds. 2 ft. 9 in. 23. 15 in.; 4 <J/10 in. 
7. 34 ft. 24. 5 yds. : 
8. 214 yds. 2 ft. 25. 15 yds. 
9. 84/57 in.; 8 ft. 8 in. 26. 1 ft. 9 in 
10, 1-035 ft.; 2-07 ft. 27. 2 ft.; 2 ft. 6 in. 
ll. 4 ae ; § In. 28. 5 ft. Si 
12, 1 ft. § in. 37!) ; 
13. J/3-13 V¥3+1. 29. 64 ( /2 ) 33 ft. 13 in, 


14. 5 ft.; 4:8 ft. 30. 14 ft. § in. 
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Section II. 


36. 
Bi. 
38. 
39. 
40. 


(a) 


40 acres. 


1 sq. mile 340 acres, 


30 a. 2 r. 20 p. 


. 308 yds. 
. 4a.oOr. 36p. 


40 6s. Bu. 
5 2s. 84hed. 


. £2 18s. de. 
. 891 sq. yds. 
. g} chains. 


(b) 


. 30 sq. yds. 2 ft. 
. 3a. rr. 15 p. 22} sq. yds. 
. 40 ft. 3 in. 

. 99 yds.; 198 yds. 
. 22464. 

. 432 yds. 


. 132 Sq. in. 
. £2. 
he 


6 10s. 23d. 
I Qs. 2d, 


. 11 ft. 3 in. 


£600 125. 
11,880; £462. 


832 sq. yds. 
ia és. 104d, 


. 110 yds.; 55 yds. 


1o yds. 
180, 


24 105. 
78 yds.; 58 yds. 
6 yds.; 1 yd. 


{6 sq. ft. 


re mn rt re nt ae 


~~ 


A te tt re ee ae 


ee NILE te te I ey tee 
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41. 
42. 
43. 
44. 
40, 
46. 
47, 
48, 


49. 


HO, 
fd 


He 


53, 
54. 1860 sq. ft. 


5o. 


56. 


58. 


59. 
69, 
61. 
62. 
63. 
64. 
65. 
66, 
67. 
68. 


6) 
70, 


a 


72. 


ol, 


(c) 
349 sq. yds. 18q. ft. 698q. in. 
3 sq. ft. 127 in. 
it yds. 2 ft. 8 in. 
10 ft. 
39 poles; 65 poles. 
1 ft. Gin.; 7 ft. 8 in, 
15°78 in.; 23°66 in. 
2 a. 3836-82 sq. yds. 


(d) 
8 sq. ft. 108 in, 
v6 +a/2 sq. yds. 
la. 3r. 
110 yds. 
2°58 acres. 


1 of the lawn. 

7 Fs Sq. in. 

8. 

No. of whole panes, 60; 
no. of half-panes, 24; 
area of each, 18 sq. in. 


(e) 
4 acre. 
50 sq. ft. 
207 oq. In. 
6a. 36. 
la.27. 
228 sq. ft. 
Ll 135. 4d. 
1jo yds. 
176 yds. 
7-O1 34939 $q. In. 


(f) 
Pav? £32 ps 
2 ft. 11 in. 


3a rr. 327. 


3} acres. 
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73. 75 Sq. in. 77. 1. 38 p. 
74. 7 sq. ft. 84 in. { =3 (4/34 4/23) sq.ch.} 
75. 15 sq. yds. 4 ft. 48 in. 78. 10,800 sq. yds; 2aof. 
76. 26 sq. yds. 37 p. OF yds. 
CHAPTER III. (Page 55.) 
1. 1 a. 465 yds. 19. 2 sq. ft. 
2. 2 a. 400 sq. yds. 20. Two solutions: 
3. 44a.0r. 16 p. (1) AZ produced 50, 01 
4. 72 sq. yds. 374 yds. 
5. 728 sq. ft. (2) CD produced 10, o1 
6. ‘214 sq. yds. 6 sq. ft. 13) yds. 
if heges - 21. 38 sq. yds. 2 ft. 6 in. 
9. Ia. 2 r. 4 p. 22. 35 ae ae 
10. 163-28 sq. in. 93, 25.83 43, 
Ll. 1692 sq. yds. 6 sq. ft. 108 
12, 1 a.or. 10 p. 20 sq. yds. 24. 270 sq. ft. 
13. 109 sq. ft. 25. 53-706 sq. in. 
15. 12-855 sq. in. 26. 7 a. 1120 sy. yds. 
16. 2 sq. ft. 43 in. 27. ga. 3 r. 38 p. 10} sq. yds. 
17. 4a.24r. 26p. 28. 19 a. 3r. 3 p. 194 sq. yds. 
18. Area=110 sq. yds. 6 ft.; | 29. 12 a. 2 r. 35-68 p. 
AB=65 ft. 30. 7 a. Or. 27-632 p. 
CHAPTER IV. 
Section I. (Page 65.) 
1, 20. . 15. 1-25 2 1. 
2. 24. 16. 36-96 ft. : 
. i 4 17. 3°2359 ft. {eCais+0} 
. 2 
20 . et 
Jang ft. (27 18. 33-54 in. (15 V5.) 
es “ ; v5) 19. 2-618 : if ane 
6, 2-9 ft. = pd Bk 
7. 9 ft. | =52 (A= = 5): sa} 
8. 29-856 ft.; 30-909 ft. 20. 1 ft. 8-78 in. (a/2 ft 
9. 43-38838 in. 21. +59 ° . ed 
11. 3+708 : 22, 24. 
13. 4: 34/3. 23. 1-748 21. (a2: 0/541.) 
1411 43. 26. 2 of the radius of first circle. 


§ po 
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Section II. 
. 172 sq. in. 


166 sq. yds. 2 ft. 70-8 in. 


14 sq. ft. 55 sq. in. 
15 sq. ft. 110 in. 


. II sq. ft, 135 in. 
» 115-754 sq. in. 


*12 In. 

104 sq. ft. 
15511. 
1110 links. 


. 190 sq, in. 
; t dek I. 


of the former. 


. 30 chains. 


10 15. 2a, 
4 6s. 7}. 


(Page 72.) 

20. £9 ras. 6}el. 

21. 724 Sq. in.; 107-6 in. 

22. 53 sq. ft. 

23, Base = 16-24 sq. ft.; square 
base = 1474 sq. ft.; octa- 
gonal base = 16-98 sq. ft. 

24. #11 55. 


/ 
25. 37-8875 sq. ft. (*75,>.3.) 


26. 1835 sq. yds. 3 ft. 

27. Arezular polyyon with 180 
sides ; area = 10,312 sq. 
yds. 2 ft. 

28, 3 a. 3810 yds. 


29. 390 yds. 


CHAPTER V. 


Section I. 


(a) 


. 42 ft. §in.; 5 ft. 


1 mile 4 fur. 13-2312 po.; 
15-915 ft. (w= 3-1416.) 

-00126; 1x}, fur. 

22,400 times. 

18,368 times. 


. 154 miles. 


2 ft. 11 in. 


. °O2 in, 
. 14°645 in. : 
10 ft. 


85. Bhd. 
. £2 Bs. O82 


97-045 yds. 
510, 


Section II. 


(a) 
107 sq. yds. 8 ft. 99} in.; 
107 sq. yds. 8 ft. 43 in. 


¢ 


154 Sq. in. 
3 chains 87 links. 


(Page 93.) 
(b) 
19. 691 yds. (correct to a yd.) 
20. 435°734 miles. 
21, -6981 in.; -6976 in. 
22. 5 min. to 8. 
23, At 20and 45,4, min. past 6. 
24, 2° 10°75. 


(c) 
25. 5 ft. 
26. ; in. or 43 in. 
27. 3°38 in. 
28, BOF in. 
29. 1 ft. 9 in. 
30. 1 ft. 


(Page 36.) 


4. 9 ft. 4 in. 

6. 2 chains 20 links, 
7. 22: 303 
8.2: V3 
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. 121-06, 26. 16 a. 2134 sq. yds. 
10, 31-32 sq. in. 27. £4 16s. $d. 
12. 12 ft. 28. £4 115. 8d. 
13, 11°46; 9; 6-93 sq. in, 29, 6-93 in. (4/3); 
14, 49,327,538 sq. miles. 9°80 in. (4 Wb.) 
15. 1089. 
16 a0r wails: 30. 12/5, 12/10, 12 0/15, 
17, 1a.3r.17p.; £9 145. 1052,; 24 4/5 in. 
7 135. iid, 31. 169 coins; 78% ‘Sq. in.;3 
18. 987% sq. yds. string = = box; in.; 
19. 155. o}d. circumference = 629 i in. 
20. 42 sq. yds. 32. 409's a in.; ie 3 Fie sq. in. 
21. 88 sq. in.; 3 ft. 8 in, 33. 745 Sq.ft. 
22. 3 sq. ft. 112 in. 34. 387 sq." vie or i 
23. 98 sq. in. 35. 18-97 ft. 
24, 4 mile. 36. 14 yds.; 42 yds. 
25. 113} sq. yds. 37. 1:02728q. ft. {3 (3 V3-*).} 
38. Series=7? (rw -—2) (1+14+}....) =2r2 (x -—2); 2:2832 sq. ft 
~ 
30, Series=(4-3%3) 2 (1494+ a) 
40. Series = (3x3 - a eit ee t+ ....). 


40a, Put a=, and add together the two last answers. 


46. 


47. 
48. 
49, 


60. 
51. 


(b) 


- 19-328 sq. ft. 
. § ft. 3 in. 


+1566 sq. ft.; 
Lah 


sq. ft. 126 in. 
G86 sq. ft.; 
500-4 sq. in. 
7 ft. rin. 
3°46 sq. in. 
1-85 sq. in, 
10 in, 


12-4098 sq. ft. 


64 ft. (approx.).' 


52. 
53. 


. 1-7168 


- 7°9O2 Sq. in 
. 19 ft. 2in.; 


. 37°7 Sq. in. (12.) 


3 sq. ft. 59 in. 
7:7376 sq. in. 
{ =24 (2 4/3 — x) sq. in.} 


. 44+2224 Sq. in. 


{ =6 (49 - 3 /3).} 


Sq. in. 


(-2°(~9) 


16-84 sq. in. 
106 sq. ft. 16in. 





iZ. 1 
13. 
14. 
15. 


CONH Powe 
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CHAPTER VI. 
(Page 93.) 


Section I. 
. 135-92 ft. 


106 ft. 

150 ft. 

20 ft. 4 in. 

If += BC in feet, then 


x?+ 1402 = 40o00tana cot B. 
. 94 ft. 4 in. 

. 40 ft. 

. 2000 yds. 

. § ft. loin.; 4 ft. 1 in; 


1 ft. ro} in. 


. 26 ft. from #; 21 ft. 8 in. 


from C. 


. 4} ft. 
see ts 
. 40 yds. 2 ft. 3 in. 


Section II. 


. 150 yds., 200 yds., 250 yds.; 


15,000 sq. yds. 


4 . 9. 
. 400 bushels. 


£20 135. 7}d. 
44 acres. 

150 yds. 

433 sq. yds. 


- 5°773 in, (=) ; 


2-391 in. ( van . to in. ); 


af 
“414 2 +318 2-268. 
£38 gs. ad; Lil 178. 4a. 


32-42 sq. in. 
8-88 Sq. in. 


1-835 in. 


: 10in. 


| 27 
| 
| 30 


. I ft. 4 in.; 2 ft. 2 


1 ft. 10} in.; na in. 
5 ft. 


- tof in.; J, in. toa mile. 
. Ff In. toa mile; 
. 9m. 6 fur. 32 po.; 


284 miles. 


Im. 1 fur, 34 po. 


. 469 miles, 


- 1éb0- 
. 3.1n. to 1000 miles. 


. 6609375 in.; 


440 m. § fur. 
1 35. 6c, 
in. to a mile. 


. 25 ft. x 13 ft. gin; } in. to 


the mile. 


(Page - 


16. -— 


17. 
18. 
19. 
20), 


21. 


22. 


23. 


26. 


eat 


~ 78125 : 
25. 


Eq ry 783 (nearly). 

1 in. to 10 ft.; 363 sq. ft. 

4°33 in.; 4-04 in. 

1200 sq. ‘miles ; 4°014 5q. in. 

+18y7 in.; -O24 Sq. In. 

11 a. el S. 

1-69 sq. i 

3a. If. eae: 

3a. Ir. 14-9376 p. 

3a. 18. — 487 p. 

’ abo Sq. in. ; ’ 
976 i“, a in. 

110 miles. 

2-12 sq. in. 

- 70° 4 in. 


ras 97 6 times. 
. 3 ft. 3-633 in. 


. 1§ tons 19 cwt. 3 qr. 17]b.; 
234, 


£18 138. 
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Book Ii. 
CHAPTER II. 
Section I. (Page 110.) 
1. 73 ft. 10 in. 14. 4: ries 
2. 14 ft. 7 in. 15. 22 eee 
3. 42 sq. yds. 4 ft. 104 in. 16. A 77 sq. in. 
4. 44 sq. ft. 17. 2 
5. 13 ft. 5 in, 18, ae ft. 
6. 102 ft. 19, 274 <q. ft. 
7. 10 ft. 20. 9 
8. 172 sq. yds. 7 ft. 21. 7 ba 
9. 88 sq. ft. 22, 7 ried 
10. 9-219 ft. 23. 
1l. 5 ft. 24. 44 8q. ft. 14 in. 
12, 9 yds.; 12 yds.; 21 yds. 25. 4:7320508 sq. ft. (3+ 13) 
Section IT. (Page 117.) 
(a) 18, (1) 17 cwt. 1 qr. 12 Ib. 
1. 39 cub. ft. 1529 in. ene, qr. 14 1b.(most 
. hieraag aa 97 in. (1) is obtained by consider- 
a. 166 yas, cs tooo egal 
5. 38 yds. (2) by considering it the 
6. 28 sq. yds. 8 ft. 6 in. difference of two cubes. 
7. 8 cub. in.; “ ~. | 19. 6-52 in. 
1122-3 cub. in, (648 73.) | 20, 143604:1 02, 
8. 3, 5,7 in; 273 1255 
343 cub. in, (b) 
9. 2 ft. 21, 256 cub. yds. 21 ft. §76 in, 
ll. 12 ft. 7-2 in, 22. 33 cub. yds. 23 ft. 108 in. 
12. 3:3 cub. ft. 23. 5 cub. yds. 9 ft. 
13. 21 pas 24. 2 ft. 10 in. 
14, 500 Ib. 25. 29 ft. 
15, 1 ft. 6 in.; 2 ft. 26. 12 sq. ft. 132 in. 
18. 307% cub. in. 27. 252 yds. : 
V7 28. 11-51388 cub. ft.; 


8-594208 cub. ft. 





29. 
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120 cub. in. 


30. 33 Ib. 8-1 oz. (avoirdupois.) 


31. 55 cub. yds. 26 ft. 1056 in. | 55. 


32. 7 ft. 6 in. 


33. 
34. 


8 ft. 4 in. 
£44 25. 
106,902. 
162 cub. yds. 
14 hrs. 

ft. 


3 
3,000,000 sq. ft. 


-——~--— IM, 
400,000 


£67 145. 2d. 


1o ft. 8 in.; 14 in. 
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wom 


. 12 hrs, 16} min.; 


5 hrs. 373 min. 
5°7 in. (nearly.) 


. 2:8 miles per hour. 
. 103,680 gallons. 
. Surface = 13 sq. ft. 77-7 sq. 


in.; volume=yr cub. ft. 
221-7 cub. in. 


(Observe that as the pipes 
must meet one another, they 
are not exactly parallelepipeds 
in shape.) 


(c) 


. 1os§ cub. yds. 23 ft. ro80in. 


43. 48 sq. ft. 54 in. 61. 13 ft. 6 in. 
44. £6. 62, 1 ft. 
45. 7-8 times. . 63. 46 sq. yds. 2 ft. 

46. 10 cwt. 1 qr. 23 Ib. 14 02. 64. + sq. yds. 2 ft. 
47. 3 in. 65, 18 cub. ft. 396 in. 
48. 1755 gallons. 66. 15 ee in, 
49, 2113 gallons. 67. 2 sq. ft. 88 in. 

50. 4} in. 68. 123 yds. 8 in. 

51. 15 cub. ft. 69. 383 gallons. 
52. go sq. ft. 70, 190,200 cub. ft.; 281 yds. 
53. 1 hr. 44 min, 2 ft. 4 in. 

CHAPTER III. 
Bection I. (Page 131.) 

1. 420 4. ft. 10, 12-536 ft. 

2. 4 8q. ft. 96 in. 11. 149-9 sq. in. 

3. 145-49 $q. ft. 12. 43-3 sq. ft. 

4, 12 sq. ft. 13. 8-79 ft. 

5. 15-464 sq. ft. 14, 200 sq. yds. 64 ft. 

6. 8} sq. ft. 15. 16s. 8d. 

7. 10 ft. 16, £17 825, 11d. 

8. 6-832 sq. ft. 17. 30 sq. ft. 

9. 2 ft. 9-7 in. 

Section II. (Page 137.) 

1. 2893 cub. yds. 5 ft. 1296in. | 5. Surface =11-196 sq. ft.; 
2. on vie: 18 ft. volume = 2-598 cub. ft. 
3. 4 cub. yds. 2 ft. 6. 117 cub. yds. 22 ft. 899 in. 
4. 76 cub. yds. 5 ft. 576 in. 7. 1166§ cub. ft. 
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8. 7-2 in. 21. 8582 gallons. 
9. 4:107 ft. 22. 4 ft. 10 in. 
10. 13 ft. 6 in. 23. 7 miles per hour. (6-997 m.) 
11. 514} cub. ft. 24, 255,563 gallons. 
12, 382 cubic in. 25. -417 in. 
13. 190 cub. yds. 33 ft. 26. 42 ft. 
14, 214 cub. ft. 27. 10,602 cub. ft. 
15. 104 cub. ft. 28. 8 ft 
17, 200 tons. 29. a) 2 598 cub. ft. 
18. 7 tons 11 cwt. 2 qr. 263%; lb. (2) 16-2 375 gallons. 
19. 72 ft. 30. £657 185. 
20. 5 tons 7 cwt. 1 qr. 11 Ib. 
CHAPTER IV. 
Section I. (Page 146.) 
1, 43 a1 er 33 sq. ft. 113 in. | 12, 3 Sq. ft. 49 in. 
2. 8 pir ae 13. 13-416 ft. (6/5); 18 ft. 
3. 4 sq. in. 14. 142 sq. yds. 2 ft. 
4, : ae 2-236 in. (0/5) (two); | 15. 12-7 ft.; . pee. sq. yds. 
1+ 5\ 4, 16. £16 138. 4d. 
2-57 in. re ) (two). 17, £22 4s. 54d. 
5. 108 cee ae 18. 15 ft. 
6. 4 t. 89 j in. 19. £1719 10s, 
7. 38. 18 sq. ft. (cach face= | 20. 240 sq. yds. 
3/91 sq. ft.) 21, £297 195. 13d. 
8. 4 in. 22, £660. 
9, 4:8 ft. 23. 151h sq. yds.; £2 16s. 8d. 
10, 6-964 in. 24. 22% sq. in. 
11. 9:27 in. 25. 250 sq. in.; 9-6 in. 
Section If. (Page 156.) 
1, 7943 cub. yds. 11 ft. 864in. | 9. 4 yds. rft. 4 in. 
2. 2143 cub. ft. 1296 in. 10. 764 ft.; 3,458,939 cub. yds. 
3. 6234 cub. ft. (nearly.) Tl. 249°4 cub. ft. (The plane 


(2s 


. 4955 cub. ft. (3600 cot 36°.) 
. 306 cub. ft. 1704 in. 

. 18 cub. ft. 896 in. 

. 7 cub. ft. 448 in. 


(1) 428 a ft.; (2) 4 ft. 8 in; 
(3) 3 ft. 4 in, 


must divide the altitude 
in the proportion 1 ° +26.) 


12, Vol. frustum 


= 1283 cub. in.; 
vol. pyramid = 2,4, cub. in. 


- in, 

Surface frustum = 106-7 
“i pyramid= 10-7 
Total surface= 177-4 
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13. 18-279 cub. in. 28 £64 9s. 2d. 
14, 12-728 cub. in. 29. 3,466,145 cub, yds. 
16. 15-793 cub. in. 30. 2292} cub. ft.; 
17. 58-93 cub. ft. 173 tons 19cwt. 1 qr. 273 Ib. 
19. 4 cub. ft. 1278 in. 7 aoe 
0. 72 cub. yds. 16 ft. ic 49 DINGS: 
or ca 7 ae 33. 385 balls; volume of box 
22, 630 cub. yds. 14 ft. 36-06 cub. the (side of base 
23. 2-449 in. ( /6); 34 ria (9+ 4/3) in.) 
7425 cub in. (?! 2) 35, 650. 
36. 560. 
24. 16 tons 13 cwt. i qr. 21 1b. | 37, 624. 
25. L17 16s. 38, 2051. 
26. 74 tons 8 cwt. o qr. 104 Ib. | 39, 165. 
27. 35 yds. 40, 12. 
CHAPTER V. 
Section I. (Page 166.) 
1. 82} sq. ft. 14. 1566 sq. yds. 1 ft. 1024 in. 
2. 145 ft. (very nearly.) 15. 62 sq. . 52,', in. 
3. 86-58321 sq. in. 16. 4 yds. 
4. 45 sq. yds. 2 ft. 17. 1 rood. 
5. 20 ft. 18. 161 sq. yds, 3 ft. 
6. 3432 sq. ft. 19. £29 6s. 87, 
7. ro} in. 20. 9 ft. 
8. 5 ft. 6 in. 21. 2 hrs. 42 min. 
9. 3 ft. 2,4, in. 22. 176 sq. yds. 
10. 94-248 sq. in.; the same. 23. 36-3247 sq. in. 
ll. 9 ft. 4 in. 24. $12 sq. yds.; £45 135. Gd, 
12. 6 sq. ft. 16 in. 25. 24 sq. ft. 78 in. 
13. 753 sq. in, 
Bection II. (Page 174.) 
1. 8 cub. yds. 9 ft. 50 in. 10. §0 Ib. 
( = 123,725 cub. in ) 11, 625,571 yds. 
2. 13,5774 cub. yds. (43207.) | 12. 9127 in. 
3. 20 ft. 13. 14tons tocwt. 1 qr. 254 Ib.; 
4. 15 sq. yds. 4 ft. 4 in. L18 35. 10. 
5. 87 cubs. ft. 5214in.(48,0007.) | 14. 9s. 2-88a. 
6. 28-2744 cub. ft. 15, 688} gallons. 
7. 3 ft. 4 in. 16. 54 times. 
8. 30 cub. ft. 1023 in. 17. £1 45. ofd. 
9. 540 cub. ft. (nearly.) 18. 2938 gallons. 
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19. sgtns. 1cwt.2qr.15lb.t20z. | 30. 132 sq. in. 
20. 16 in. -31. 37 Ib. 8 oz. 
21. 6 ft.; Lio 14s. 6a. 32. £10 115. 6a.3 7920. 
22. 10 ft. 33. 276 lb. 
23, 12 (a little over). 34. 103 lb. 2 oz. 
24, 1°54 0z.; 2°24 02. 35. 6 cwt. o qr. 154 Ib. 
25. 84,800 gallons. 36. £4752. 
26. 7 miles (nearly). (6-96 m.) | 37. 589% cub. in. 
27. 6-38 in. per hour. 38. £4 15. 2a. 
28, 2°32 min. 39. 9:54 tons. 
29. £335 25. 6d. | 40. 465 cub. yds. 
CHAPTER VI. 
Section I. (Page 181.) 
1. 4 ft. 6 in. 15. 1654 $4 ay ft. 
. 497 40607 sq. it. 
2, 38 sq. ft. 72 in. (422 Sq. ft. 16. 4-7124 sq. ft. 
3. 314°16 sq. ft. (1007.) 17, 28-28 ft. 
4, 2-7258 ft. 18. 7} min. 
b, 2-7614 ft. 19. 23 yds. 1 ft. 13 in. 
6. 42 sq. ft. 96% in. a 8 Hs yds. 
(=1955® sq. in.) a ee a 
7. 289 sq. ft. (gx.) alg epee ee 
. 70 cwt.; £73 108. 
8. 189-6113 sq. ft. - 24. 65 sq. in. 
9. 54 sq. yds. 4 ft. 664 in. 25, 38} sq. in.; 9§ sq. in. 
10, 13 In. 26. 231 acres. 
ll. 3 e ft. 58-09 in. 27. 600 ft. 
12. 50 ft. 10 in. 28. 117-81 sq. ft. 
13. 8 ft. 9 in. ‘ 29, 18,844 sq. in. 
14. 7074 sq. ft. (225x.) 30. 3°795 ft. 
Section II. (Page 191.) 
1. 16 cub, ft. 9914 in. 10. 2 sq. ft. 1393 in. (136 in.); 
2. 2 cub. yds. 24 ft. 384 in. 10058 cub. in. (3207.) 
3. 1232 cub. in, ll. 637234 cub. in. 
4. 3142 cub. ft. 12. 3 cub. yds. 21 ft. 1064 in. 
5. 8-196 ft. 13. 44 cub. in. 
6. 11-2 ft. 14. go sq. yds. 74 ft. 
% 31-416 ft. (row.) 15. 1419 cub. in. (45r.) 
8. 20 ft. (very little over.) 16. 713 cub. ft. 
9. 4103 sq. ft. 17. 192 cub. yds. 
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AA a ERIN ALONE A Hameo 


18. 382 tons. 30. 48,977 sq. ft. (15,590%); 
19. 4°44 pints. 42,310 cub. yds. (363,624 
20. 1-46 oz. 31. 308 cub. ft. feub ft.) 
21. £462. 32. 9} el (Between 
22. 53,709 sq. ft. and 9§ galls.) 
23. a : 33. abe alls. baat) (Between 
24. -0806 pint. Se and a7) gall) 
i 34. 14 galls. (about.) (Between 
25. 1 cwt. 3 qr. 1§ Ib. : 
26. 4-88 in. 134 and 15 galls.) 
36. 986-8066 cub. ft. 
27. More than 4. (4:3425 ex- | 37. 328-4328 cub. in. 
actly.) 38. 77-561 ft. 
28. 40 times. 39. 235-96 cub. ft. 
29, 45 ft. 40. 194-2578 cub. ft. 
CHAPTER VII. 
Bection I. (Page 204.) 
(a) 18. 14898 (4747) é) ft. or 
1. 8 sq. ft. 104-64 in. | 77754 (2474") sq. ft. 
2. 4 sq. ft. 40 in. 19. 27 sq. ft. 106 in, 
3. 4 ft. 8 in. (12719 Sq. in.) 
4, 7 ft. 4 in. 20, 11 sq. ft. 75% in. 
5. 50: -266 sq. ft. 21. 3 at ft. 1O4 in, 
6. 6 a. 2376 sq. yds. 22. 103% sq. yds. 
7. £53 185. 23. § ft. 4 In. 
8. 75. 6d. 24. hos 89: ft. 
9. £30 16s. g5, —1 
10. 195,355,200 sq. miles. Pees 
11. 183 sq. in. 26. 1050 ft. 
12. 63-6174 sq. in. 27. 24 ft. 
28. 8 ft. 4 in. 
(b) 99, 1900 
13. 94-248 sq. ft. " 2009" 
14. 30 ft. 30. 1,489,348 sq. miles. 
15. 10 ft. (The altitude of the segment 
.16. 1 sq. ft. ro in. will be found to=diameter x 
17. 1 sq. ft. 10 in. sin? 5°.) 
Bection II. (Page 212.) 
(a) 3. 88 yds. 
1. 1 cub. Aa 1327 in. (yr cub. | 4. 68 sq. in.; 1000 cub. yds. 
ft.); 6-2 ft. (nearly.) (318- 3x.) 


2. 6 cub. ft. 11309 in. 5. 523-6 cub, ft. 


SID Om 9 tO 


‘ (1) 7°44 in. 
11-6 in. 

. 17 Ib. 3 02. 

- 538 yds. 

. 1048 cub. ft. 

» £15,155. 

. Gold =-248 sq. ft.; copper 
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end 


(2) 3-39 in. 


=-416 sq. ft.; 
24 Sq. In. 


copper by 


. 28 lb. 104 02. 
. 2 cwt. 18 Ib. 10,4 02. 
. 6 cwt. 1 qr. gf Ib. 


Bap Ib 


2-795 in, 
» 79°587 cub. in.; 


22 lb. 6-141 02. 


. 14 1b. 7 02. 


23. 
24. 
25. 
26. : 
27. 


I ton 4 Ib. 
66 Ib. "4 z 


(2) -828 in. 


(b) 
10 cub. ft. 405-6 in, 
7068-6 cub. in. 
792 cub. in. 
6729 cub. ft. 
523-6 cub. in. 
1 cub. ft. 417 in. 
872 cub. ft.756in.; greater, 
84% cub. in.; 1834 cub. in. 
2 cub. ft. 106 in. (approx.) 
37. 3 cub. ft. 1435 in. 
38. -37267 pint. 
39, +235 Ib. 
40. -88 Ib. 


(1) -52 ‘in. 


28. 
29. 
30. 
31. 
32. 
34. 
39. 
36. 


CHAPTER VIII. 


Section I. 
4526-082 sq. ft. 


. 45°32 in. 

. 3 ft. 8-6 in. 

» 37-4 ft. 

. 4! aa: Ph 2 ft. § in. 


. 7°03 Pa 
. 27 sq. ft. 
. 27 sq. ft. 


13.3.5: 7 


a 
_ 


» 2°41 In, 


Section II. 


§ cub. yds. 21 ft. 663 in. 
8 ft. 

14:7 times. 

£20 OS. 4hel. 

1080 Ib, 

17:2 ft. 


~ 3 cub, yds, 1323 in. 


(Page 216.) 


15. 13 4. 

16. 10°39 in. 

17. 73 sq. ft. 

18. 19s. 14d. 

19, £455 Os. 4d. 

20. 888 sq. yds. 8 ft. 

- £7 95. 4d. 

. 283 sq. ft. 

~ 156,025 :11,66407 13-38: 13 
4095 miles (nearly). 


(Page 224.) 

8. 2s, cub. in., 128% cub, in. 
Surface of pyr. es -7 Sq. in, 

»  frust. 166-7 sq. in. 

9. roocub. in., 182-84 cub. in., 
236-78 cub. in. 

10, 1-65 ft. above the base. 

12, 11-447 ft. 
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13. §+39 


14. 


15. 
17. 


18. £ 


19. 1 
20. 


. 1-084 


in 
+18. 


39/45. 
Altitude is Lee 
roportion -26 | 


50:1 3: 9; neal) 
5 ft. 6 in 


. § in. 


16 in.; 23°3 in. 

5 98. Iga 
15-205 in. 

1920 gallons. 


22. 
23. 
24. 


25. 


26. 
27. 
28. 
20. 


30. 


a7t 


NOE Fale a PO A 


54° 53. 
£41 ae 
156 times. 
29 145. 
5-6 in. (very nearly.) 
3533 times, 
92,160 cub. ft. 
2292 cub. ft. 
3,466,145 cub. yds. 


CHAPTER IX. (Page 229.) 


(a) 
1. (43: 3.) 
30 ft. 


. ual; each 11-23 cub. in, 
t. 

The conical by -242 pint. 

15 t% ft. 


2 sq. in. 


: By 1500 sq. ft. 
. 9-425 ft. 


Q ft. of in. 


. 24 cub. ft. short. 
. 1568 Ib 

. 1o-2 In. 

. 1-47 times. 

. 6-9 in. 


(b) 


. 10-9 min. 

. 3 ft. 7 in.; 175,968 galls. 
. 21 hrs. 38 min. 

. 15-3 miles. 


12-9 min. 


. 10,190 tons. 
1 ft 2¢ in. 

. 45 times. 

. 100 (exactly), 
. 16 (exactly). 


ror times. 


. I ft. 6 in. 


I ft. 23 in. 


37. 
38. 
39, 
40, 
. 6753 +432 oz. each, 
. 1765 ft. 3 in, 

. 33 Ib. 13% 02. 

. 4 ft. 


60. 


62. 
63. 
64, | 


» 3185-1 sy. 


. 3,469,714 cub. ft.; 


1-16 lb. 
32. 

304 In, 
9:87 in, 


4584 yds. 


. 1944 yds. 
. 20-8 in, 


(Cc) 


» 3°7 02. 

. 37 cwt.o 
. 2513 cub. 
. §09 cub. ft. ‘(162m.) 
ae 

. 3036: 
. 7372 cub. ft. 

. 989 sq. yds. 3 ft. 
. 3500 sq. ft. 


r. 20 Ib. 1 o7. 
t. (8007.) 


yds. ( a nearest yd.) 
% sq. yds. 


6 105. 8d; 
ft. 
19 ft. 10 in; 


2511 cub. ft. 


Q ft. 13 in.; 
29g ft. 9 in. 

by 333 
cub. ft. 

11 cwt. oar 26} Ib. 


44 ft. 5$4 in. 
,288,010}9 tons. 
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63, 17 Ib. § o7. 

66. 24 cub, in. 

67. 62-118 sq, in, 

68. 2 Ib, 7 02. 

69, ‘ 13 cub. in. 

70. 33 cub. ft. 

71. -0067 pint. 

72. 17 cwt. 2 qr. 3¢ lbs. 
(N.B.—The solid is only 

partly immersed.) 


(d) 


73, 21 cub. ft. 

74. 25-1328 sq. ft. 
75. 1 sq. ft. 7 in. 

76. 234 cub. in. 

77. 3 sq. ft. 118 in. 
78. 578 cub. in. 

79. -17 of the cone. 
80. 21 cub. in. 

81. 5 cwt. 1 gr. 11 Ib. 
82, 2 cwt. 24 lb, 1 oz. 
83, 2-91 in. 

84. 21-8 in. 


85. 


100 


101. 
102. 


4:1 in, (@2 ifr be taken 


y. 
. 2tons 18 cwt. (413!+ 1b.) 
» 573 cub. in. 

2 in 


, 83-7 cub. in.; 151 sq. in. 
, 10210 cub. in, 


qs ; cub. in. 
7: 5 in. 
t cub. ft. 82 in. (: dub: ft. 


698 cub, in. 


‘ 418q. ft. 128in, (427 sq.ft) 
3 
. ipin,, §. 


e "22 in, 
» 1-6 in, 


. 6-8068 cub. in. (33.) 


ins ot b. i 

V3 3 *174 Cun. in. 

564 sq. in. (about). (187.) 
2 in.; fe cub. in. 


